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ABS TRACT 


The purpose of the present study was to investigate the 
feasibility of implementing creative problem solving in junior 
high school mathematics curriculum. Four essential steps comprised 
the investigation: 

(1) Adapting from Boychuk's creative problem solving model, 
a three process model of mathematical creativity based on the 
processes of sensitivity, redefinition and conjecturing was first 
conceptualized. 

(2) This conceptual model was operationalized in terms of 
three characteristics of student responses to creative problem- 
situations which optimally reflect sensitivity, redefinition and 
conjecturing. The characteristics (fluency, diversity and rarity 
of ideas) served as scoring criteria for the creative tests 
emp loyed. 

(3) The Inventive Method (IM) was developed to "control" 
student learning activity by facilitating and rewarding inventive, 
divergent thinking. IM comprised three instructional phases: 

(a) Development of Concepts (DC) i.e. mastery of prerequisite 
mathematical content knowledge, via direct expository teaching; 

(b) Inventive Exercises (IE) to provide adequate creative problem 
solving experience; (c) Inventive Discussion (ID) to stimulate 

and reward creative thinking. For purposes of comparison, the 
Traditional Method (TM) was developed, comprising (a) the same DC 
phase, (b) Traditional Exercises (TE) i.e. traditional, convergent- 
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type problems, and (c) Traditional Discussion (TD). Relevant 
instructional materials in the selected content domain (junior 
high motion geometry) were constructed for both IM and TM. 

(4) Two Grade Eight classes in an Edmonton Separate school 
participated in the study. One regular mathematics teacher taught 
the experimental (N=30) and control (N=28) groups respectively 
through IM and TM for 6 weeks. Five pretests on students’ 
mathematical achievement and mental ability were given. The degree 
of implementation of IM and TM was assessed using the Observer 
Rating Scale of Teacher Behavior. Students' terminal performance in 
traditional achievement, creative achievement and transferability 
were measured on four post-tests. 

Complete data were obtained for 41 students (experimental 
N=20; control N=21). Multivariate analyses of 5 pretest measures 
showed that the two groups were comparable with respect to students’ 
mathematical competency, Euclidean level of geometric maturity and 
mathematical creativity. Classroom observations and Observer 
Rating Scale data confirmed satisfactory implementation of IM and TM. 
Multivariate analyses of the post-test measures showed that 
(1) the IM group attained the same level of traditional, convergent 
achievement in motion geometry as the TM group, and (2) the IM 
group outperformed the TM group on two creative geometry tests and 
one transfer achievement test. 

The major conclusion of the study is that through 
appropriate operationalization of Boychuk's model of creative 
problem solving, an instructional method for enhancing student 
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mathematical creativity could be developed and successfully 
implemented in a significant content domain of junior high school 
mathematics curriculum. The results also demonstrate that creative 
teaching can accomplish what conventional teaching is supposed to 
achieve, i.e. the learning of specific mathematical content by 
students. Furthermore, the creative method can better facilitate 
the utilization of knowledge learned in this specific content area 
to new mathematical situations. 

If creative thinking is a desirable outcome of school 
mathematics curriculum, the study has shown that this end can be 
effectively attained using a certain strategy. The sequential 
approach adopted in developing the various phases of the Inventive 
Method of creative teaching provides, it is suggested, a valid and 
meaningful basis for future attempts to formulate a theory of 


creative instruction. 
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CHAPTER I 


INTRODUCTION TO THE PROBLEM 


BACKGROUND 


The surge of interest in the experimental study of 
creativity in educational psychology can justifiably be regarded 
as an advance in pedagogical theorizing. Reflective of such 
interest is the founding of the Creative Education Foundation in 1954, 
the Journal of Creative Behavior in 1967, and the many new programs 
designed to enhance creative problem solving skills in various 
school subjects (Roweton, 1973). 
Advocates of creative thinking essentially argue that 
traditional forms of education tend to train students to produce 
the "right answer", with relative neglect of the kind of intellectual 
activity which explores new possibilities and search for original 
solutions to intellectual problems. Moreover, conventional 
examination performance too often depends on the regurgitation of 
accepted facts and opinions, or the mechanical application of 
learned rules and principles, hence stifling the creative poten- 
tiality of the students. Dissatisfaction with such a traditional 
view of the objectives of education and a narrow definition of 
intellectual ability has stimulated research into creative thinking. 
The classical works of Guilford (1950, 1956, 1959, 1961, 


1962), Getzels and Jackson (1962), and Torrance (1962, 1963, 1966) 
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among others, have provided substantial impetus to the view that 
creativity involves mental capacity apart from those measured by most 
of the existing standardized tests of mental ability. An additional 
source of motivation for the increasing interest in creativity is 
the growing awareness of the vast differences between traditional 
academic achievement and creative performance (McGannon, 1972: 7). 
Although creativity has been hypothesized to exist in many 
different forms by different researchers, the various definitions of 
creative thinking do have a common core of agreement. It is generally 
assumed implicitly or explicitly that the capacity and propensity 
for creative behavior is a universal human trait (Maslow, 1959; 
Stein, 1974), and, similar to other mental abilities, is normally 
distributed throughout the population (Roweton, 1973: 1). Another 
assumption that underlies most research in creativity is that it is 
worthwhile to explore and understand creative thinking so that 
techniques can be developed to enhance the creativity of students. 
In mathematics education, as in other subject areas, new 
developments have emphasized "inventiveness: reasoning creatively 
in mathematics" (Husen, 1967: 81) as one of the main objectives of 
school mathematics. The study of creative behavior in mathematical 
situations effectively began from the introduction of the ''new 
mathematics" program into many school curricula and the application 
of the "discovery method" to classroom mathematics instruction. In 
the United States, the Madison Project (Davis, 1964), for example, 
has emphasized the creative informal exploration of problems by 


children. The Nuffield Foundation (1964) in the United Kingdom has 
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sponsored a Primary School Mathematics Project with the aim of 
fostering in children a critical and logical but also creative turn 
of mind through learning by discovery. Representative of the 
advocacy for creative mathematics instruction are the claims that: 


The discovery approach, in which the student is 
asked to explore a situation in his own way, is 
invaluable in developing creative and independent 
thinking in the individual (Cambridge Conference on 
School Mathematics, 1963: 17). 


Our knowledge about any subject consists of 
information and know-how. Know-how is ability to 
use information; of course, there is no know-how 
without some independent thinking, originality and 
creativity. Know-how in mathematics is the ability 
to do problems, to find proofs, to criticize arguments, 
to use mathematical language with some fluency, to 
recognize mathematical concepts in concrete situations. 
Everybody agrees that, in mathematics, know-how 
is more important, or even much more important, than 
mere possession of information. Everybody demands that 
the high school should impart to the students not only 
information in mathematics but know-how, independence, 
OLicinali ty, creativity (Polya, *1965: 113). 


In his attempt to summarize the psychological principles 
underlying the "new mathematics' movement in ten statements, Scott 
(1966: 15-16) included the following pair of principles: 

5. The inductive approach or the discovery method 

is logically productive and should enhance learning and 
retention. 


6. The major objective of a program is the development 
of independent and creative thinking processes. 


A further important argument which comes from Bruner 
(1966: 158) is that "creativity" in education means more than 
"discovery" of known facts or knowledge. "Children, like adults, 
need reassurance that it is all right to entertain and express 


highly subjective ideas, to treat a task as a problem where you 
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invent an answer rather than finding one out there in the book or on 
the blackboard." 

In short, underlying the research of such creativity 
theorists as Lankford (1959), Brune (1961), Hohn (1961), Kemeny 
(1961), Evans (1964), Bandet (1968), Willoughby (1968), Wheeler 
(1970a), Taylor-Pearce (1971), Boychuk (1974), Balka (1974) and 
Jensen (1976), is the premise and conviction that one of the 
important goals of mathematics education is to develop in students 
their ability to create new ideas in mathematical problem situations. 
As Wheeler (1970b: 150) sums up neatly this new direction in 
mathematics education: 

To see mathematics as invention rather than 

discovery, and as applicable to virtually any raw 


material whatever, can give us a different sense of 
its place in education. 


STATEMENT OF THE PROBLEM 


Concomitant with the growth of interest in the notion of 
creativity, recent years have seen an increasing number of studies 
dealing Pra creative thinking in school mathematics. However, 
most of these have been concerned either with the construction of 
instruments for measuring postulated mathematical creativity 
(Kilpatrick, 1969) or with the correlations between mathematical 
creativity and other relevant variables, such as mathematics 
achievement, intelligence, logical reasoning, personality traits 
and various psychological factors (Aiken, 1973). It has also been 


noted by Aiken (1973: 27-28) that studies with "special 
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instructional techniques designed to enhance either general 
creativity or mathematical creativity sometimes appear to have 
little, if any, effect on performance", and "significant differences 
in general creativity or mathematical creativity were not found." 

He concludes his methodological criticisms with these words: 


Various explanations for the negative results 
obtained in these studies and the low generalizability 
of the findings are possible: high initial levels of 
criterion performance, small sample sizes, failure to 
randomly assign subjects to subgroups, lack of proper 
control over extraneous variables, inadequate measuring 
instruments. With respect to the last item, the 
reliabilities and validities of psychological tests 
and inventories are typically lower in the early grades 
than further up the educational ladder (Aiken, 1973: 28). 


Many educational studies suffer from small and 
biased samples, inadequate controls, failure to meet 
the assumptions underlying specific statistical methods, 
and unreliable or invalid measuring instruments. In 
addition, the meaning of the concept of creativity is 
unclear and varies somewhat with the investigation and 
the technique (Aiken, 1973: 31-32). 


Indeed, many educators and researchers are still debating 
the question whether creative thinking in school mathematics can 
be effectively taught. As McGannon (1972: 12) summarized on behalf 
of some pessimistic studies: 
Apparently, no one as yet knows how to design 
school experiences that will foster creative acquisition 
of information. Furthermore, it is still not determined 
which kinds of information can be learned more 
effectively by authority and which by creative means; 


nor has it been determined which students will do 
better by which means. 


Not surprisingly, a similar state of affairs occurs in the 
area of "discovery learning'’. In his comprehensive analysis of the 


literature, Wittrock (1966) found that "discovery learning" 
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generally suffers from the same conceptual and methodological 
weaknesses. This has led in turn to inconsistent findings. 
According to Bishop and Levy (1968: 61), "the major problem is that 
of defining adequately the subject matter domain and the teaching 
methods", and "a great deal of the difficulty revolves around the 
language used to discuss and describe teaching methods -- it is at 
best vague, and at worst contradictory." 

These shortcomings in research in instructional methods are 
unfortunately not limited to discovery learning. Many of the issues 
in "creative thinking" are as yet unstated in manageable form, and 
many of the findings of one study are often overthrown by another 
(Getzels and Dillon, 1973: 703). Entwistle and Nisbet (1972: 168) 
also note that the narrow scope of many of the constructed tests of 
creativity compared with the multiplicity of ways in which creative 
abilities may be utilized, makes the link between tests and 
performance extremely tenuous. 

The purpose of the present study is fourfold: 

(a) To select a well-established theoretical model of 
creative problem solving behavior in school mathematics, and adapt it 
to the present study through appropriate analyses and modifications; 

(b) to operationalize this adapted theoretical model in 
terms of concepts based on related instructional theories, and thus 
establish practical guidelines for designing the instructional 
method and constructing instructional materials, which would enhance 
mathematical creativity in junior high students; 


(c) to apply these guiding principles to a specific 
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subject content domain within the junior high school mathematics 
curriculum, and to design an inventive method of instruction with 
suitable instructional materials that would enhance students’ 
ability to solve creative mathematical problems; 

(d) to design appropriate evaluation instruments and 
procedures that would assess the instructional method as a process, 
as well as the outcomes of the instruction in terms of traditional 
achievement, creative achievement and transferability. 

Specifically, the study seeks answers to the following 
questions: 

(1) How can a theoretical model of creative problem solving 
in school mathematics be meaningfully adapted and translated into 
practical instructional guidelines which can guide classroom 
instruction in a specific subject matter domain? 

(2) How can specific instructional procedures and materials 
be constructed that would train junior high students to solve 
mathematical problems in an inventive or creative manner? 

(3) Do such creative pedagogical strategies and instruc- 
tional materials, which encourage and reward inventive and 
divergent thinking of students in a specific subject content area, 
affect students' ability in solving both types of problems of that 
content domain, viz. traditional convergent type and inventive 
divergent type? 

(4) Do such creative pedagogical strategies and inventive 
instructional materials affect students' ability to transfer 


learned mathematical knowledge in that specific content area to 
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novel problem-situations in other related but quite different areas 


of mathematics? 


DEFINITIONS 


The pertinent definitions of terms are stated briefly below. 
Further elaboration of these terms will be given in subsequent 
chapters. 

Creativity. Creativity is defined conceptually in terms of 
the three processes of sensitivity, redefinition and conjecturing; 
and operationally in terms of fluency, diversity and rarity of ideas. 

Divergent Thinking. Divergent thinking is a way of reasoning 
which emphasizes the generation of many appropriate ideas or 
solutions to a given problem-situation. 

Convergent Thinking. Convergent thinking is a way of 
reasoning towards acquiring a single solution or closure to a 
problem-situation for which there is a known or a generally accepted 


answer. 


sensitivity. Sensitivity is a divergent thinking process 


which includes the ability to perceive deficiencies and shortcomings 
in a given problem-situation, and the ability to "see" possibilities 
or alternatives that lead to a variety of solutions. 

Conjecturing. Conjecturing is a divergent thinking process 


which generates responses to problem-situations in the form of 


guesses or hypotheses. 
Redefinition. Redefinition is a convergent thinking process 
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which includes the transformation of a problem-situation by 
reassociating previously unassociated elements of information to 
result in new combinations, and discarding previously adequate yet 
ineffective approaches to facilitate the perception and solutions of 
the given problem-situation. 

Fluency. Fluency of ideas refers to the production of a 
large quantity of distinct appropriate solutions to a given problem- 
situation. The fluency score is a measure of the total number of 
these appropriate and distinct solutions. 

Diversity. Diversity of ideas refers to the production of a 


large quantity of distinct categories of concepts reflected in the 
solutions produced. The diversity score is a measure of the total 


number of these "diversity categories". 
Rarity. Rarity of ideas refers to the production of distinct 


and original categories of concepts reflected in the solutions 
produced. The rarity score is a measure of the infrequency or 
uncommon-ness of these "diversity categories". The more frequently 
a category is given within a sample of students, the lower the 
rarity score. 

Inventive Method (IM). The Inventive Method of instruction 
consists of the following sequence of instructions: Development of 
Concepts, Inventive Exercises, and Inventive Discussion. 

Traditional Method (TM). The Traditional Method of 
instruction consists of the following sequence of instructions: 
Development of Concepts, Traditional Exercises, and Traditional 


Discussion. 
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Development of Concepts (DC). This phase of instruction 


refers to the introduction of new mathematical concepts in a 
conventional direct expository approach according to the materials 
and instructions given in the Junior High Mathematics Program: 
Geometry -- Level Eight (Edmonton Separate School Board, 1975), 
hereinafter referred to as the Program. 


Inventive Discussion (ID). This phase of instruction refers 


_to the classroom discussion of the Inventive Exercises (IE) specially 


designed to contain hoth divergent and convergent types of problems. 
Traditional Discussion (TD). This phase of instruction 
refers to the classroom discussion of the Traditional Fxercises (TF) 


given in the Program. Such exercises emphasize convergent thinking. 


ASSUMPTIONS 


The present study is premised on four fundamental 
assumptions: 

(1) that all students, regardless of their initial level 
of intelligence, fall far short of realizing their creative 
potential in mathematics; 

(2) that fostering creative problem solving ability is one 
of the important goals of school mathematics; 

(3) that creative problem solving can be regarded as 
thinking processes involving specific mental operations; and 

(4) that creative problem solving can be learned and 
utilized by students as heuristic methods of thinking and tackling 


mathematical problem-situations. 
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LE 
DELIMITATIONS OF THE STUDY 


The study is delimited to forty-one students drawn from 
two grade eight classes of one Edmonton Separate School. Grade 
eight Motion Geometry was selected as the subject matter domain upon 
which two different instructional units were constructed for the two 
different instructional methods. The units covered the first 
nineteen instructional objectives of the Junior High Mathematics 


Program: Geometry (Level Eight) (Edmonton Separate School Board, 


1975). The experiment was conducted over a period of six weeks. 


LIMITATIONS OF THE STUDY 


The major limitations of the study reside in the small size 
of the sample (20 students in the experimental class; 21 in the 
control class), the specific content area selected (viz. motion 
geometry) and its limited scope, and the involvement of only a 
Bineiedteccts: in a single school. Consequently, despite the fact 
that the two classes utilized were relatively heterogenous in 
pouposition . there is a limit to the extent to which the findings 
of this study may be generalized. 

Furthermore, it should be noted that this is to date the 


first attempt to operationalize Boychuk's (1974) model of creative 


tot, Edmund Separate School does not employ special 
grouping procedures in allocating students to classes. 
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problem solving in the area of motion geometry. Specific creative 
problems had to be constructed as test items, and specific procedures 
for scoring designed for those items. While attempts have been 

made to validate the testing instruments and statistical methods 
employed to assess the reliabilities of each instrument, there is a 


need to interpret the results of the study with some caution. 


SIGNIFICANCE OF TRE STUDY 


The study focuses on the feasibility of operationalizing 
Boychuk's (1974) psychological model of creative problem solving in 
school mathematics using junior high motion geometry as the subject 
matter domain. Since no theoretical model is really meaningful 
unless it can be translated into practical instruction at the 
classroom level, the outcomes of this study will essentially serve 
as a further validation of Boychuk's theoretical model. 

In order to determine the merits of the instructional method 
derived from the psychological model, a control group was used and 
as many aspects as possible of the students' background 
investigated. The results of the study will therefore throw some 
light on the roles of instructional methods, subject content, and 
teacher classroom behavior in promoting creative problem solving 


ability in school mathematics. 
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CHAPTER II 


REVIEW OF THE LITERATURE 


INTRODUCTION 


The present study is concerned with creative problem 
solving in the junior high mathematics curriculum. Consequently, 
the psychological theories underlying problem solving in general, 
and creative problem solving in mathematics in particular, will 
have to be examined to justify the utilization of Boychuk's (1974) 
psychological model. Furthermore, one of our major objectives is to 
translate Boychuk's theory into classroom instruction that would 
enhance students' mathematical creativity. Relevant instructional 
theories are hence needed to guide our development of creative 
instructional method and materials. In this regard, research 
studies on various methods of stimulating individual's creativity 
deserve to be reviewed. Though evaluation of the instructional 
outcomes of these various creative teaching methods requires 
special scoring procedures which involve some controversial issues, 
our considerations of this evaluating aspect will be given in 
Chapter VI where problems related to measuring instruments and 
scoring schemes are discussed. This chapter, therefore, deals with 
the related aspects of psychological theories, instructional theories 


and methods stimulating creativity. 
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PSYCHOLOGICAL THEORIES 


The Role of Problem Solving in Mathematics Education 


The mathematics enterprise, in its most general sense, 
consists of the solution of mathematical problems. In mathematics 
textbooks, the collection of problem exercises at the end of each 
chapter has traditionally served three purposes: (1) to illustrate 
the text materials, (2) to provide practise materials for students 
(Dilworth, 1966: 91), and (3) to assess students" understanding of 
the related concepts or skills (Jacobson, 1966: 102). More modern 
textbooks, however, are now deliberately including problems with new 
terms and symbols which seem unrelated to the experience and back- 
ground of the students. Designed to prompt students to explore new 
ways of utilizing learned concepts and skills, such problems are 
indicative of a fundamental change in the perceived role for 
problem solving in mathematics education. 

Over the last decade or so, there has been a growing 
awareness of the importance of problem solving in mathematics 
learning, as seen by the many studies undertaken in this area 
(Kilpatrick, 1969). Fundamentally, underlying these studies is the 
"realization that mathematics is not something which is passively 
learned, but is something which people do", and "specifically, 
mathematics at all levels, is chiefly concerned with problem solving" 
(Dilworth, 1966: 91). Furthermore, 

It has already been observed that the principal 


objectives of the new mathematics curricula are to 
give students deeper understanding of the basic 
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“mathematical concepts and to stimulate them to do 
creative and independent thinking with these 
concepts. Accordingly, it must be the general 
purpose of the problem sets to implement these 
objectives (Dilworth, 1966: 92). 


Likewise, the Cambridge Conference on School Mathematics 
(1963: 28) claimed that "the composition of problem sequences is one 
of the largest and one of the most urgent tasks in curricular 
development." 

The "active" characteristic of problem solving has been 
deemed important. As Fine (1966: 98) argues, "it is difficult to 
imagine what the teaching of mathematics would be like without 
problems", and "student activity is the most important ingredient of 
the learning process, and problem solving is the most common and 
effective form of activity.'' Likewise, Jacobson (1966: 103) 
welcomes this personal involvement aspect of learming in problem 
solving. 

Any mathematical activity that causes the student 


to become an active participant in the proceedings 


is a problem activity, and a good curriculum employs 
such activities throughout. 

The heuristic, or discovery method of teaching in 
the classroom involves such activities. 


That there now exists wide recognition of the fundamental 
role of problem solving in psychological and instructional studies 
is demonstrated by the fact that the Second International Congress 
on Mathematical Education (Howson, 1973: 18) chose "Creativity, 
Investigation and Problem Solving" as one of the three topics for 
discussion. At a session of this conference, Biggs (1973: 221) 
stressed the importance of free investigation and problem solving as 


a means to encourage students to use their creative powers fully 
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in mathematics. 

An adequate summing-up of the developing trends in 
mathematics education with regard to the role of problems in the 
development of mathematical activity in students has been provided 
by Rosenbloom (1966: 130): 


We regard problem solving as the basic mathematical 
activity. Since, in mathematical education, our first 
concern must be with what we want the student to do, 
we must focus our attention on this domain. 

Other mathematical activities such as generalization, 
abstraction, theory building, and concept formation are 
based on problem solving. 


Creative Problem Solving in Mathematics 


A student is confronted with a mathematical problem when 
he is given a mathematical situation which cannot be resolved by 
the immediate and direct application of mathematical processes known 
to him. We say that he is thinking when he is actively engaged in 
the task of arriving at some form of solution(s) to the problem. 
According to Klausmeier and Ripple (1971: 438), there are at least 
two directions of thinking in problem solving: 


One is toward acquiring a solution or closure 
to a problem for which there is a known or a 


generally accepted answer. Convergent thinking, 
logical thinking, critical thinking, and reasoning 


are terms used quite generally to describe this 
direction. Another is involved in seeking a new 
(at least to the thinker) or not generally accepted 
solution. This direction of thinking, called 
divergent thinking by Guilford, has been termed by 
others creative thinking, imaginative thinking, 

and original thinking. 
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The association of creativity with divergent thinking 
effectively began with Guilford's (1950, 1956, 1959, 1962, 1965, 
1967) formulation of his three-dimensional model of the structure of 
human intelligence. The model is derived by a verbal process of 
distinguishing four kinds of content, six kinds of product and five 
kinds of operation, which give by their product 120 nameable 
intellectual abilities. The five operations are: cognition, memory, 
convergent production, divergent production and evaluation. He 
distinguishes between convergent production in which there is a single 
accepted answer to a problem, and divergent production in which a 
variety of answers is called for. Though Guilford does not equate 
divergent thinking with creativity, he suggests that there is a 
close relationship between abilities in this category and creative 
thinking, which is inseparable from problem solving. 

Most of the more obvious contributions to creative 

thinking are in the divergent production category. The 
factors of fluency, flexibility, originality and 
elaboration are in that category. It can be said that 
divergent production abilities are the most direct 
contributors to creativity (Guilford, 1965: 15). 

There is something creative about all genuine 

problem solving and creative production is typically 


carried out as a means to the end of solving some 
problems (Guilford, 1967: 314). 


The cognitive processes which Guilford regards as belonging 


to the category of creativity are: 
(1) sensitivity: an ability to generate many problems in 
response to a given situation; 


(2).° fluency: an ability to propose many ideas relevant to 


a given problem, 
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(3) flexibility: an ability to produce many different 
classes of ideas for a given problen, 

(4) originality: an ability to give responses uniquely 
different from others, 

(5) elaboration: an ability to state many details related 
to creative responses, 

(6) redefinition: an ability to redefine the purposes of 
existing objects, techniques and facts in unconventional manner to 
facilitate problem solving. 

(7) evaluation: an ability to perceive the adequacy of 
some solutions and to discard others. 


Including both convergent and divergent production in his 
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creative problem solving model, Guilford maintains that this is valid 


since both types of operations result in unique, distinct or 
unconventional solutions. 


One of the creative thinking abilities mentioned, 
redefinition, is classified with convergent thinking 
factors, a classification that may seem to be somewhat 
contradictory, but it is in the row for which the kind 
of product is that of transformations. Much creative 
effort is in the form of the transformation of something 
known into something else not previously known 
(Guilford, 1962: 162). 


This model of creative problem solving in which divergent 
and convergent thinking are commingled is equally applicable in 


mathematical reasoning. 


Problem solving in mathematics often begins with 
divergent thinking. The mathematician seeks clues to 
the structure of the problem through a kind of intelligent 
guessing procedure. This trial and error procedure 
requires divergent production to generate new combinations 
and possibilities to be tried. The mathematician does 
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not solve problems by random guesses, but he brings 
forth his store of previous knowledge to generate 
attempts based upon cognizance of the procedures of 
application of mathematical models and the careful 
analysis of the problem at hand. 

The outcome of this divergent thinking phase of 
problem solving is new information gathered from the 
trials. If the mathematician is able to put this 
information together in a related way to form a synthesis, 
then the problem solving proceeds to a phase of 
convergent thinking where the information is focused 
almost deductively towards a solution (Higgins, 1973: 45). 


A similar succinct description of such creative problem solving 
processes has been given by Torrance (1962b: 40): 

The creative process seems to be quite well 
established and the process seems to be the same 
regardless of the activity. First, there is 
apparently the sensing of a need or deficiency, random 
exploration and clarification or pinning down of the 
problem. Then ensues a period of preparation, 
accompanied by reading, discussing, exploring, 
formulating many possible solutions and critically 
analyzing these solutions for advantages and 
disadvantages. Out of all these activities comes 
the birth of a new idea -- flash insight, illumination. 


Finally there is experimentation to evaluate the most 
promising solution and the selection of the idea. 


This description bears affinity with the sequence of stages 
espoused by Hadamard (1954) to categorize the psychological 
processes involved in the mathematical field: (1) preparation, 

(2) incubation, (3) illumination, and (4) verification. 

All these various characterizations of creative processes in 
solving mathematical problems lead to the conclusion that creative 
behavior in mathematical thinking begins with some sort of 
sensitivity to a problem situation. A mathematician is "aware of 
the possibility of alternative treatments" (Cambridge Conference on 


School Mathematics, 1963: 28). During this phase of divergent 
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thinking, a great variety of mathematical reasoning is involved, such 
as "extracting a mathematical concept from, or recognizing it in, a 
concrete situation, and then 'guessing' in many forms, anticipating 
the result, and anticipating the great lines of the proof before the 
details are filled in" (Polya, 1966: 124). Such guessing or 
conjecturing may involve inductive reasoning, generalization or 
arguments from analogy (Polya, 1962, 1965, 1966, 1971, 1973). The 
outcome may be a fluency of ideas. Moreover, as Boychuk (1974: 43) 
observes, Polya's suggestions of creating analogous or simpler 
problems, and of induction call for a rearrangement, a transformation 
or a redefinition of elements relevant to the problem. The concept of 
flexibility of ideas is certainly implied in Polya's problem solving 
strategies. It must be stressed however that ultimately, all ideas 
generated have to be evaluated and mathematically verified. 

In her attempt towards a synthesis of this trend of research 
in mathematical creativity, Boychuk (1974) has postulated a creative 
problem solving model applicable in school mathematics instruction. 
Creativity is defined in this model in terms of four processes: two 
divergent processes (conjecturing, sensitivity) and two convergent 


processes (redefinition, verification). 


Boychuk's Creative Problem Solving Model 


In order to defend the premise that mathematical creativity 
can be defined validly and meaningfully in terms of problem solving 
processes, Boychuk (1974) compared several conceptual analyses of 


the creative thinking process and of the problem solving process. 
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Dewey (1910), for example, advocated a five-step problem solving model: 
(1) a difficulty is felt, (2) the difficulty is located and defined, 
(3) possible solutions are generated, (4) consequences are 
considered, and (5) a solution is accepted. Wallas (1945) and 
Hadamard (1954) proposed a four-stage model: (1) preparation, or the 
gathering of information, (2) incubation, or unconscious manipulation, 
(3) illumination, or the emergence of solutions, and (4) verification, 
or the testing of solutions. Rossman (1964) postulated a seven-step 
model: (1) need or difficulty observed, (2) problem formulated, 
(3) available information surveyed, (4) solutions formulated, 
(5) solutions critically examined, (6) new ideas formulated, and (7) new 
ideas tested and accepted. All the processes of these lists, with the 
exception of "incubation" appear to involve both divergent and 
convergent productions. Guilford (1967) suggests that incubation 
involves transformation of information resulting from induced 
interactions among stored products of information in memory. 

Boychuk further examined Guilford's (1967: 315) sequential 
and operational model of problem solving schematized in the form of a 
flow chart to permit multiple feedback options. This model 
emphasizes the role of both divergent and convergent productions in 
generating solutions to problems. Extensive discussion was then 
carried out to interpret Polya's (1962, 1965, 1971) four-step 
problem solving strategies (understanding the problem, devising a 
plan, carrying out the plan, and looking back) in terms of Guilford's 


model (Boychuk, 1974: 39-45). 
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The following processes, two divergent (conjecturing, 
sensitivity) and two convergent (redefinition, verification) were 
identified as important component skills in creative problem solving 


applicable in mathematical context: 


(1) Conjecturing. Conjecturing is a divergent 
process which refers to the generation of hypotheses, 
of relationships, in response to a given source of 
data. The individual may conjecture by making naive 
guesses or by making deductive guesses. 


(2) Sensitivity. Sensitivity is a divergent 
process which includes the ability to perceive 
deficiencies and errors, shortcomings or inadequacies 
in a given situation, and the ability to see possibilities 
in a given situation; possibilities that lead to further 
questions. 


(3) Redefinition. Redefinition is a convergent 
process which includes the reassociation and the 
recombination of previously unassociated elements of 
knowledge to result in new combinations, and the 
discarding of previously adequate approaches in order 
to facilitate the perception of and the solution to a 
problem. 


(4) Verification. Verification is a convergent 
process which refers to the justification of a statement 
or relationship in four ways: by testing with specific 
examples, by establishing a rationale of assumptions, by 
producing suggestions by which a statement may be 
tested, or by formulating deductive proof (Boychuk, 
107427) 125% 


This model was developed to determine the extent to which 
junior high school students can react creatively to geometrical 
problems. 
of appropriate problem-situations which reflect each of the four 
processes, two problems reflecting each process were constructed. 
The eight creative problems were then administered to forty-two 


~ 


grade nine students from four junior high schools in the Edmonton 


After establishing specific guidelines for the formulation 
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Public School System, and written responses, oral elaboration and 
comments elicited from the students. Factor analysis of the data 
isolated six independent factors, three of which seem to indicate the 
processes of conjecturing, redefinition and verification, whereas the 
two sensitivity problems loaded on two other independent factors. 

As a whole, Boychuk's findings did not discredit her theoretical 
model. 

Though the four processes are not regarded as exhaustive of all 
cognitive processes involved in creative problem solving in mathemat- 
ical situations, they nevertheless provide a workable model for 
instructional research. Undoubtedly, creative problem solving is a 
rather complex human phenomenon which may involve many dimensions 
with a variety of mental operations. It is necessary therefore to 
define the universe of creative problem solving abilities in 
manageable terms (Treffinger and Poggio, 1972: 255). RBoychuk's (1974) 
model conceptualized creative problem solving processes in 
mathematical thinking in terms of sequences of component mental 
operations, i.e. sensitivity, redefinition, conjecturing and 
verification. Such a theoretical model is meant to be descriptive 
of general features of creative thinking phenomena. The advantages 
of such a model have been aptly appraised by Messick (1973: 282): 

eee weaate emphasize both the distinctiveness 

of the component processes and the sequential nature 
of their combination in achieving the final solutions 
or creative products. This suggests ... that overall 
aspects of the total process (and possibly its major 
phases) should be assessed directly to gauge relative 


effectiveness in combining the appropriate components 
in task performance. 
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In sum, Boychuk's creativity model in its essential outlines 
was deemed to be an appropriate theoretical framework for this study, 
although as we will show in the next chapter, modifications are 


needed to adapt her theoretical model to the domain of our study. 


INSTRUCTIONAL THEORIES 
Why Instructional Theory 


The discussion above has indicated that Boychuk's (1974) 
creative problem solving model, as well as many other similar types 
of theoretical models, could function as a conceptual framework for 
research and investigation in creative teaching. According to Nuthall 
and Snook (1973: 47), there is a general tendency for those involved 
in research on teaching to construct descriptive models or 
interpretive theoretical frameworks of teacher-pupil relationships 
and interactions which are then used to synthesize and co-ordinate in 
a single structure those elements of observation and research 
findings. 

The present study is based on Boychuk's theoretical model. 
However, it should be noted that no assumption has been made to claim 
that this is the only valid representation of current knowledge about 
mathematical creativity. As Nuthall and Snook (1973: 49-50) have 
indicated, "there are few logical or empirical connections between 
the models", and there is no sense "in which empirical evidence can 
be used to prove the validity of one model or demonstrate its 


superiority over another model." Indeed, recent investigations on the 
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historical development and the philosophical foundations of physical 
science have pointed out that one of the major functions of scientific 
models is to persuade and foster conviction that one way of looking 
at and interpreting physical phenomena is better and more fruitful 
dian any alternative views (Kuhn, 1970, 1974). Consequently, it may 
be agreed that each model of teaching is fundamentally a claim about 
how teaching ought to be understood and interpreted. 

Boychuk has reviewed relevant research literature on 
mathematical creativity and demonstrated the feasibility of 
analysing junior high students' responses to creative mathematical 
situations in terms of four problem solving processes. Her 
theoretical model seems to provide an appropriate guideline for 
assimilating and analysing information about creative behavior in 
school mathematics. Two major premises underlie this study: first, 
that creative problem solving abilities do exist as part of the 
developable intellectual capacity of junior high students, and 
second, that fostering creative thinking is one of the major functions 
of mathematics education. The crucial task then, consists of 
translating muses cedar into classroom instruction with the aim 
of enhancing mathematical creativity of junior high students in terms 
of the four processes of conjecturing, sensitivity, redefinition and 
verification. 

In order to operationalize Boychuk's model at the classroom 
level, it is necessary to call upon the guidance of some relevant 


instructional theory or theories. There is first of all the need to 


heed Merrill and Wood's (1974: 79) serious criticism of instructional 
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researchers for failing to describe their treatments (instructions) 
adequately in terms of their theories. 
One of the difficulties in reviewing existing 
research literature, is the fact that when complex 
instructional strategies are involved, it is almost 


impossible to determine how the strategy was 
constructed. 


Psychological models in research on mathematics learning 
usually do not prescribe practical principles concerning the most 


effective and efficient way of achieving instructional objectives 
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implied by these models. On the other hand, "a theory of instruction, 


in short, is concerned with how what one wishes to teach can best be 


learned, with improving rather than describing learning" (Bruner, 
1966a: 40). Johnson (1969: 123-124) has defined a model of 
instruction in a comprehensive statement designed to encompass all 
possible instructional situations: 


It must serve for both training and instruction, 
for all domains of learming outcomes, for both academic 
and non-academic content, for divergent as well as 
convergent learning, for all ages, abilities, and 
backgrounds of "instructees", for large and small 
groups as well as single individuals, for situations 
with and without teachers, for teachers of varying 
competence and personality, for programs, computers, 
simulation games, and responsive environments, and for 
all kinds of communities and every degree of availability 
of methods and equipment. 


This useful definition recognized that there are four major 
components involved in any classroom instruction: (1) the content, 
(2) the instruction, (3) the teacher, and (4) the learner (DeVault 
and Kriewall, 1970). In this study, junior high motion Geometry 


constitutes the content domain. In addition, the assumptions that 
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mathematical creativity is normally distributed among students who 
would be the subjects under investigation, and that any teacher can 
effectively enhance students' creativity through appropriate 
instruction, are accepted as reasonable and justified in the context 

of the experiment. Only the "instruction' component therefore requires 


careful investigation for this study. 


The Two Functions of Instruction 


From their review of the literature on instructional research, 
Romberg and DeVault (1967: 100) have concluded that instructional 
tasks, instructional materials and organizational context of 
instruction are the three major aspects of instruction which have 
received most attention. They regard "instructional tasks" as those 
things a teacher does to facilitate learning. DeVault and Kriewall 
(1969: 83), however classify classroom management policies, 
instructional methods employed and kinds of materials used as the 
three basic instructional input variables. If the instructional 
materials or content can be taken for granted, then the other two 
aspects of instruction -- instructional tasks and organizational 
context, or instructional methods and management policies -- can he 
described in terms of the two basic functions of instruction 
identified by Johnson (1969: 125): 

(Ty? Display: to convey meaning (content) with which the 
students can interact. 


(2) “Controls to ‘regulate the “interaction. 
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The instructional tasks or methods imply the "display" of 


relevant instructional materials through some way that students can 


learn effectively. On the other hand, teachers also "use controlling 


functions principally to tell children what it is they are to do; 


what questions to answer, what pages to read, what problems to solve, 
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and so forth, as well as the sequence in which these activities are to 


be performed" (Hudgins, 1971: 81). Thus the major function of 
organizational context or management policies appears to be that of 
"control". In practice, however, these two functions are frequently 
inextricably intertwined. 
A skillful teacher may control the behavior of a 

child with a well-timed, well chosen question as 

completely as if she took direct management action to 

exercise such control. Similarly, skill in management 

is necessary to organize subgroups which in turn may be 


a prerequisite condition for certain kinds of teaching 
to occur (Hudgins, 1971: 16). 


The display and control functions of instruction are also 
quite explicit in the Task Variable Taxonomy proposed by other 
researchers (Merrill and Boutwell, 1973; Merrill and Wood, 1974). 
The Taxonomy enables instructional strategies designed to promote 
higher cognitive behavior to be discussed along two dimensions each 
containing four variables: (1) the content oriented variables 
(content type, content mode, content representation and mathemagenic 
prompting), and (2) the learner oriented variables (response mode, 
response representation, mathemagenic feedback and response 
conditions). For each of those variables, several principal para- 
meters have been suggested. Clearly, the type, mode and representa- 


tion of the content are "display"-type variables, while the 
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mathemagenic prompting and the four learmer oriented variables are 
"control"-type variables. Furthermore, according to the framework of 
this Taxonomy, different instructional methods or strategies can be 
constructed by forming various combinations and sequencing of those 
variables with their respective parameters. In principle, this 

means that different instructional methods can be designed through 
different manipulation of the display and control functions of 
instruction. 

In summary, the various instructional analyses discussed in 
this chapter imply that an adequate instructional strategy has two 
fundamental dimensions: (1) the subject content to be displayed, and 
(2) the criteria which regulate the learners' behavior. Thus, in 
order to describe adequately in unambiguous terms the instructional 
strategies which were derived from Boychuk's model and which 
constitute the experimental treatments of our study, this two- 


dimensional classification was selected as the instructional model. 


METHODS OF STIMULATING CREATIVITY 
Stimulating General Creativity 


The bulk of studies on creativity are concerned more with 
the description and measurement of creative abilities than with the 
promotion of creativity. Two of the few earliest efforts at 
stimulating and facilitating general creative problem solving 
abilities, however, were centered on the strategies of brainstorming 


and synectics. Osborn (1948, 1953) and Parnes & Meadow (1959, 1960, 
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1963) proposed brainstorming as a creative strategy requiring groups 
bie produce large quantities of ideas under conditions which suspend 
criticism and evaluation. Experimentally, their use of brainstorming 
was successful in Facilitating both the quantity and quality of ideas 
produced through individual and group thinking. Some of these 
findings, however, have been disputed by a number of other researchers 
(Taylor, Berry and Block, 1958; Dunnette, Campbell and Jaastad, 1963). 
Like Osborn's "brainstorming" thinkers, Gordon's (1956, 1961) 
"synectics" thinkers defer judgement, encourage wild ideas and 
utilize specific metaphor-based procedures for idea-finding. Synectics 
was initially designed as a system of training for industrial 
inventors. Consequently, very highly trained leaders are needed to 
act as key components in guiding "formal" synectics sessions. 

Though the somewhat conflicting findings about the effective- 
ness of brainstorming raise difficulties for determining under what 
conditions this training method is most appropriate, it can he 
argued that this approach of producing large numbers of ideas is a 
good starting point for creative thinking. Synectics, on the other 
hand, stresses the emotional and irrational components of creative 
thinking. Such an emphasis seems directly antithetical to the 
teaching of mathematical creativity which involves rational and 
objective reasoning. 

Covington and Crutchfield (1965) have attacked the problem 
of creative training by constructing special auto-instructional 
programs comprised of detective and mystery study materials. They 


found that elementary school children using the programs were 
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markedly superior to control children on problem solving and creativity 
measures. Though these original findings could not be replicated by 
Treffinger and Ripple (1968), Barron (1965: 108) nevertheless observes 
that, 
A special virtue of the Crutchfield and Covington 
demonstration is that it was made within the school 


system itself and resulted in the development of techniques 
that can be incorporated into existing curricula. 


Furthermore, the emphasis on both convergent and divergent thinking 
in solving problems of the auto-instructional programs (Covington, 
Crutchfield and Davies, 1966; Covington, 1968) comes very close to 
creative problem solving in school mathematics. 

Another direct approach to the development of creativity is 
Davis and Houtman's (1968) four-method strategy: (1) Part-Changing 
Method, (2) Checkboard Method, (3) Checklist for Finding Ideas, and 
(4) Find Something Similar. Each of the four methods is a specific 
skill which encourages and guides students to come up with many new 
ideas. Substantial evidence has been accumulated to demonstrate that 
creative abilities of school children can be improved significantly 
through these four idea-generating methods (Feldhusen, Treffinger and 
Bahlke, 1970). 

It is noted that most of these theories of training seem to 
start from the "operations" categories of Guilford's structure-of- 
intellect model mentioned previously. The common underlying 
assumption is that voluminous productivity is the rule, not the 
exception, among probably all creative individuals (McGannon, 1972: 
8). In addition, guidelines for improving creative abilities are 


necessarily as follows: 
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(1) Encourage divergent production in many media. 

(2) Reward creative efforts. 

(3) Foster a creative personality (Klausmeier and 
Ripple, 1971: 469). 


Teaching for Mathematical Creativity 


Discovery Method. "Discovery Method" is probably the 

earliest theory-based pedagogical technique employed hy many mathe- 
matics educators to foster creative problem solving abilities in school 
children. Those who advocate teaching by discovery, such as Bruner 
(1960, 1961, 1963, 1966a, 1966b), Davis (1964, 1966) and Polya (1962, 
1965, 1966, 1971, 1973) claim that the virtue of discovery learning 
lies in the following consequences: 

(1) Students are motivated to learn mathematics. 

(2) They will understand what they learn. 


(3) They will learn to think. 
(4) They will become more creative (Brown, 1971: 233). 


Others like Ausubel (1961, 1964, 1968) and Cronbach (1946), 
however, have serious reservations about the rationale and effects of 
the discovery method. While the empirical evidence is inconclusive 
with respect to the merits and disadvantages of this approach 
(Cooney, Davis and Henderson, 1965: 170), a brief discussion of some 
of the discovery strategies may shed light on the design of 
instructional strategies for creative learning jn school mathematics. 

There appears to be five different kinds of discovery learning 
approaches (Biggs, 1972: 217-218): 

(1) Fortuitous Discovery: This type of discovery is always 
initiated by the learner, being unplanned and not in any way teacher- 


directed. It is perhaps the most highly motivated type of discovery 


ait vidsdord ek Sodas t davanane 


me 


‘iene ais done -yvesvooe tb ‘yd aehiaehy deta ie 


idaery aytod bas (AACT (Boek, Wad pine apne) 


a 


“epomeupaeios > ants 


ee istet Rots 
site) houaa ast | 


ae 
ae 


{@RED aissdnox ina she tae, Feawaud 


Yo abisigend bre elacokspa iets. Iori agplasvageet 


Say 


ih 
- svbpufogonnt at ae Loken ois caacainl - 


ee i he 
aa 


Papart 


33 


a learner can achieve. 

(2).. Free and Exploratory Discovery: Learning materials are 
provided with minimum structure. The typical situation is Dienes' 
(1967) stage of preliminary games, where children are given freedom 
to experiment with the materials in any conceivable way. 

(3) Guided Discovery: Children are guided in their 
exploration of given learning materials, through the help of 
sequences of questions from the teacher. 

(4) Directed Discovery: This is a more structured learning 
situation than is guided discovery, where questions and directions 
are more flexible. 

(5) Programmed Discovery: Here, instead of direct 
instructions from the teacher, children are given well prepared 
instruction sheets or cards to follow. 

In short, at one extreme of the discovery strategies 
continuum, the situation is so open that discoveries made by the 
children may be new to even the teachers. It may be argued that 
such an instructional form is too demanding for the average classroom 
teacher, since the success of free and unstructured discovery 
probably requires creativity and high competence in subject matter 
on the part of the teacher. Consequently, it would be unrealistic 
to advocate the "fortuitous" and 'free-exploratory" strategies of 
discovery in the ordinary mathematics classroom (Varga, 1971: 28). 
At the other extreme, the teacher determines the precise 
mathematical facts to be discovered, and leads the children to these 


facts through structured sequences of questions. Success is more or 
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less guaranteed by careful planning and implementation. It can be 


argued therefore that the guided, directed and programmed discovery 


methods are more practical for ordinary classroom usage and easier 


incorporation into the normal teaching activity. 
Generally, the discovery approach is viewed as a problem 


solving model employed by most of the users and inventors of 


mathematics. What mathematicians do first, when confronted with a 


mathematical situation, is 


to explore a situation, a state of affairs, concrete or 
abstract, which by its presence constitutes a challenge 
to their powers of discernment and invention. In the 
course of this exploration, ideas are clarified, some 
factors are recognized as important, while others are 
discarded. A scheme begins to take shape, whereby one 
or more problems are formulated and attempts are then 
made to solve them. The solution leads to establishing 
properties or accepting others as hypotheses or 
conjectures. Gradually a system of relations is built 
up, which must then be tested with all available means: 
intuitive models, logical deduction, counter-examples 
(Servais, 1971: 242). 
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Many studies which have explored the feasibility of fostering 


creativity in school mathematics have pursued the discovery model of 


mathematical thinking which involves such cognitive processes as 


sensitivity, conjecturing, hypothesizing, evaluation and verification. 


Clark (1967) demonstrated that through creative teaching methods 
concerning story problems, creative talents can be used 
effectively while students are acquiring mathematical knowledge. 
The control group was taught in a traditional manner, where the 
"one correct way'’ to solve problems was the emphasized feature. 
Meanwhile, the experimental group was given no explanations, but 


students were expected to explore the problems on their own. A 
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considerable amount of class time was devoted to group discussion 
and evaluation of various solutions suggested by students. Although 
the control group solved twice as many story problems as the 
experimental group during the study, the latter showed greater 
gains in problem solving ability as measured by the net gain on 

pre and post tests. 

Another creative classroom environment was designed by 
Buckeye (1968) in the following way. Creative thinking of students 
was developed through encouraging and respecting students! 
questions or imaginative and unusual ideas, allowing opportunities 
for practice and experimentation without evaluation, and assigning 
challenging and enrichment problems which were appropriate to 
students' resources. The conventional lecture method was employed 
for the control group. Significant increases in creative ability 
were obtained for the experimental group in comparison with the 
control group. 

There is, however, no firm consensus on the feasibility of 
creative instruction. Meyer (1970) and Borgen (1971), for example, 
observed no significant differences in either general creativity 
or mathematical creativity in students exposed to special creative 
teaching. Nevertheless, despite the non-uniformity of results, 
there are remarkable similarities among different creative 
instruction through discovery approaches. These may be summarized 
in the following guidelines: 

(1) Some mathematical problems or situations are displayed 


to the students, who are then asked to explore the problems or 
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situations under the guidance of certain directions. 

(2) Students are encouraged to investigate the problems in 
as many conceivable ways as possible (Higgins, 1973: 89), and small 
group or class discussion is normally essential (Biggs, 1972: 218). 

(3) Some of the heuristic means of discovery and invention, 
such as conjecturing, transformation, redefinition, analogy, 
induction, and plausible reasoning (Polya, 1962, 1965, 1966, 1971, 
1973) are invoked to resolve the problems. 

(4) In general, most of the discovery approaches emphasize 
explicitly or implicitly the desirability of fluency, flexibility 
and originality of ideas in any discovery learning situation in 


school mathematics. 


Mathematizing Mode. One of the major difficulties to date 
in all attempts to resolve the learning-by-discovery controversy 
is a fundamental lack of agreement concerning a precise definition 
of the discovery method (Dessart and Frandsen, 1973: 1182). The 
“mathematizing mode" (Johnston, 1968; Naciuk, 1969; Taylor-—Pearce, 
1969; Tobert, 1969; Sigurdson, 1970; Sigurdson and Johnston, 1970; 
Tschofen, 1973) represents one of the attempts to formalize the 
discovery method as a sequence of four instructional stages 
(Johnston, 1968: 61-62): 

(1) Introduction of the Activity: Free exploration of a 
given problem situation by students. 

(2) Brainstorming Session: Encouraging ideas and 


suggestions from students without evaluation. 


(3) Seminar Type Discussion: Indicating questions and 
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problems to enable students to test out their ideas and hypotheses. 
(4) Summary: Summing up of the precise mathematical 
principles involved in the preceding stages by students. 
These four stages have been refined by Tschofen (1973: 119) to six 
stages: introduction, exploration, hypothesizing, evaluation of 
hypotheses, summary, and practice. 
Essentially, the mathematizing mode emphasizes the processes 
of discovery and invention in mathematics learning. 
If mathematics is created by hypothesizing, 
evaluating, and rejecting or accepting, and many 
mathematicians would agree that it is, then practice 
in these activities can only improve the students' 


ability to handle mathematics creatively (Sigurdson 
and Johnston, 1970: 133). 


However, Taylor-Pearce (1969) found that for each divergent 
thinking criterion (fluency, flexibility, originality, and total 
response), the treatment effects of the expository method were 
significantly superior to the treatment effects of the mathematizing 
method. These findings should probably have been expected because 
of the content-loaded nature of Taylor-Pearce's creativity tests. 
For example, the following questions (in paraphrased form) were 
given (Taylor-Pearce, 1969: 50-51): 


-~- Write ten true statements about an integer which 
is divisible by 39. 


-- Think of five possible values of x in the sequence: 
Zoe tO ee ks 


-- Think out five practical ways of representing a 
mapping. 


-- Find three sets of integers (m, n, q) satisfying the 
equation: m2 + n2 = q2. 
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-- Write down seven sets of integers (m, n, q) 
satisfying the equation: m? +n3 = q?. 


-- Think out five possible functions f(x) in the 
sequence: (x24+2x+1) , (x2+6x+9) , LG 


-- Write down ten true statements about the quadratic 


function y = x2-5x+6, to illustrate the various 
mathematical quality of the function. 


Clearly, knowledge about number properties, series, mappings, 
functions, operations, and quadratic equations in particular, are 
prerequisites for creative productions measured by the tests. On 
the other hand, it is well-known that expository teaching can 
effectively and efficiently present a rich body of highly related 
facts, concepts and principles which the students can learn and 
transfer (DeCecco, 1968: 468). The better performance of Taylor- 
Pearce's expository classes on the creative tests is not surprising. 
Similarly, this would seem to explain why in Tobert's (1969) study of 
these same classes, expository classes out-performed the mathematizing 
classes on achievement tests. 

In sum, it should be pointed out that the assessment of 
mathematical creativity as an outcome or product of learning 
necessarily requires the students to utilize mathematical 
knowledge, concepts, rules, principles, and skills learned. 
Consequently, "it must be either assumed, or preferably shown, that 
students have in fact learned relevant prerequisite information and 
skills, before the assessment of ‘originality' is undertaken" 

(Gagne and Briggs, 1974: 172). This study will he designed to take 


the latter advice into account. 
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39 
SUMMARY 


This chapter attempted to show that solving mathematical 
problems is the basic mathematical activity of almost all learning 
in school mathematics. Furthermore, solving mathematical problems 
inevitably calls upon one or both of the two kinds of thinking, 

(1) Convergent, and (2) Divergent. Though most of the theorists 
regard creative problem solving as involving more or less exclusively 
divergent area ee Boychuk (1974) summarized relevant theories in 
this area and postulated a four-process model, including two 
convergent processes (redefinition and verification), and two 
divergent processes (sensitivity and conjecturing). This theoretical 
model, validated by Boychuk through a factor analytical method in 
junior high school mathematics, is deemed appropriate as the 
theoretical framework for our study. 

The related research literature also indicated the need for 
appropriate instructional theory to help translate the theoretical 
model into classroom instruction. Johnson's (1969) theory of 
instruction which analyses instruction in terms of two basic 
functions, (1) display, and (2) control, was discussed as being 
practical and useful for guiding the operationalization of Boychuk's 
psychological model. 

Finally, some instructional approaches which emphasize 
explicitly or implicitly the fluency, flexibility and originality of 
ideas as instructional goals, were analysed. In particular, the 


discovery method and the mathematizing mode of instruction in school 


mathematics were discussed in some detail. 
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CHAPTER III 
THE CONCEPTUAL FRAMEWORK OF THE STUDY 
INTRODUCTION 


If the classroom instructor is to plan instruction 
to encourage creative responses in his students, he 
will need to identify and circumscribe the classes of 
behavior which, when exhibited, will reflect creativity. 
Perhaps a consideration of the various kinds of 
cognitive operations which may be exhibited would be 
a useful approach. That is to say, the number and 
kinds of novel yet adaptable associations, identifications, 
classifications, hypotheses, and implications which can 
be generated from a given portion of subject matter 
would be utilized as criteria. In any event, the 
instructor must have some recognizable criteria to 
plan appropriate instruction and evaluate its 
effectiveness (Lembo, 1969: 167-168). 


As the review of the literature has shown, there exists a 
number of controversies regarding the nature of the creative 
problem solving process and the instructional strategies that are 
optimally effective for increasing creative behavior in school 
mathematics. Lembo's above suggestions appear to identify four 
major dimensions involved in any discussion of creativity related 
to school instruction: (1) the conceptual definition, (2) the 
operational definition, (3) the related domain of knowledge, and 
(4) the creative instruction. These four dimensions seem to 
provide useful and well-defined guidelines for the development and 
evaluation of our study. In the following sections, we will show 


briefly the relevancy of these dimensions to the present study. 
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(1) Conceptual Definition of Creativity 


Cognitive Operations postulated by various theorists, such 
as Guilford's category of "operations", have usually been 
heuristically or conceptually employed by different researchers to 
describe Maia Criiane phenomena. According to Treffinger, 
Renzulli and Feldhusen (1971: 105), this is the dimension of 
theoretical description of creativity. Conceptually, creative thinking 
has been defined in terms of some of the following mental operations 
or processes: sensitivity, conjecturing, elaboration, transformation, 


redefinition, hypothesizing, evaluation and yerit ications: 


(2) Operational Definition of Creativity 


Creative problem solving processes can be meaningfully 
studied only by getting students to generate observable "classes of 
behaviors." Many researchers have operationally categorized these 
behaviors into fluency, flexibility and originality. The criterion 
problem (Treffinger, Renzulli and Feldhusen, 1971: 107) arises when 
there is an apparent logical or empirical discrepancy between our 
conceptual and operational definitions (Crockenberg, 1972: 40-43). 
Some researchers create difficulties by imposing a prevalent 
conceptual meaning of creativity on what was meant to be a narrow 
operational definition for measurement, without specifying the 


relationships explicitly and precisely. 
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(3) Domain of Knowledge 


Generally, attempts at improvement and assessment of 
creative thinking have tended to rely heavily on superficial types 
of problems, such as "How many uses can you think of for a brick?" 
It has been argued, however, that creative thinking should depend on 
knowledge of content matter as well as some sort of general creative 
ability (Johnson and Kidder, 1972). As our discussion on the 
“mathematizing mode" in Chapter II shows, there is a reasonable 
case for acknowledging the importance of subject matter domain in 


the study of creativity. 


(4) Creative Instruction 


Most. researchers of creative thinking assume that creativity 
is one of the human cognitive abilities which can be developed 
through practice. They also claim to have empirically identified 
some of the major processes or intellectual skills that contribute 
most to creative behaviors. In effect, it seems justified to search 
for some “appropriate instruction" which can be used to train 


students in those processes and make them more "creative". 


This chapter will therefore examine these four major 
dimensions of creative thinking as have been articulated in 


relevant literature. 
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CONCEPTUAL DEFINITION OF 
MATHEMATICAL CREATIVITY 


Analysis of Boychuk's Model 


Treffinger, Renzulli and Feldhusen (1971: 105) have 
pointed out that "there is no single, widely accepted theory of 
creativity which can serve to unify and direct our efforts at 
specifying an adequate assessment procedure." While not disagreeing 
with this fact, we have argued in the previous chapter that 
Boychuk's (1974) model can be considered an appropriate functional 
theoretical framework for the understanding and investigation of 
creative problem solving behavior in school mathematics. The 
relevant details of this model will now be described. 

Basically, Boychuk (1974: 52-93) defines mathematical 
creativity in terms of four processes: Sensitivity, Redefinition, 
Conjecturing and Verification. The solution of creative mathematical 
problems invariably involves some or all of these four processes. 

(1) Sensitivity. This is a divergent process which 
enables an individual to sense or become aware of the deficiencies, 
possible implications, or implicit shortcomings of a problem- 
situation. In other words, she/he is able to extrapolate beyond 
the obvious. While sensitivity necessarily implies in-depth 
understanding of a given problem, understanding in the general sense 
can occur at a level without the additional awareness of possible 
embedded difficulties, facts, alternatives, or implications. 


(2) Redefinition. This is a convergent process which 
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involves the abstraction, transformation, decomposition and 
reassociation of elements of a given problem into new combinations 
to facilitate solutions. Redefinition includes the ability to 
overcome meatal fixation, enabling the problem-solver to associate 
previously unrelated elements while discarding familiar associations 
which obstruct the solution of the problem. 

(3) Conjecturing. This is a divergent process consisting of 
making naive or deductive guesses about the solution to a given 
problem. New ideas or hypotheses are generated from information 
given or learned in response to a problem-situation. This process 
stimulates the problem-solver to generate ideas aha conditions, 
consequences or hin Mi eaaious possible in the given situation. 

(4) Verification. This is a convergent process which can 
occur either through a naive way of testing or a more sophisticated 
method of deductive proof produced to justify a given result or 
generalization. Verification also implies the evaluation or testing 
of possible hypotheses, enabling the problem-solver to accept or 
. Yeject conclusions made to a given collection of data. 

These four creative problem solving processes can be 
classified into two categories: (1) sensitivity, redefinition, and 
conjecturing, and (2) verification. The first three processes are 
needed to search for solutions to problems, whereas the process of 
verification is to justify the solutions found or given. However, 
there is probably continual interplay between "verification" and 
"conjecturing" (Boychuk, 1974: 88), as well as "sensitivity" and 


"redefinition". While solutions can be arrived at through naive 
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or deductive guessing, mathematical justification requires actual 
verification by testing or proving. 

According to Boychuk (1974: 89), the verification of a 
mathematical statement means (1) to prove or disprove its truth by 
producing examples or counter-examples, (2) to justify and explain it 
by appealing to accepted assumptions, or (3) to produce a logical proof 
deductively. However, the processes of sensitivity, conjecturing and 
redefinition are the underlying processes which produce the relevant 
examples or counter-examples, the related assumptions needed for the 
justification and explanation, and the sequence of ideas that build 
up the Godnetive proof. As a mathematician Morris (1966: 58-59) 
has argued, logical proof merely sanctions mathematical production 
which is the fruit of intuition, while on the other hand creative 
thinking in mathematics entails "thinking for oneself, which means 
guessing, conjecturing, blundering, trial and error, induction from 
concrete evidence and all the other diverse and often haphazard 
processes which enter into thinking." 

In effect, verifying facts, hypotheses or generalizations 
in mathematics means the whole process of constructing formal or 
informal "proof". This process of verification can be characterized 
as the combination of two basic stages: (1) the construction of a 


hypothesis or generalization, and (2) the construction of a "proof" 


or "disproof" (Lovell, 1971: 66-67). 


In the construction of the hypothesis, the rules 
of logic are generally of little value, for it requires 
some new combination of the problem solver's knowledge 
and the data of the problem -- this is an attempt to 
"close a gap". It might be hypothesized, for example, 
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that a certain relationship existed between some 
variables in a problem, or that a property observed 

in a finite number of instances can be extended to a 
wider class of elements. To the hypothesis and the 
data of the problem the rules of logic may be 

applied in an attempt to arrive at a proof or disproof. 


Similarly, Strike (1975: 477, 471), also makes a idistinction 
between ''the processes of the formulation of an hypothesis and its 
confirmation.'' Through a logical analysis, he showed that the "act 
of discovery" involves two basic types of cognitive skills: 

(1) heuristic skills: skills pertaining to the formulation of 
hypotheses, and (2) epistemic skills: skills pertaining to their 
verification. It appears then that sensitivity, redefinition and 
conjecturing are undoubtedly some of the important processes related 
to the heuristic skills of discovery, as well as creative thinking. 

Indeed, Kline (1966: 57) points out that "conjectures must 
precede proofs.'' He also argues that the creative process, 
constituting "by far the largest and most difficult part of 
mathematical activity, is not contained in the axiomatic approach" 
which requires rigorous deduction from stated definitions and 
mathematically adequate assumptions or axioms, to justify every 


mathematical fact or conclusion. 


The Three-Process Model 


In the previous section, we have shown that the creative 
process of "verification" consists of two dimensions: (a) the 


construction of hypotheses, and (b) the construction of proof (or 


disproof). The former involves the processes of sensitivity, 
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redefinition and conjecturing and thus can be conveniently subsumed 
under these three creative processes. Consequently, Boychuk's 
creative problem solving model can be restructured to contain these 
four creative components, categorized into two independent dimensions: 
(1) sensitivity, redefinition, and conjecturing, and (2) construction 
of proof. The first dimension consists of three informal cognitive 
abilities which are not contingent upon a particular set of 
mathematical skills. Therefore, it is justifiable to assume that 
students can respond meaningfully to creative problem-situations 
calling for the functioning of these three processes if the 
situations are ay enas students' resources. The second dimension, 
the construction of proof, however, would involve the mathematical 
concept of "proof" and various methods of proof. Discussion of 
mathematical proof inevitably includes such notions as undefined 
terms, definitions, axioms, theorems, deduction, and different 
methods of proof, e.g. direct proof, contrapositive proof, proof by 
enumeration, proof by existence, disproof by counter-example, and 
disproof by contradiction. Such notions and methods of proof 
require a fairly sophisticated level of mathematical competency. 
Since our objective is to investigate mathematical creativity of 
junior high students, it is necessary therefore to determine first 
whether these elements of proof construction form a part of the 
students' mathematical background. 

Conventionally, "mathematical proof" in school mathematics 
is taught only in "geometry". According to the curriculum guide 


issued by the Alberta Department of Education (1975: 30-34), the 
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junior high mathematics program consists of the following geometry 
topics: 


Grade VII: 

1. Development of the ability to recognize and 
identify the following elements of plane 
Geometry, and extending knowledge of the 
interrelationships of these elements: 
point, line, plane, segment, ray, curve, 
closed curve, angle, triangle, other simple 
polygons, circle, interior and exterior 
regions. 


Grade VIII and IX: 

1. The measure and comparison of segments 
using British and metric units. 

2. Measurement of angles. 

3. Categorization of the types of angles formed 
by the intersection of coplanar lines. 

4, The triangle, including classifications, 
similarity, perimeters, areas, and the 
unique property of the sum of interior 
angles. 

5. The quadrilaterals, including classifications, 
perimeters and areas. 

6. Classification of polygons. 

7. Simple geometric constructions: bisectors of 
angles and segments, construction of parallels 
and perpendiculars, and construction of 
simple polygons. 

8. The circumference and area of circles. 

9. Applications of geometry to the solution of 
problems. 


A careful survey of these instructional objectives and the 
recommended texts clearly indicates that the construction of rigorous 
mathematical proof is not a part of the junior high student's 
repertoire of mathematical experiences. Consequently, only the 
"construction of hypotheses" stage of the process of "verification" can 
be regarded as relevant to this study. It has also been shown that 
this stage can be meaningfully and validly described in terms of 


the other three creative problem solving processes. In sum, this 


P hee biotite Jy . y Y ‘ A & i a ; all oa pe 
ey (oho rh is Pie bi ca ta st ew es et ey. ‘244 RTE eo ies Fo aay ~y kat 
Semgag ghiwoliot sia to ese g 
Ye - Fj 
ay a 
oar Dale 
oo \ sa 
bis : g782 03. 7 Phpas Bt? 159. 3% mGgo lays 
J ) ba % ; ; tae 
be i a ae + ii cie Ha ~ 
Lers 2 Oo S2TSne.s Sirtw aL LoF po) Ce oe a ahr ae 
aghol wor mnbbsotxs big .¥ TI9wOaD _ = 
alt= \ aoe 4 haw 
1 & ey f n ah 2 a rene 


f 


evino . vet ,vaentaee ,saebq, ,onth ~omeag 
: 
f 


t ¢ ‘ . 
slamtea waido ,Sis sii |. SS" Basics 
- tobrogee- Site nb, along! ; Aor 
. whan ot 307 
| Xi Ubeet 
} ies) te Sei Bin ee Fifa. 2 es ys wey) 


wai | attny obytom Bre Sind gate 
), / | fens Ro: jasc veseM | 


0 
- be we Es $ 
‘fy 
rte 
t 
a4 
ete i i 
fi 3 § 


a - r = Y : in 2 BS a yos. e798 samt 38 
as . a ‘BHP ROR. te Pane trees 


oe Ve ars to etotcaseld> sanotis repenes 9 int9mosg: lore 
va 7 vi y * < \ et «a! 
Me toaet le ~~. piel ieee ee th poftgon “dente 5% BOD sone Crm tyes 


’ hae a tof obsoytte nos bir: gat ‘Tustbreqts 


a 2a Eaten. ta sere has sjnrspamy 
{aI ee | init-ait Ce ona od) Yitames 8 kk anole 


he: edt ‘boa sevisoet de tendtaouisent DRsif: to  Rawtye * 


‘ : Uy 7 _ 7 _ 


voronts 20 torso. ib oe 2n0g" sit dads aban iba elisels: wines t 


Ot a 


‘as ee se soabuse sail Fokontt Prey to gre 8 ce on ee rooag f 


te enatirt} ott 20) oget2 ™ osoitioat 


i ged cele il yt: END UI & elds od sa 
| i ) 


aa nh bad irae Eats bins vides 


Ai 


49 


study conceptually defines creative problem solving in terms of the 


three processes of sensitivity, redefinition and conjecturing. 


MATHEMATICAL CREATIVITY AS RULE 
GOVERNED BEHAVIORS 


Boychuk's Problem Guidelines 


Most researchers would probably agree that the solution of 
a mathematical problem is "typically a poor index of the processes 
used to arrive at that solution" (Kilpatrick, 1969: 160). It is 
important, therefore to study creative problem solving processes by 
eliciting observable sequences of behavior from the students through 
well designed problem-situations. In turn, this requires the 
construction or selection of appropriate problems which will evoke 
and facilitate the functioning of creative processes on the part 
of students. 

Boychuk (1974) has suggested some broad guidelines for 
devising creative problem-situations. 

(1) Sensitivity Problem-Situations: Situations which are 
designed to allow the student to exhibit puzzlement, to recognize 
shortcomings. These deficiencies however, should not be 
specifically called to attention by the instructions of the problem- 
situation (Boychuk, 1974: 59). 

(2) Redefinition Problem-Situations: In such a situation, 
a "mental set" is first established by one of two means: (a) a 
pattern for solving a problem, organizing data, or constructing 


problems is established, or (b) objects or situations which are 
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commonplace and have specifically defined uses are employed in the 
structure of the problem-situation. Then the students will be called 
upon to perform one or more of the two tasks: (a) to combine two 

or more previously unassociated elements to produce a new combination 
which is the required solution, and (b) to solve a problem which is 
similar in appearance, format or situation to one just previously 
experienced, but is more appropriately solved using alternate 
procedures (Boychuk, 1974: 73-74). 

(3) Conjecturing Problem-Situations: In this type of 
problem, a UAE adekneorovdkiigy situation is first presented. 
Students are hee required to produce many mathematical statements 
related to the given situation. A sample hypothesis is included as 
instruction to reflect tne emphasis desired (Boychuk, 1974: 85-86). 

In this investigator's opinion, there are three serious 
weaknesses in these guidelines. First, they are too general and 
ambiguous. What constitutes, for example, the kinds of problems 
which are likely to provoke puzzlement in the student, contain 
recognizable shortcomings or deficiencies, or simulate a "thought- 
provoking" situation? What pattern of solution or mental set is 
more likely to elicit the process of redefinition? Secondly, to 
be creative implies the flexibility in thinking, which enables a 
problem-solver to employ more than one process in tackling any given 
problem-situation. If "valid" problems are constructed closely in 
line with these guidelines, students are in effect "forced" to 
utilize the specified creative process to produce desirable 


solutions. This would be inconsistent with the very definition of 
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creativity. On the other hand, if the problems are not strictly 
"valid" -- that is, students are allowed to arrive at solutions 
via any one or more 6f the creative processes -- there would then be no 
need for separating the three problem-situations into distinctive 
categories. Finally, there seems to be some practical difficulty 
in constructing creative problem-situations which reflect one and 
only one of the processes for each category. As Boychuk (1974: 61) 
herself conceded, 
The original intention was to keep the processes 

as separate entities; however, in the interpretation 

of the ideas into practical problems, the separateness 

did not always seem possible. These problems are 


then designed to maximize the use of the sensitivity 
processes, but are not equivalent to the process. 


Furthermore, she found high correlations between the three 
scores (fluency, variety and Erase for each question, as well as 
the existence of independent factors associated with each creative 
process. Boychuk (1974: 219) concluded that "the hypothetical 
processes of conjecturing, sensitivity, redefinition and verifying 
may be independent but that problems calling for only one process, 


and not another, cannot be constructed at a non-superficial level." 


Rule Learning in Mathematics 


Given the inherent inconsistency in the categorization of 


problem-situations in Boychuk's model, as well as the ambiguous 


*Soychuk's operational definition of creativity in terms 
of fluency, variety and novelty will be discussed in the following 


section. 
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and impractical nature of her guidelines, it seems desirable 
therefore to further analyse the creative process so as to obtain 
some common denominators which may avoid such difficulties. One 
useful theoretical framework in this regard appears to be the 
notion of "Rule Governed Behavior" (Scandura, 1966, 1968, 1970, 
1971; Gagne, 1970; Gagne and Briggs, 1974). 


“ene” is an 


According to Gagne and Briggs (1974: 43), a 
inferred capacity which enables the learner to respond to a class 
of stimulus situations with a class of relationships among classes 
of objects and events. Utilizing his favorite Set-Function 
Language (SFL), Scandura (1966, 1968, 1970) defines a rule as a set 
of stimulus domain (D) which determine a set of response range (R) 
through the application of an operation (0). In essentially similar 
terms, Merrill and Wood (1974: 22) states that "a rule is an ordered 
relation consisting of a set of domain concepts, an operation, and 
a set of range concepts." This relationship is illustrated in 
Figure 3.1. 

Problem-solving is then described as a form of rule-governed 
behavior. When a learner is exposed to a problem-situation, she/he 
is required to identify the appropriate rule(s), combine available 


rules in new ways, or perhaps, even invent new rules to tackle the 


problem. 
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"The area of a triangle is equal to 
one-half its base times its height." 


DOMAIN OPERATION RANGE 


Figure 3.1 Sample rule expanded into domain, operation, and range 
concepts. (From M.D. Merrill and N.D. Wood, 
Instructional Strategies: A Prelimina Taxonomy, ERIC 
Information Analysis Center for Science, Mathematics 
and Environmental Fducation, Ohio, 1974: 23.) 


When a student works out the solution to a problem 
which represents real events, he is engaging in the 
behavior of thinking. There are, of course, many kinds 
of problems, and an even greater number of possible 
solutions to them. In attaining a workable solution to 
a problem, the student also achieves a new capability. 
He learns something which can be generalized to other 
problems having similar formal characteristics. This 
means he has acquired a new rule, or perhaps a new set 
of rules (Gagne and Briggs, 1974: 45). 


Scandura, Gagne and Briggs also talk about "higher-order 
rules" which act on other rules. For instance, in the above example, 


the formula for finding the area of a triangle is a rule. A student 


1 ATs 4 —~ 
Bi : : 
| 7 H *, aa 
| ft i , ry 
! } { | : i | | 
a | RAs Ny 
aoe ie 
ng, ere 
’ - pw oa 
me Ea |. en MAL , ni yy, 
dae oe Piss, | 
5 et 7 bs Ve ( i i 
h \ i a 
; ie re wi " 
t i , \ F ty Pr ih 2 Aah = 
: j i. ¢ y Li : 4 f 
; ve 
¥ an 


mit 
“il hauies ak siacueael 5 ae ayaa: 
‘tiigiod |e2f amit merry fate 


54 


who is able to break up a parallelogram into two equal triangles 
applies the area rule to one triangle, and obtains the area of the 
parallelogram by doubling the area of the triangle, is essentially 
operating with higher-order rules. 

The purpose of the present study, however, is not to assess 
the merits or validity of such a psychological theory of mathematics 
learning, but to utilize the language of domain (D), operation (0), 
and range (R) as common denominators to facilitate the construction of 
er oblen- si teamhouty reflecting the three creative processes of 
sensitivity, redefinition and conjecturing. 

‘Scandura (1971: 36) firmly believes that “given suitable rules 
of combination, much of what normally goes under the rubric of creative 
behavior can be accounted for in terms of finite rule sets." In 
this respect, Merrill and Wood (1974: 29-33) give the following 
examples of creative problem solving situations described in terms 
of the three parameters of domain, operation and range: 

(1) Domain Finding: The student is given 

unencountered instances of some range concepts and the 
operation, and asked to find domain concepts with 


instances such that the operation will indeed produce 
the instance of the range given. 


(2) Operation and Range Finding: The student 


is given instances of the domain concepts and asked 
to find his own operation and to define his own range. 


(3) Domain and Operation Finding: This 


situation merely instructs the student to do something 
to produce the desired range, and the domain and 
operation are all left for his selection with only a 


given range label. 


This appears to be a very meaningful way of describing the 


processes of creative problem solving in school mathematics. For 
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instance, the first type of problem solving can be regarded as a 
sensitivity-type of problem if the operation is specified in a broad 
and flexible manner so as to evoke students to sense a variety of 
possibilities. The second and third types are situations which 

seem to require conjecturing. It is worthwhile, therefore, to examine 
further implications of the notion of rule-governed behavior for 


investigating mathematical creativity. 


Creative Problem Solving as Rule Learning 


Consider first the eight possible types of problem- 


situations that may arise from combinations of the three parameters 


of domain (D), operation (0), and range (R). 


PROBLEM-— DOMAIN OPERATION RANGE 
SITUATION (D) (0) (R) 

1 V V Vv 

2 ? 2 te 

3 7 i | Vv ts 
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5 hi Vv Vv 

6 | Vv ? ? 

7 t Vv ? 

8 ? ie v 
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v: Information given 


2: Unknown to be found 


TABLE 3.1 Eight Possible Types of Problem-Situations 
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Clearly, types (1) and (2) of Table 3.1 do not establish 
problem-situations, since the former simply displays a rule, whereas 
the latter is an empty, hence meaningless, situation. Type (3), 
however can be a creative situation if the 0 is given in a broad 
scope such that the student has to make use of many combinations or 
sequences of operations. Type (5) may be regarded as equivalent to 
type (3) since it can be restated by interchanging the D and R with 
the "inverse" operation are If such reversibility be embedded in 
the problem facing the student, a typical redefinition problem- 
situation (Boychuk, 1974: 68) is obtained. A creative situation is 
also found in type (4) if many permissible O's exist. Types (6) 
and (8) constitute the "operation and range finding" and "domain 
and operation finding" types of problem-situations of Merrill and 
Wood (1974: 29-33) discussed in the previous section. Lastly, 


type (7) can be a conjecturing problem-situation. 


Traditional and Creative Problem-Situations 


It will now be suggested that the three parameter sets 
(D, 0, R) afford the basis for constructing two different problem- 
situation structures according to the following criterion questions: 

(a) Are the given and the required parameter sets stated 
in broad or very specific terms? 

(b) Is only a single and specific correct solution set 
required, or a variety of permissible sets? 


Different answers to these two questions give rise on the 
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one hand to the traditional structure of problem-situations, and on 
the other, to the creative structure. 

(1) Traditional Structure. In problem-situations of this 
structure, two of the parameter sets are given in very precise terms, 
-and the students required to obtain one and only one solution set 
for the third parameter. This is what Merrill and Boutwell (1973: 
100) mean by a problem, "the presentation of a member of D set with 
instructions to the student to apply the operation, thus producing one 
and only one member of the R set." 

It is necessary to stress that the emphasis lies not on 
which two of the three parameter sets are given, but on the 
characteristics of the given sets and the solution set to be found. 
For example, in the "motion geometry" situation below, D = { original 
A asc } » O ={ slide (3R,2u)}, and R ={ imageA a's'c'}, three 


traditional problem-situations can be constructed: 


(a) Find the image (R) of the AABC (D) under 
the slide (0): (3R,2U). 


(b) Find the single slide (0), which will map 
the AAABC (D) onto the A A'B'c! GR). 
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58 
(c) Find the original A a3 (D) whose image is 
A A'B'C' (R) under the slide (O)is = *05Re2U):. 
In addition, traditional problems may ask for a specific 
solution set with more than one element. For example, 


Find the real roots of the quadratic equation 
2 
RN MOSK HEED. = 


Solution Set a 2 } ' 

(2) Creative Structure. In problem-situations of this 
structure, one or two or the parameter sets are given in quite 
broad Seus with many possible interpretations and implications 
embedded, and the students required to search for a variety of 
solutions or solution sets for the remaining parameter set(s). 
Flexibility is the key feature of creative problem-situations. 

The most "open" creative problem-situations appear to be 
the conjecturing-type constructed by Boychuk (1974: 83): 

You are given the following shape. Make as many 


conjectures as you can about the given shape. One 
example is the following: 


A series of pentagons cannot cover a flat 
surface without leaving gaps unless the 
pentagons overlap. 


You can use this statement and vary it to make your own 
conjectures. Then make some of your own. 
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For the present investigation, this sort of "open" 
question is deemed inappropriate, since it is too vague with no 
indication of the characteristics of the permissible solution sets 
(R and/or 0). Responses such as "it reminds me of a barn, ... a 


" 


water trough, a symbol of luck ...'' were not accepted by Boychuk 
(1974: 121) because they are mathematically irrelevant and hence 
inappropriate. However, though the example given for this problem 
as an instructional hint may be seen to involve some topological 
properties, the statement "covering a flat surface without leaving gaps" 
cannot really be regarded as a kind of mathematical operation 
typically understood by junior high students. Moreover, the result 
of some "impossible" situation does not help to tell the student 
anything about the range that would satisfy the requirement of the 
problem. 

If, on the other hand, the following statement is given as a 


sample solution, then the example would have been more constructive: 


A pentagon can be divided into two figures, a 
triangle and a quadrilateral. 


In this particular statement, the operation is "dividing a pentagon 
with straight line segment", and the range is "the resulting 


geometrical figures." To be sensitive here could then imply the 
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ability to abstract and see alternatives. Students can divide the 
pentagon with more than one line, with line(s) not joining two 
vertices, or with curve(s) instead of straight line(s). Others may 
even recombine the various pieces into new polygons. Conjecturing 
problems of this type thus also inevitably reflect the processes of 
sensitivity and redefinition. 

In short, it has been argued that creative problem-situations 
can be meaningfully described in terms of the three parameters D, 0, 
and R. To give, as Boychuk has done, only a single parameter without 
explicit instructions or implications ahout the characteristics of 
the other two parameters is likely to confuse the students. This 
defeats, in turn, the aim of obtaining reliable information about the 
level of creativity of the students. Specifically, three types of 
creative problem-situations have been identified for the purpose of 
this study. These are discussed below with the help of examples: 

(a) D_and R are given in precise terms, and O to be found. 
Two possibilities arise. The situation can be such that besides the 
obvious routine solution which is the least effective and least 
efficient approach, it can be redefined in an equivalent form, 
solvable through a very simple way. Alternatively, it can be a 
situation that cannot be solved given the students' resources. 
However, through some form of transformation to an equivalent 
situation, a simple solution can then be obtained. The best example 


is Wertheimer's (1959: 266-8) famous "altar-window problem": 
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Given the relevant dimensions, the students are asked to 


find the area of the shaded parts. The routine solution is to divide 


the figure into three parts: 


First obtain the total area (A) of the top and bottom semicircles. 

The area (B) of the sum of the four small pieces of the middle square. 
is obtained by taking away the central circle from the area of the 
Square. The area of the whole shaded area is then the sum of A and B, 
However, if we notice that the two semicircles (A) just make up the 
middle circle, then the required area is exactly that of the middle 
square. In the event students have not learned the formula for the 
area of a circle, they will be obliged to transform the required 


area into a square in order to solve the problem. There is no 
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doubt about the need of "sensitivity" to spot the transformation 
"trick", with "redefinition" as the next process required to complete 
the calculation. 


(b) D (or R) is given in precise terms, with 0 and R 


(or D) broadly defined to delimit the "universe of discourse" within 


which the roblem is to be tackled. For example: 


(i) Find all the possible images of A ABC within 
the 9-dot region. Vertices of images must 
lie on given dots. State also the motions 
that map the original onto the images. 


(ii) Find all the possible positions of the 
original A ABC with vertices on the given 
dots, and whose image is the givenA A'B'C'. 
State also the motions that map the original 
onto the images. 


Generally speaking, these two examples are conjecturing- 
type problems. However, both sensitivity and redefinition may he 
involved in the solution process. For instance, we see that within 
the 9-dot region, there are exactly 16 triangles (which constitute 
the R) congruent to A ABC in (i). If the students are aware of this 
fact, they can immediately transform the problem into the simpler one 
of "finding the appropriate O's (motions)."' A more sensitive 


student will notice the operation can be a single motion (a slide, 
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reflection, or turn) or a combination of motions. Sensitivity leads 
to a quick discovery of many solutions of the R set as well as the 

O set. Furthermore, redefinition is implied in the process of 
discovering the 16 triangles and reversing the routine way of working 
from the given S*éheeiat the operation O to reach the R. A similar 


situation obtains for example (ii). 


(c) O is given in precise terms, with D and R broadly 
defined to specify the "universe of discourse". For example, 


Draw many closed geometrical figures with vertices 
on the given dots, and find all the possible 
single-reflections that will map each of the 
figures onto itself. 


To solve the problem, a student only has to notice that this 
is essentially a problem that is asking for the various lines of 
symmetry of a geometrical figure. Here, sensitivity enables her/him 
to see the relation between identity-reflection and the lines of 
symmetry, whereas redefinition is entailed in reduction of the 
problem to the equivalent one of locating the lines of symmetry of a 
_ figure. 

In sum, the above discussion of the three types of creative 
problem-situations lead to the following conclusions: 

(a) In any creative problem-situation, we can never be 
sure which single process or sequence of processes will be used by a 


student to solve the problem. Hence, it is invalid to argue directly 
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from a student's responses to a creative problem which purports to 
elicit a particular process that she/he is in fact exhibiting that 
specific process, 

(b). The functioning of any one of the three creative 
processes in different problem-situations are definitely quite 
different. In other words, there is no obvious common underlying mental 
capacity that enables one to respond adequately to different examples 
of the three types of creative problem-situations, Weer ei terms 
of sensitivity, redefinition or conjecturing. It is probable that 
the mental skills involved in the functioning of any one of those 
creative processes is problem-specific. That is, there are hardly 
any general creative skills which would enable one to sense 
deficiencies or possibilities in all creative problem-situations. 
Neither is there a class of general mental skills that would help one 
to simplify all problems that need redefinition or transformation. 
Consequently, instructional programs designed to enhance students' 

- creative abilities in sensitivity, redefinition and conjecturing 
ded unwarranted and unlikely to have any effects on students' 
mathematical creativity. 

(c) “In Ifeu of Boychuk's (1974:.59, 73-74, 85,°93) special 
guidelines for the construction of exclusive types of problem- 
situations reflecting each one of the creative processes (which we 
deem inadequate and impractical), we have successfully demonstrated 
that there are three types of creative problem-situations defined 
in terms of the three parameters, D (domain), O (operation) and 


R (range). Such problems will elicit the processes of sensitivity, 
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redefinition and conjecturing. The task therefore is to construct 
creative instructional materials and test items following the 


guidelines defined by these three creative types. 


OPERATIONAL DEFINITION AND SCORING 
CRITERIA 


The Discrepancy Issue 


When Dunn (1975: 331) asserts that "the basic problems 
relating to acceptable definitions of creativity in terms of 
recognizably relevant criteria are still to be solved," he is 
essentially referring to the "discrepancy" between various 
"conceptual" and "operational" definitions of creativity (Crockenberg, 
1972: 40). While "a unified, widely-accepted theory of creativity 
(Treffinger, Renzulli and Feldhusen, 1971: 107)" is still non- 
existent, there is nevertheless a general consensus with regard to 
the "operational definition" of creativity. The various conceptual 
definitions of creativity basically postulate the existence of 
intellectual processes, personality traits or other psychological 
constructs in human behaviors. These psychological constructs, 
however, are not directly observable, and their existence can only 
be inferred by psychologists from intellectual production under 
certain conditions. In order to identify the creative worth of these 
intellectual products, which serve as indicators of their 
postulated psychological constructs, "operational definitions" or 


"creative criteria'’ are needed. 
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66 
Definition and Criteria 


Most creativity researchers will probably agree that there 
are at least three kinds of response (intellectual product) properties 
which can serve to judge creative behavior. Boychuk (1974) lists 
them as fluency, flexibility and originality, or fluency, variety 
and novelty. Others (Jackson and Messick, 1965; Treffinger, Renzulli 
and Feldhusen, 1971; Crockenberg, 1972) argue that single measures of 
fluency, flexibility and originality are not sufficient, and 
additional criteria are required, such as transformation, elaboration 
and condensation. 

While it may be eminently reasonable to study the processes 
that appear to be involved in creative production, it is 
conceptually unjustifiable to call these tests "tests of 
creativity". To be entirely fair, most psychologists are 
aware that fluency is not identical to creativity and that 


there are additional stages in the creative process beyond 
the initial generation of ideas (Crockenberg, 1972: 40). 


Without doubt, much of the controversy concerning the 
congruence between creative processes and creative productions can 
be related to the following difficulties: problems in the 
conceptual and operational definitions of creative behaviors, the 
validity of the test items as problem-situations reflecting 
postulated creative processes, and the validity and reliability of 
the scoring procedures utilized. In order to resolve these 
problems, we have in the previous sections adopted a Three-Process 
Creative Problem Solving Model as our conceptual definition of 
mathematical creativity (supra: 46f). Using illustrations from 


school mathematics, we next showed how creative problem-situations 
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can be constructed to reflect the functioning of the three processes 
of mathematical creativity defined in the chosen conceptual model 
(supra:60f). When students respond to these prohblem-situations, 
their divergent productions can then be reasonably regarded as the 
manifestations of their mathematical creativity defined in terms of 
sensitivity, redefinition and conjecturing. However, as previously 
indicated, these processes cannot be identified separately from the 
student's creative responses. There is hence a need to establish 
criteria for evaluating the responses such that the latter can be 
justifiably argued as validly reflecting students' mathematical 
creativity. Such criteria constitute the operational definition of 
creativity used in this study. 

It has been demonstrated that the key elements of creative 
problem-situations are (1) the flexibility of the implications of 
information given, and (2) the requisiting of a variety of responses 


to a given problem. Creative students are thus those who will 


produce many different responses (fluency), many different "kinds" 
of responses (flexibility or diversity), and many uncommon "kinds" 
of responses (originality or rarity). In sum, for this investigator, 


creativity is operationally defined as consisting of the factors of 
Fluency, Diversity and Rarity of ideas. 

A three-fold scoring scheme for the creative production 
(responses) is therefore required. Briefly, it comprises (1) a 
fluency score which is the total number of acceptable answers with 


duplicates eliminated, (2) a diversity score which is the total 


number of relevant and distinct categories of mathematical concepts 
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and/or creative behaviors involved, and (3) a rarity score which is 
the total weighted scores according to statistical infrequency of the 
"diversity categories" within the overall categories produced by the 
sample. Elaboration of each dimension of this scoring scheme will be 


given in Chapter VE. 


DOMAIN OF KNOWLEDGE 
Intuitive and Informal Geometry 


The present study represents an attempt to enhance the 
mathematical creativity of junior high students through special 
creative instructional strategies. It is therefore important to 
spell out clearly the domain of knowledge and its role in the 
conceptual framework. 

By the mid-sixties, there was evident profound changes in 
both the content and structure of school mathematics, as well as in 
the methods of instruction. Indeed "these new methods (discovery, 
emphasis on proof, etc.) do not stand above but are to be regarded 
as essential concomitants of the new contents" (NCTM, 1964: 78-79). 
On the other hand, a new approach may also prescribe to some extent 
the form and content of instruction. Furthermore, as some 
mathematics educators repeatedly emphasize, any research concerning 
method or content should take into consideration the classroom 


situation. 


The role of any item of content or of procedure 
depends upon two things, its potential value with 
reference to the goals of mathematical instruction, 
and the effectiveness with which the item is 
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incorporated into the classroom teaching process 
(Jones, 1966: 106). 


.-. education begins, and ends, in the classroom 
and that any researchers who loses touch with that 


"real' situation is in danger of losing touch with 
education (Bishop, 1972: 17). 


In effect, the "domain of knowledge" selected for this study 
should ideally allow an optimal interaction of content, method and 
classroom situation during the creative instructional process. 
Geometry would seem to be a reasonable choice for this purpose. 
Junior high school geometry, in particular, emphasizes the spatial 
intuition through informal and plausible reasoning, hence providing 
optimal opportunity for creative thinking. Coxeter (1967: 9) claims 
that, 

In geometry, perhaps more than in the other subjects, 


a student can exercise originality and ingenuity in 
devising a construction or seeking a proof. 


Since 1890, geometry as a branch of the school mathematics 
curriculum in the United States has been receiving heavy criticism 
and re-evaluation (Quast, 1968). Because of the dissatisfaction of 
many mathematics educators with traditional Euclidean approaches, 
new school programs on geometry have continually come into being. 
Most critics argue that there is neither mathematical nor 
pedagogical reason to substantiate the standard, formal and axiomatic 
approach to school geometry programs (Trafton and LeBlanc, 1973: 43). 
Instead, they recommend that "the intuitive ‘interest’ approach 
through problems significant to the student" (Coxeter, 1967: 9) 


be adopted. 
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Such interest in "informal" and "intuitive" approaches to 
geometry thus led to the introduction of other types of geometries 


into school mathematics. One of these is based on the ideas of 


transformational geometry or motion geometry. 


Why Motion Geometry 


The study of "transformations" in geometry was first 
advocated by Felix Klein in his Erlanger Program as early as 1872 
(Fehr, 1973: 371). Transformational geometry provides a dynamic 
comprehension of the spatial relations in physical world, in contrast 
to the static geometry of Fuclid. This accounts for its name of 
"motion" geometry in school curriculum. In the United States, some 
mathematics educators (Schuster, 1967; Adler, 1968; Allendoerfer, 
1969) have suggested that Ease aay of geometric transformation be one 
of the major topics of tenth-grade geometry. In Fngland, the School 
Mathematics Project emphasized "motion geometry" for study in 
Grades 6-8 (Thwaites, 1966; Elliott, 1967). Of late, therefore, 
there has been a gradual awareness of the value of "motion geometry" 
as subject content for school mathematics learning. 

We will now argue that "motion geometry" constitutes a 
highly suitable subject content for our study. Four basic 
pedagogical questions are considered crucial to the objectives of 
this research in creative instruction: 

(1) Can content topics in motion geometry provide rich 
problem-situations for creative instruction in junior high 


mathematics? 
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(2) Are these topics teachable at junior high level? 

(3) What effect will these contents have on other work in 
school mathematics? 

(4) Is motion geometry related to the classroom reality? 

A consideration of these questions will provide the rationale 
for the utilization of motion geometry as our instructional content 


materials. 


(1) Content and Creative Instruction 

The content of traditional school geometry based on a static, 
formal and rigorous Euclidean approach, is incompatible with our 
conceptual and operational definitions of mathematical creativity 
which emphasize inventive and divergent production of ideas. On the 
other hand, the dynamic nature of motion geometry lends itself 
admirably to an informal and intuitive approach which stresses 
sensitivity, conjecturing, transformation, and oe cere 
(Peterson, 1973: 60). Beginning with very simple notions of slide, 
reflection and turn, motion geometry can lead to the exploration of 
abstract mathematical concepts of congruence, symmetry, similarity 
and parallelism, and hence further enrich the "'students' 
geometrical experience, imagination and thought" (Fletcher, 1969: 
270). This exploration can be carried out in an intuitive and 
flexible manner that provides innumerable opportunities for students 
to make test conjectures (Sanders and Dennis, 1968: 369). In effect, 
the versatility, variety and range of problems and solutions 
appropriate to motion geometry make the subject matter a rich area 


for creative thinking (Del Grande, 1972). 
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(2) Teachability 


Instructional strategies and materials can be and have been 
developed centering on the concepts of transformations (motions) on 
geometric figures (UICSM, 1969; Coxford and Usiskin, 1971). These 
and other similar materials have been found to be adequate in school 
mathematica teaching. Usiskin (1970) concludes from his experiment 
that grade ten students can attain competence with geometric concepts 
unique to the transformational approach at a level of comprehension 
equal to that attainable with traditional Fuclidean formal approach. 
Sigurdson (1974) has demonstrated the feasibility of successfully 
teaching motion geometry to grade nine students in an informal, 
exploratory and inventive approach ("mathematizing mode"). Such 
studies therefore indicate that motion geometry is an appropriate 
topic for students, since movements of figures and shapes in the 


plane and space can be easily studied (Trafton and LeBlanc, 1973: 43). 


(3) Relation with Other Mathematics 

The issues of prior mathematics and subsequent mathematics 
are involved in the introduction of motion geometry to school 
mathematics. Since basic concepts of transformation and congruence 
can be taught through students’ intuitive notions (e.g. "movement", 
"Same size" and "same shape''), no apparent prerequisite is necessary 
in order to implement the transformational approach to geometry. 
This argument has been substantiated by the studies cited above 


and other experiments (Servais and Varga, 1971: 53-60; Coxford, 


1973: 195-198). 
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As far as subsequent mathematics is concerned, concepts of 
geometric transformation furnish a good foundation for further 
development of other mathematical concepts. This is because these 
concepts (a) serve as a natural introduction to biceps of mapping 
and function, (b) furnish a concrete basis for early study of 
vectors, (c) give a simple formulation of the idea of congruence 
and (d) provide an excellent example of the mathematizing of the 
physical world, through the notion of isometric transformation as a 
mathematical abstraction and generalization of physical spatial 


relations (Schuster, 1973: 391). 


(4) Relation with Classroom Reality 


Almost all research in teaching aim at effecting changes in 
classroom instruction. Results of instructional studies which 
incorporate many elements of classroom reality contribute most to 
the evaluation and improvement of students’ actual learning 
situations. A strong argument has thus been made by Getzels and 
Dillon (1973: 718) that instructional strategies based on contents 
and procedures not part of the reality of school situations are 
often not directly applicable to classroom practice. The recent 
introduction of motion geometry to the Edmonton Separate School 
Mathematics Program therefore provides this study with a realistic 
situation for conducting research. 

In an aes on the basis of these four major considerations, 
motion geometry was selected as a highly appropriate and promising 


subject content for this investigation. 
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74 
CREATIVE INSTRUCTION 
Encourage Divergent Thinking 


The key element in the creative problem solving model of 
this study is that of divergent thinking: the generation of a 
great variety of ideas related to the solutions of a given 
mathematical problem-situation. In the literature review on methods 
of creative training, we have identified the same fundamental 
element in most of the creative approaches and training programs. 
Consequently, this study is based on the fundamental assumption 
that creative problem solving can be learned hy junior high students 
through a creative instructional method which encourages "divergent 
production”. Furthermore, it is obvious that mathematical creativity 
can only be developed in "creative" mathematical problem-situations. 
Using these same assumptions, Gray and Youngs (1975: 291) have 
developed creative teaching strategies utilizing Guilford's "divergent 
production matrix'’. They assert that 
If teachers can learn how to facilitate the 

generation of multiple hypothesized unique solutions 

on the part of their pupils, they will have overcome 

one of the most frustrating obstacles to creative 

learning. Of course, ability to facilitate hypothesizing 

is not an end in itself -- and must be learned in a 


context which clearly reveals its relationship to the 
total problem solving process. 


Besides, the encouraging of a great variety of ideas in 
concrete mathematical situations, there are other factors to be 
considered. Reviewing the results of 142 studies designed to assess 
the effects of various creative approaches, Torrance (1972: 132-133) 


concluded that, 
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The most successful approaches seem to be those 
that involve both cognitive and emotional functioning, 
provide adequate structure and motivation, and give 
opportunities for involvement, practice, and interaction 
with teachers and other children. Motivating and 
facilitating conditions certainly make a difference in 
creative functioning but differences seem to be greatest 
and most predictable when deliberate teaching is involved. 


It can be assumed, of course, that cognitive skills, 
appropriately structured problem-situations, motivation, 
interaction and environmental conditions conducive to divergent 
production, all play an important part in the development of 
students’ mathematical creativity. However, at the present stage of 
research in mathematical creativity, any attempt to incorporate all 
of these variables would he unwarranted and practically unmanageable, 
owing to the lack of commonly agreed operational definitions about 
most of these variables. On the other hand, we have demonstrated 
the usefulness of conceptualizing instruction in terms of the two 
basic functions of display and control (supra: 27ff). Hence we now 
proceed to discuss the proposed instruction along these two dimensions. 
An attempt will be made to incorporate some of the motivational 


and environmental variables emphasized by Torrance (1972: 132-3). 


Two Functions of Instruction 


(1) Display Function 


The creative solution of mathematical problems requires 
utilization of relevant mathematical concepts, rules, principles 
and operations. Parnes (1963a, 1963b, 1963c) found that the major 


obstacles to creative production seem to be the absence or 
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inaccessibility of prerequisite knowledge. Creativity seems to be 
facilitated when prerequisite knowledge and skills have been 
provided or recalled. Gagne and Briggs (1974: 12, 172) assert that 
"effective learning and problem solving require the accessibility 

- of information" and all students should have the same opportunity to 
be creative, and that ''their solutions are not handicapped by the 
absence of necessary knowledge and intellectual skills." Our 
analyses of studies on '"mathematizing mode" in Chapter II also 
indicates the importance of prerequisite mathematical knowledge in 
solving creative divergent types of problems. Hence it is necessary 
to introduce the basic concepts and processes of motion geometry 
via a direct and effective method before any form of creative 


instruction. 


(2) Control Function 

Students' classroom behavior is directly or indirectly 
regulated by the teacher's behavior. Gallagher and Aschner (1963) 
found that slight teacher encouragement is enough to evoke an array 
of divergent students’ responses. Emphasizing the need to reward 
students' creative ideas, Torrance (1966c: 165-166) claims that, 


Educational research has been quite strong and 
consistent concerning the fact that people tend to 
achieve along whatever lines they find rewarding. If 
achievement tests require creative responses, textbook 
writers and teachers will be motivated to find ways of 
encouraging this kind of development, and students will 
store information in such a way that it can be used 
in producing creative applications, making judgements, 
and decisions, and the like. 


Clearly, an excellent place where a teacher can provoke and 
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reward creativity is assigning creative problems as exercises. Since 
the construction of problem sets is designed to illustrate text 
materials and provide practice for students, it is reasonable to 
argue that the most carefully constructed sequences of traditional 
type problems would not be appropriate for the new creative approach 
and objectives (Dilworth, 1966: 91). Mathematical creativity as 
defined in this study requires students to generate many solutions 

to any given problem. Hence there is a need to construct special 
sets of creative exercises with the following four objectives: 

(1) To provide the kind of problem-situations which would 
call upon the three creative processes: sensitivity, redefinition 
-and conjecturing. 

(2) To provide creative problem-situat ions which explicitly 
ask for more than one solution, thus making clear that divergent 
and creative responses are rewarded. 

(3) To establish an environment where divergent responses 
become part of the normal classroom practice, hence providing 
motivation for creative behavior. 

(4) To provide opportunity for practice in solving 
mathematical problems creatively, that is in more than one way. 

Our emphasis on the role of creative exercises is supported 
by the Cambridge Conference on School Mathematics (1963: 19), which 


claims that, 


... they (exercises) are the most important part | 
of the prepared course material. The exercises should 
guide the student, and also the teacher, to the meaning 
and relevance of the theorems and concepts; they 
should train and develop the skills, stimulate creative 
thinking, and develop ingenuity. 
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Consequently, the creative instruction for our study will 
be developed along the two major dimensions of classroom 
instruction: (1) the display of essential mathematical concepts and 
skills as basic knowledge for creative mathematical activities, and 
(2) the control of students' mathematical activities Neate creative 
and divergent types of exercises. Details of the instructional 


method and materials will be given in Chapter IV. 


SUMMARY 


In this chapter, the conceptual definition of mathematical 
creativity for our study was defined in terms of three processes: 
sensitivity, redefinition and conjecturing. This is a modified 
version of Boychuk's (1974) theoretical model of creative problem 
solving in school mathematics. We have demonstrated the existence 
of a logical discrepancy between the conceptual and operational 
definitions of most of the studies in creativity. To resolve this 
discrepancy issue, the present study proposed to show the logical 
connection between our conceptual definition of creativity and the 
mathematical problem-situations designed to reflect the three 
creative processes. 

The view that problem solving is a form of rule-governed 
behavior was shown to provide better denominators for characterizing 
problem-situations reflecting the three creative processes. 
Creative problem-situations can thus be described meaningfully in 


terms of sets of domain (D), operation (0) and range (R). Such a 
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description was claimed to provide (1) more practical and useful 
guidelines for the construction of creative problem-situations, and 
(2) a logical linkage between the conceptual definition in tems of 
the three processes and the operational definition in terms of the 
three factors: fluency, diversity and rarity of ideas. 

It was also argued that motion geometry with its intuitive, 
informal and dynamic features lends itself admirably to creative 
instruction. Finally, we proposed that the creative instruction 
used in the study should emphasize the two major functions of 
classroom instruction: (1) to display basic concepts and skills as 
prerequisite, and (2) to control students' mathematical activities 


through creative exercises. 
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CHAPTER IV 


DEVELOPMENT OF INSTRUCTIONAL 
METHODS AND MATERIALS 


RESULTS OF THE PILOT STUDY 


In the summer of 1975, an exploratory study was conducted 
(a) to aid in the development of the instructional materials and 
evaluation instruments, (b) to assess the appropriateness of these 
materials and tests, and (c) to choose the most promising and 
feasible instructional approach for grade eight students. 

Three classes of 61 grade eight students of St. Clare 
Separate School in Edmonton were taught a unit of Inventive Motion 
Geometry by a mathematics teacher of the school and this 
investigator. The pilot study consisted of 16 teaching-learning 
sessions, each lasting between 40 and 45 minutes, plus two testing 
sessions at the end. For control purposes, another 39 grade eight 
students from two classes of St. Pius X Separate School in Edmonton, 
who had not been exposed to "Motion Geometry" or "Inventive Motion 
Geometry" were given the same creativity test. Group differences 


between the students of the two schools could therefore he 


compared. 
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Content Domain 


Concepts and skills of motion geometry presented during 
the pilot study were as follows: 
CL) Siides 


(a) Notions of the original, slide arrow, 
slide image, and standard notation: 
( irks we UAD)- 


(b) An original and its slide image are 
congruent. 


(c) Line segment and its slide image are 
parallel. 


(d) Line segments joining points and their 
images are parallel and congruent. 


(2) Reflection: 


(a) Notions of the original, mirror line, 
or line of reflection, and reflection 
image. 


(b) An original and its reflection image 
are congruent. 


(c) A point and its reflection image are 
equi-distant from the mirror line. 


(d) The mirror line is perpendicular to and 
bisects the line joining a point and 
its reflection image. 


Inventive Method 


The instructional approach used was the Inventive Method 
(IM) which will be discussed in detail in the next section. 
Basically, the IM consisted of two phases: (1) the Development of 
Concepts (DC), and (2) the Inventive Discussion (ID). During the DC 
phase, the teacher introduced the needed basic concepts of a slide 


or a reflection to the class by means of an approach similar to 
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that suggested in the Program (Edmonton Separate School Board, 1975) 
(infra:98ff). Ample classroom practice was then given to the 
students to ensure mastery of these geometric concepts and skills. 


This was followed by the ID of two types of Inventive Exercises (IE): 


(1) Divergent Type, and (2) Process Type. 


Inventive Exercises (IE) 


(1) Divergent Type of Inventive Exercises. This type of 


"open-problem" emphasizes the production of many solutions to any 
given problem-situation. Some or all of the three creative processes, 
sensitivity, redefinition and conjecturing might be used, but these 
processes were not discussed explicitly during the ID phase. The 
following are a few examples of this type of inventive exercises 


used. 


(a) If image segments have end-points on_given 
dots, draw all the slide images of AB in each 
of the following: 


ii 
(4) A (it) 


A 
B e ° e e 
e B e e 
(b) A a'B'c' is the slide image of A ABC. Join each 
point with its image point with dotted lines. Put 


down all the important mathematical properties you 
have noticed. Give as many statements as possible. 


Here is one example: 
AB 


(c) What slide leaves the strip pattern unchanged? Give 
as many different slides as you can think of: 


83 


(d) What are the possible Basic Patterns that generate this 
strip? Give all the possible basic patterns you observed, 
and show how you generate this strip through appropriate 
motions applied to your basic patterns: 


(2) Process Type of Inventive Exercises. This type of 


creative problem requires explicit use of some of the three creative 
processes to arrive at an acceptable solution or solutions. Some 
examples are given below together with the sort of brief instructions 


used to guide classroom discussion (ID). 


(a) Sensitivity-Problem: 


Here is a given_region with 12 dots. A'B' is the 
slide image of AB. How many different ways can 
you slide AB onto A'B'? 


All the students gave only one obvious solution to this 


sensitivity-problem, i.e. the slide (1R, 1D). Through discussion, 


akds stexoneg $acds anieiee atesd abate iid axe: eat 
echowrends vox enrstisq obaae aldrasog oft fie. svi | birt 
Halvqorqys dguotds qttie atdi 5i8T9n99- poy © ror woda bas 
enresasq dread TOON: 5 bean 5) et 


Io equa atit 


x 
rt 


sviteets seri sriio zo SiGe fo ani jae 62 una 


opoe.. ,emottuloe ro rokaston etdaaqaaoa a as avis ; 


anottaurtent tetrd to S108 ‘oda ftw “oranges veto ae 


rr ae ae 


the teacher attempted to bring the students' attention to the fact 
that no restriction had been placed on the number of permissible 
slides. Consequently, successive slides were produced by students 
to explore the various possible combinations. Students were also 
made aware of the importance of "sensitivity" by looking for 
"possibility", "shortcomings", "deficiencies", and "alternative 
interpretations". 


(b) Redefinition-Problem: 


X and Y denote the position of two farmhouses. 
LM represents a main cable supplying electricity. 
Locate a point P on LM, so that the length XPY 
is minimum. Y 


X 


6 


E M 


Students were prompted to redefine the problem in some 
convenient form which could be solved easily such as changing the 


position of the line LM, or the position of X or Y. Fventually, 


some students did suggest the following solution by assuming that 


Y 


X is on the opposite side of LM. 


If X is on the opposite side of LM, i.e. at X", then X'PY, 
being a straight line is the shortest distance from X' to Y. By 
reflection property, X' is the image of X in LM, and X'P is the 


reflection image of XP, therefore, XP + PY = X'PY, is shortest. 
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(c) Conjecturing-Problem: 


You are given a basic pattern within those given 
dots. Form as many different strip patterns as 
you can within those dots: 


In this problem, students could use a slide, a reflection or 
a combination of both motions. When they were prompted to look 
carefully at the domain of freedom defined, a few of them even 
suggested the notion of a "Turn" (rotation), though without precise 


mathematical terms. 


Implementation 


Both the participating teacher and this investigator were 
present in all the lessons, though the former taught two classes 
and the latter one. There were short orientation sessions before 
each lesson, and brief discussion sessions after every lesson. 
The teacher was very helpful and enthusiastic, and many constructive 
suggestions and new ideas were presented during those sessions. 

At the end of the 16 instructional sessions, a creative 
geometry test consisting of 6 of Boychuk's (1974) creative problems 
with modifications was administered to all the 61 students in two 


sessions of 45 minutes each. For the purposes of comparison, a 
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control group of two classes with a total of 39 grade eight students 
in St. Pius X Separate School was given the same creative test. 

No creative "motion geometry" test was constructed for the pilot 
study for two Peaeowa: (1) examination of students' written 
responses to assigned sets of IE indicated that students could react 
meaningfully and creatively to divergent type problem-situations; 
and (2) owing to its content-specific nature, such a test could not 


be given to the control group. 


Results and Implications 


This exploratory study yielded a number of observations and 
conclusions which allowed appropriate modifications to be 
incorporated into our previous discussion on the conceptual 
framework (supra:40ff) and the evaluation design for our proposed 
instructional study. 

(1) Though the participating teacher was enthusiastic 
about the Inventive Method (IM) of teaching motion geometry, he felt 
the need to formalize the IM procedures so as to guide more 
precisely the teacher's classroom behavior. He preferred the 
"Divergent Type of Inventive Exercises" over the "Process Pye. 
which depended considerably upon student responses and required the 
teacher to react extemporaneously to a great variety of unexpected 
responses from students, while simultaneously leading them towards 
the convergent solution through the specific creative process. 

Thus the Inventive Exercises (IF) in the main study have been 


designed to contain merely Divergent Type problems which emphasize 
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the generation of a great variety of solutions. 
(2). The results of the "creative geometry test" indicated 
the effects of the Divergent Type of IE. Three of the test items 


were typical problems of this type: 


(a) Sensitivity-Problem I: 
Cut the square in half. 
What are the shapes of the 
resulting halves? 


Draw a diagram to show 
your reasoning. 


(b) Conjecturing-Problem I: 


You are given a Pentagon. 
Make as many conjectures 

as you can about a pentagon. 
For example: 


"A series of pentagons cannot 
cover a flat surface without 
gaps unless the pentagons 
overlap." 


Now make some of your own 
conjectures. 


(c) Conjecturing-Problem II: 
You are given a Triangle. 
Make as many conjectures as 
you can about a triangle. 
For example: 


"Two congruent triangles 
make a parallelogram." 


Now make some of your own 
conjectures. 
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Though the mathematical background of students of the two 
schools did not seem to show any obvious superiority on the part of 
either school, students of St. Clare Separate School produced twice 
as Many responses for these three problems than students of 
St. Pius X Separate School. This result thus establishes the 
effectiveness of the IM of instruction in enhancing students' 
creative ability to generate a great variety of ideas as measured by 
the criteria of fluency, diversity and rarity. 

(3) As far as the other three process type of convergent 
problems were concerned, students of both schools did poorly. 


These problems are as follows: 


(a) Sensitivity-Problem II: 


Cut the Board into two equal pieces that will cover 
the Hole completely. 


Show all your attempts including your incorrect ones. 


10 ahs 


4a 
a BOARD 2 HOLE. 


(b) Redefinition-Problems: 


Find the areas of the following figures. Show all your 
steps. 


(1) 4 a (II) 
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In the sensitivity-problem II, out of 100 students from the 
two schools, only one student successfully solved the problem. For 
the two redefinition-problems, students either calculated the areas 
wrongly or used the standard routine methods to obtain the solutions. 
A plausible explanation of this performance is that such convergent 
type of creative problems, which demand transformations in definite 
directions in order to resolve the situations effectively and 
efficiently, have "problem-specific" properties varying from problem 
to problem. Training in one type of sensitivity or redefinition 
problem-situation did not therefore promote transfer to another type 
of problem. Nevertheless, it is noted that most of the students who 
were exposed to the IM of instruction seemed to make more attempts in 
solving the Sensitivity-Problem II, while some gave two or three 
alternative solutions (though routine type) to the two redefinition- 
problems. This might be taken as an indication a the positive 
effect of the IM treatment. 

(4) The frequent requests from students during the testing 
sessions for clarification of the requirements of the two conjecturing- 
problems indicated the ambiguity of these "open" problem-situations. 
This problem has been overcome by constructing problem-situations 
in terms of the three parameters: domain (D), operation (0), and 
range (R) (supra:56ff). 

In sum, the "inventive" instructional procedures were shown 
to be moderately successful in terms of enhancing students’ ability 
to generate many ideas to a given problem-situation. The pilot study 


showed that the specially designed Inventive Method (IM) was feasible 
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and promising, and provided direction for incorporating required 
improvements into the design of the two different instructional 
methods and instructional units in the following sections, as well 
as for the construction of test instruments to be discussed in 


Chapter VI. 


TRADITIONAL AND INVENTIVE METHODS 
OF INSTRUCTION 

On the basis of the conceptual framework discussed in the 
previous chapter, as well as the information obtained in the pilot 
study, it was deemed feasible and promising to structure instructional 
methods along the two dimensions of display and control. In 
addition, since our purpose was to assess the effectiveness of a 
proposed creative instructional approach by comparing it with that 
of a conventional approach, two distinct instructional methods were 
developed: (1) the Traditional Method (TM), and (2) the Inventive 
Method (IM). Corresponding to the two instructional dimensions, both 
TM and IM consisted of two phases: (a) the Development of Concepts, 


and (b) the Discussion of Exercises. 


Display: Development of Concepts 


It has already been pointed out that to be creative in 
mathematical problem-situations requires the accessibility of 
necessary prerequisite mathematical concepts and skills. Moreover, 


in order to be able to assume with confidence that all students in 
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this study have in fact mastered the relevant mathematical knowledge 
(Gagne and Briggs, 1974: 172), both the Traditional Method (TM) 

and the Inventive Method (IM) would have to have the same Development 
of Concepts (DC) phase of instruction. In other words, both T and 
IM classes would learn the same mathematics content in the same way. 
In this regard, we have followed DeCecco's (1968: 468) advice that 
expository teaching can effectively and efficiently present a rich 
body of content materials. This view is substantiated by some well- 
designed experimental studies in naturalistic classroom settings 
(Tobert, 1969; Worthen, 1968), where expository classes out-performed 
discovery classes on achievement tests which assess students" initial 
learning of concept knowledge. Consequently, the Development of 
Concepts phase of both IM and TM would be structured on the 
traditional, direct expository method. 

Basically, such a design attempts to expose students of the 
two treatment classes to the same amount of "content" instruction 
under similar teaching method and learning environment, and hence 
equal opportunity to learn the same basic mathematical concepts and 
skills. In effect, having the very same DC phase of instruction 
for the two treatments provides adequate "experimental control" to 
the study. This strengthens the "internal validity" of the study 
-by eliminating other plausible rival hypotheses which would attribute 
any differences in students’ ultimate achievement to factors other than 


the effects of the treatment (or instruction). 
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Control: Discussion of Exercises 


Exercises 


As indicated earlier (supra: 28 ), teacher's classroom 
behavior directly or indirectly regulates and controls students' 
learning behavior; and, assigning and discussing specially 
constructed sets of exercises are two of the best ways to encourage 
and reward creative thinking in students. It was argued that new 
sets of the divergent type of problems were needed to stimulate 
creativity. Two sets of exercises were therefore constructed for 
the two different instructional methods: (1) Traditional Exercises 
(TE), and (2) Inventive Fxercises (IE). 

(1) Traditional Exercises (TE): sets of conventional 


convergent type of problems which ask for single correct solution 


to each problem-situation. 
(2) Inventive Exercises (IE): sets of convergent and divergent 
problems constructed for the Inventive Method: 

(a) Convergent-type of problem-situations are similar to 
that of TE of the single-answer type whose purpose is to ensure 
that students have enough practice on the basic concepts and skills 
learned in the DC phase of the instruction. 

(b) Divergent-type of problem-situations are creative 
problems constructed under the guidelines established earlier 
(supra:56ff) to fulfil the four objectives of providing situations 
reflecting the three creative processes, situations demanding 


divergent productions, a creative learning environment, and practice 


in creative situations (supra: dd aie 
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It should be pointed out that "inventive" is used instead of 
"creative" to qualify both the instructional method and the 
caneeanetea sets of exercises, in order to emphasize the distinction 
between the basic conceptual definition of creativity and the 
particular divergent nature of the exercises. These Inventive 
Exercises are not designed to train specific intellectual skills in 
sensitivity, redefinition and conjecturing, but rather to enhance 
fluency, diversity and rarity of ideas in students. 

Details of the construction of these sets of Traditional 
Exercises and Inventive Exercises are given in the latter section of 


this chapter. 


Discussion 


This component is stipulated to stress the importance of these 
sets of exercises, and to ensure their full utilization. FEssentially, 
it requires a class discussion of previously assigned exercises (TE 
or IE) before the "Development of Concepts" phase of each new lesson. 
Thus an opportunity is provided for stimulating class interaction 
among students, and with the teacher. Such discussion also would 
further reinforce the creative environment in the creative learning 
situation. 

In summary, the two distinct instructional approaches are: 

(1) Inventive Method (IM): This is a sequence of 
instructions consisting of (a) the Development of Concepts (DC) 
and (b) the assigning of a set of Inventive Exercises (IE) as 


homework, and (c) the Inventive Discussion (ID), which is the 
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classroom discussion on the assigned IE. The IE were specially 
designed to contain both inventive divergent and conventional 
convergent types of problems. The divergent-type problems 
encourage the generation of many appropriate solutions to a given 
situation. 

(2) Traditional Method (TM): This is a sequence of 
instructions consisting of (a) the Development of Concepts CDC) 
(b) the assigning of Traditional Exercises (TE), and (c) the 
Traditional Discussion (TD), which is the classroom discussion on 
the assigned TE. The TE given in the Program (Edmonton Separate 
School Board, 1975) contain mainly convergent single-correct-solution 


type of problems. 


TRADITIONAL AND INVENTIVE UNITS 


The development of two distinct instructional methods 
necessitates the need to develop two separate instructional units. 
Hence two units on grade eight motion geometry were constructed: 

(1) the Traditional Unit, and (2) the Inventive Unit. Both units 
consisted of 19 lessons, each of which was made up of two parts: 

the Development of Concepts and the Exercises. Two different sets of 
exercises were designed for the two units: the Traditional 


Exercises (TE), and the Inventive Exercises CIE? 
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Content Domain 


Earlier, we argued that junior high motion geometry 
constitutes one of the most appropriate subject contents for 
inventive instruction. The dynamic nature of geometric transformations 
with such notions as congruence, symmetry and similarity provides 
rich problem-situations that reflect the creative processes of 
sensitivity, redefinition and conjecturing. Moreover, the novel 
introduction of "motion geometry" in Edmonton Separate School System 
means that we have a good experimental environment where the situation 
has not been contaminated by previous learning about the same 
subject content. 

Clearly, the creative thinking in mathematics as defined in 
this study is contrary to the current way of thinking in school 
mathematics in the Edmonton Separate School System, where ''convergent 
single-answer'" frame of thinking is predominant. There is therefore 
a clear need for a long enough period of instruction and training 
which will allow students sufficient familiarity with the "creative 
mode" of thinking. Taking into consideration the schedule of 
junior high school mathematics teaching in the Edmonton Separate 
School System, a six-week instruction seemed an optimal period for 
the purposes of our study. By consulting the participating teacher, 
we discerned that a unit of 19 lessons could be covered more or 
less in 6 weeks. Consequently, the instructional materials of the 
first 19 lessons in the Program were selected as the content domain 


I, 


for our study. These instructional materials were defined in terms 


Eipaceuds 2 to 20 were selected. The first lesson was a 
revision, not suitable for our purposes. 
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of the following 19 objectives: 


(1) 


(2) 


(3) 


(4) 


(3), 


(6) 


(7) 


(8) 
(9) 
(10) 


(11) 


(12) 


State the properties of a slide: (a) an original 
and image are congruent with respect to the 

whole figure as well as the various parts; (b) 
line segment and image are parallel; (c) line 
segments joining points and their respective 
images are congruent and parallel. 


State the properties of a turn: (a) an original 
and its half-turn image are congruent with respect 
to the whole figure as well as the various parts; 
(b) a line segment and its half-turn image are 
congruent and parallel. 


State the properties of a reflection: (a) an 
original and its reflection image are congruent 
with respect to the whole figure as well as the 
various parts; (b) a point and its reflection 
image are the same distance from the mirror line; 
(c) the mirror line is perpendicular to the line 
segment joining a point and its reflection image. 


State that: (a) a slide-reflection is a 
combination of a slide and a reflection; (b) that 
an original and its image are congruent with 
respect to the whole as well as the various parts. 


Use the correspondence notation 
[A,B,C,...J—> [A',B',c',...] to identify a 
figure and its image under a congruence 
transformation. 


Define the terms regular and diagonals as 
applied to polygons. 


Classify quadrilaterals with respect to their 
diagonals. 


Define acute, obtuse and right angles. 
Classify triangles by their angles. 
Classify triangles by their sides. 


Determine the properties of triangles using the 
lines of symmetry. 


Show that the basic requirements for a pair of 
triangles to be congruent is one of the following: 
SSS, SAS, ASA. 
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(13) Demonstrate that AAA is not a sufficient 
relationship to produce congruence. 


(14) Determine the angle sum of triangle. (Glide 
the angles to form a line). 


(15) Determine the angle sum of polygons. 


(16) Identify pairs of angles. (Limit: Supplementary, 
complementary, linear, opposite, and adjacent.) 


(17) Use a motion to prove two lines parallel. 
(18) Determine the properties of the angles formed 
by two parallel lines and a transversal, e.g. 


use a slide or a half-turn. 


(19) Develop a formula for the perimeter of any 
polygon, e.g. P = sum of sides. 


Development of Concepts 


Our previous discussion has argued for the need to introduce 
and develop the basic mathematical concepts and skills via a 
direct and effective expository approach. The instructional 
materials and approach suggested in each of the 19 lessons of the 
Program with its highly structured and directed procedures appear to 
be very useful for achieving this purpose. 

According to the Program, every lesson consists of two parts: 
(1) Development, and (2) Exercises. The "Development" includes some 
or all of the following sections: (a) Objectives, (b) Possible 
Materials, (c) Prerequisite Skills, (d) Suggested Development, and 
(e) Further Suggestions. The last section was given in some lessons 
to cater for high ability students. Since the "target population" 


of this study is all the junior high students of the Edmonton 
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Separate School System, the special section for highly gifted 
students may be deemed unnecessary and irrelevant for our purposes. 
Hence, for both the Traditional as well as the Inventive Units, 
some or all of the first four sections outlined in the Program would 
be followed closely to avoid any discrepancy between the two 
Development (DC) phases of the two instructional methods, TM and IM. 
The following is a sample of the Development of Concepts part 
for one of the lessons, Lesson No. 5. The complete set of 19 DC's 
can be found in the Program (Edmonton Separate School Board, 1975). 


Development of Concepts for Lesson No. 5 


Objective: Describe a slide-reflection as a combination 
of a slide and a reflection, and state that 
an original and its image are congruent as 
well as the various parts for the slide- 
reflection. 


Possible Materials: Dot paper, geoboard, overhead, 
acetate, tracing paper, mirrors. 


Prerequisite Skills: Students must know and understand 
the motions covered in previous objectives, 
i.e. slide, reflection, and turn. 


Suggested Development: 


(i) Present diagram 1 to your students; 
ask them to determine which motion 
produces the image. 


Diagram 1 Diagram 2 


Students should determine that no single motion 
could have produced the image. 
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(ii) Give the students Diagram 2 with the 

instructions to copy the diagram onto 

dot paper and then 

(a) slide and flip object to produce 
an image, 

(b) returning to the original object 
flip and then slide object to produce 
an image. 


NOTE: In both (a) and (b) the image was 
obtained by a combination of a slide 
and a reflection. This operation 
is known as a slide-reflection. 

The order in which the slide and 
reflection are performed is 
immaterial to the outcome (a 
slide-reflection is commutative). 


(iii) Draw any polygon and perform a slide- 
reflection to obtain an image. 
A possible slide-reflection is shown in 


Diagram 3. 
E e e e 
e L = oi am e 
7 
ei e ia Re e e e 
Diagram 3 


Discuss congruence_of the figure, and 
ite image. e.¢. DE feed. ny 


LTLE = ZT'L'rR! 


Traditional Exercises (TF) 


These refer to the sets of traditional convergent type of 
problems given at the end of every lesson of the Program. Generally, 
Traditional Exercises have the following characteristics: 

(1) Most of the problems were designed in the programmed 


instruction format, with gradual breaking down of the mathematical 
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steps that would eventually lead students to the correct solution. 

(2) Almost every problem was a conventional convergent type. 
For each problem or sub-problem, there was normally one and only one 
correct answer. 

(3) For every lesson, there were usually more than two or 
three similar problems in different forms, which required direct and 
obvious application of the mathematical concepts or operations 
learned in that particular lesson. This was assumed to provide the 
necessary "drill" for students. 

For the Traditional Unit on motion geometry, the 19 sets of 
Traditional Exercises (TE) given in the Program were adopted in their 
entirety. The complete set of 19 TE's with keys can be found in the 
Program (Edmonton Separate School Board, 1975). A few typical exampl 
are given below. 

(1) Copy ATOM on your dot paper ‘ 
and draw the image for the slide 
(3R,"2U) >" “Laber image’ T'o'm". 


(a) What is the image of: . 


i RS 


(b) What is the image of: point T 
point O 
point M 


(c) Are the segments of AATOM congruent to their 
images? 
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(2) 


(3) 


Copy the figure below onto 
your dot paper and draw its 


reflection image. Label the ° 
image C'A'T', 3 


(a) CA and are congruent. 
Cir" “and are congruent. 
AT and are congruent, 
(b) How many spaces are there from: 
C to mirror line 
C' to mirrow line 
mirror line to A 
mirror line to A' 
T~to mirror line 
T' to mirror line 
(c) Connect each named point and its image. The angle 
each segment makes with the mirror line is 
(d) What is true about CC', AA', and TT', when you look 
at all three segments together? 
Copy ASAL and ADOG on to 2 Aa 
your dot paper and draw the 7, : 
half-turn images. © - all ah he 
Label each image. F ihe 
(a) Indicate pairs of congruent D en oe 
line segments for each é Fs, 
triangle and its image. ere 
(ob) ZSAL = / 3 eae c eS) 1. 
7600, = 02/7) ; 
(ey 2 DCO. «=. 2 cat = /p'o'c'. 
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(4) Name the transformation which maps object 1 onto 
object 2 in each case below. Mark the correct 
symbols on the diagram to show this transformation. 
eg. ———> or ©) or —-—---— 


Inventive Exercises (IE) 


These refer to the sets of exercises especially designed for 
the Inventive Unit on motion geometry. They consist of two types of 
problem-situations: (1) the traditional convergent type which 
asks for a "single correct solution" to each problem, and (2) the 
inventive divergent type which emphasizes a "variety of solutions" 
to a given problem. Since the convergent type of problems are 
similar to those of the Traditional Exercises with some 
modifications to eliminate unnecessary routine "drill", only the 
inventive divergent type need therefore be discussed in this section. 
These inventive problems constitute about 60% of the total IF. 

The main purposes of the IE were to encourage and reward 
divergent productions in solving mathematical problems. We have 
already shown that (1) the creative process or processes employed 
by a student to solve any creative problem cannot be identified, 

(2) the functioning of a creative process varies from problem to 
problem, and hence (3) it is more promising and practical to 


construct creative mathematical problem-situations in terms of the 
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three parameters: domain (D), operation (0), and range (R) (supra: 
54ff ). The following are a few examples to illustrate the various 


types of inventive divergent problems. (See Appendix A for the 


complete set of 19 sets of Inventive Exercises and Suggested Solutions.) 
(1) D and O are given, and a manifold solution (R) is 
elicited for a given problem: 


A 
Copy the figure on your dot Aree ates? te) 
paper and draw its %-turn image. ue ine cpa oh 
C is the turn centre. Label A oo Valle, 
the image AAB dee e e ~B OF Gee ° e 
e e e e © e e e 


Join the points to their images and write down all the 
properties of -turns. 


The D consists of the original segment AB and the turn 
centre C, with the 4-turn as the given 0. The -turn image of AB 
seems to be the only element of the R. However, in this particular 
situation, R is really the set of "all the mathematical properties 


related to the k-turn of a line segment.'' Similarly, the next 


problem asks for many elements of the R set: 


Copy parallelogram ABCD onto your dot Sk ae 
paper. Draw in all the diagonals. ff DRA 
Label the point of intersection O. aan: 

List all the properties of the Pes 
parallelogram. “ 


Other similar types of problems encourage students to 
produce many responses with given operations, such as, 


Enclose a region with 9 dots on your dot 
paper. Draw the following types of triangles 
with end-points (vertices) on those dots: 

(1) all possible acute As; 

(2) all possible obtuse As; 

(3) all possible right As. 
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Use a new 9-dot-region for each different 
triangle. 


You are given a AARC within a 9-dot-region. 
A 


Cc 


Use a new 9-dot-region for each different 
triangle, draw all the triangles that are 
congruent to A ABC. 


It can be seen that this type of inventive problem seems 
to combine many traditional convergent problems into a single 
problem. Nevertheless, students have to be sensitive to the 
various possible solutions, and probably also have to make 
conjectures and guesses about those triangles before actual 
constructions are performed. 


(2) D and R are given, and a manifold solution (0) is 
A D 


required: s 8 a yrcbyce 
Find all possible single glides og uat a tos xt 
that produce images of ABCD which ee ts ke 
fall exactly onto ABCD itself. os Ae 
° e °B GF e 


The given square ABCD defines both the PD and the R of this 
problem. The required O has been delimited to all the "single 
glides (or motions)" to define a "universe of discourse". To he 
creative in this situation implies the ability to recognize some or 
all of the following facts: 

(a) There is only one trivial identity-slide. 

(b) Identity reflections are reflections in the lines of 


symmetry. 
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(c) A revolution of 360° about any given turn-centre is 
the only type of identity-turn. 

(d) Since slide-reflection is defined as a "single glide" 
with line of reflection parallel to the slide arrow, the 
combinations of solutions in (a) and (b) are all the identity-slide- 
reflections. 

The realization of all these facts requires the process of 


" 


sensitivity to "see" the limitations and possibilities. The 

conclusions of (b) and (d) also imply the need to transform and 

redefine the situation in terms of identity-slides and lines of 

symmetry. A sities who is aware of (c) and is able to redefine 

the problem into that of a simple problem of "locating turn-centre" 

can be said to exhibit the processes of mathematical creativity. 
Show how you can convince your friend that the following 


pairs of figures have the same area. (Perform a -turn 
on some part of one figure.) 


EPS eae Pe er Ane ee Go) MEE oy’ eas) 9 Cy A 


As these two problems were designed for the lesson on 
4-turn, the operation defined is %4-turn. For each of the problems, 
one of the two figures is really the D, and the other, the R. The 
problems require the selection of appropriate Ole thatiwill transform 
figure D into figure R. Before any motion can be performed, students 
have to identify the appropriate part of figure D, and locate the 
appropriate turn-centre, such that through a 4-turn on that part, 


figure R can be obtained. Sensitivity is needed to select the 
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various possible parts, 


(3) D is given and, R and O are to be found within some 


broadly defined "universe of discourse": 


Form all possible reflection images of ike Payee 
ABC with vertices on dots Sn es 
within the 25-dot-region. Count eb ee”. 
these images: ue ° 
e e (& 
(a) There are As congruent to AARC. 5 
(b) There are As similar to AABC. 


If students notice that "reflection images" 


can be images of 
AA ABC formed through "successive reflections", they would probably 
"conjecture" that all possible triangles congruent to A ABC 
constitute the R set. If they further "see" that many congruent 
images of AV ABC can be obtained through reflections in the sides of 
ZA\ABC or its images, they have already solved the problem 
creatively. In fact, all the 36 triangles, including AAARBC, define 
the R set of this problem. 
Copy ABC onto your dot paper. 
Locate your own turn center, such 
that the -turn image of JA ABC and 


the original AX ABC will form a 
parallelogram. Rts tiate heehee 


Though the R is not defined explicitly in this problen, 
there are only 3 possible parallelograms that can be formed. The 
realization of this limitation immediately helps to locate the 3 
respective turn-centres for the solutions of the problem. 

Using many different glides or M 


combinations of glides form para- : 
llelograms with A por. 
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This seems to be a similar type of problem, but only asking 
for a larger solution set (0). However, closer scrutiny shows 
immediately that the R set of this problem actually contains 
infinitely many elements, since the only isenees is "to form 
parallelograms with A\ PQR", there is no restriction with regard 
to the number of images used. Therefore, besides the 3 obvious 
parallelograms similar to that of the previous problem, even number 
of triangles, i.e. L\ POR and its images can be combined to form 


larger and larger parallelograms. For example, 


e e e e e See On Oe ee Ce een ES ve e e 
e ° e e it d= y, e e 
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With regard to the O's, there are also infinitely many 
possible ways. Nevertheless, to be creative in this situation seems 
to imply the flexibility of thinking that enables students to 
perform many different combinations of glides to create images of 

A Par. 


Draw the diagonals of the following figures and fill 
a coe chatt. 


(1) (2) 2 (3) A 
A D c 
z E 
: F A 5 ai > 
Square Parallelogram Regular 


Pentagon 
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Number of Name all pairs of Rule Total number of 
Diagonals Congruent As used pairs of = As 
(1) 
(2) 


(3) 


This is a combination of both traditional convergent as 
well as inventive divergent type of problem-situation. Though the O 
is to join two non-consecutive vertices of a figure to form a diagonal, 
the main purpose is to encourage divergent search of many solutions 
for the R set. For instance, the regular pentagon with its 5 
diagonals gives rise to 4 different classes of congruent triangles, 
thus resulting in 95 pairs of congruent triangles. 

As a whole, therefore the Inventive Exercises attempt to 
provide ample opportunity for the use of mathematical concepts and 
operations learned in more "flexible" and "open" problem-situations. 
At the same time, they prompt students to look for a "multitude" 
of solutions for any given problem. Traditional type convergent 
problems were also included to equip students with the prerequisite 


mathematical knowledge in motion geometry. 


SUMMARY 


The exploratory pilot study had significant implications for 
the development and evaluation of the Inventive Unit and Inventive 


Method designed for this study. Essentially, it demonstrated the 


effectiveness of the divergent-type of inventive problems in 
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enhancing students' mathematical creativity measured in terms of 
fluency, diversity and rarity. It furthermore clearly indicated 
the need to formalize the classroom instructional procedures to 
facilitate students' utilization of creative thinking processes 
and teachers' implementation of the inventive approach. This as 
well as other relevant implications were subsequently incorporated 
into the framework of the main study. 

Consequently, two distinct instructional approaches were 
formulated: (1) the Traditional Method (T) which consists of 
the Development of Concepts (DC) and the Traditional Discussion (TD) 
of the Traditional Exercises (TE), and (2) the Inventive Method (IM) 
which consists of the same DC and the Inventive Discussion €TD) 
of the Inventive Exercises (IE). 

Correspondingly, two instructional units were constructed 
for the two methods: (1) the Traditional Unit, and (2) the 
Inventive Unit. The content domain of both units was delimited to 
the first 19 lessons of the Program. Both units contain a common 
part (the DC), and a unique part (respectively, the TE and the IEF). 
The TE consists of the 19 sets of conventional BOREL eens type of 
exercises given in the Program. The IE consists of both convergent 
and divergent types of problems specially constructed for the IM. 
Finally, the construction of the 19 sets of IF were discussed in 


detail with the help of examples of inventive-divergent problem- 


situations. 
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CHAPTER V 
METHODOLOGY AND IMPLEMENTATION 
INTRODUCTION 


The purpose of the present study is fourfold: (a) to 
justify the adaptation of an appropriate psychological model of 
creative problem solving in school mathematics, (b) to operationalize 
this model at the classroom level, (c) to develop special inventive 
instruction method and materials in a selected content domain of 
junior high school mathematics curriculum, and (d) to evaluate the 
effectiveness of the constructed method and materials. In previous 
chapters, we have elaborated on the psychological model adopted and 
the operationalization of this model, as well as the identification 
of appropriate content domain, and the eventual construction of 
relevant instructional procedures and materials. This chapter 
describes the evaluation phase of the study in terms of experimental 
design, implementation, research questions and hypotheses, and 


statistical procedures. 


EXPERIMENTAL DESIGN OF THE STUDY 


The research design of our study is an "evaluation design" 
which facilitates gathering of empirical data and "thereby making 


possible valid statements about the effects or outcomes of the 


110 


a} 


io Ishom faotgoionoyaq paren ‘as. a ae 3 ; 


ye ts, 
esilenotistsqo os (d) -codtemerds am loodae eee 
Lc 
sviktoevri Tetoeqe aqoleveb. ot (2) ares. 


¥o akemoh ansicoo betoeise & mk atates 
ee ee bid -imtil volsaw5 eset 
euoiverq #1 8. els tretsd bas postion’ b 
Syme beaqobe fabom leo laohona yey ots no 6s HIOGBLS sven S Ga 
noktackitineh! eft-as thew ee staan abt th oF: oe om . meee 
26 ROL ton2FanO9 teagan oot nak sh He et | 
watqorio atl _eistgesum bie ; ert | 

sia esau iin ala 26 amrst ob” pine ot oan 


bab pessaoqan i 


he 1 lea in 


Ver 


program, practice, or policy under study" (Airasian, 1974: 159). 
Two basic questions are crucial to such an evaluation study (Campbell 
ane’staniley, L973i° 5)% 

(1) Intermal Validity: This refers to the necessity to 
demonstrate that the experimental treatments did make a difference in 
a specific experimental instance. The determination that the program 
under study did produce the result observed is "the basic minimum 
prerequisite for the design of interpretable studies" (Airasian, 
1974: 162). In order to be able to attribute the obtained effect 
confidently to the independent variable manipulated by the 
investigator, the orthodox Nonequivalent _ Control Group Design was 
adopted. As Campbell and Stanley (1973: 47-50) argue, this design 
neatly controls for the rival plausible hypotheses derived from such 
extraneous variables as history, maturation, testing, instrumentation, 

mortality and selection. Furthermore, two additional 
factors helped to strengthen the internal validity of our study: 

(a) The recent introduction of "motion geometry" to the 
junior high school mathematics curriculum in the Edmonton Separate 
School System provides us with a naturalistic and realistic situation 
for conducting research. This "realism" aspect helps to control for 
experimental errors due to "novelty of situation". 

(b) The experimental and control groups of the study, 
though under different instructional methods (IM and T™), did have 
a similar Development of Concepts (DC) phase to ensure the 
equivalent exposure to "content" instruction for both groups. This 


"experimental control" helps to eliminate other rival hypotheses 
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which would attribute any difference in students' ultimate 
achievement to factors other than the effects of the "inventive 
component" of the IM treatment, such as "difference in content 
learned". 

(2) External Validity: This refers to the question of 
generalizability of the results of an experimental study: "to what 
populations, settings, treatment variables, and measurement variables 
can this effect be generalized" (Campbell and Stanley, 1973: 5). 
Since this study is the first attempt to operationalize Boychuk's 
(1974) creative problem solving model in school mathematics learning, 
its results should be regarded as useful primarily for providing 
relevant information for further, similar large-scale studies. Thus, 
while the question of external validity may have some relevance for 
our design, it can be safely ignored at this stage of creativity 
research. 

In the following discussion, the "pretest-posttest control 
group design" will be specified in terms of the student sample, the 


teacher, the treatments and instrumentation. 


Student Sample 


Participants in the experiment were two grade eight classes 
in St. Edmund Separate School, Edmonton. There were 30 students in 
the experimental group and 28 in the control group. Though 
inflexibility of the school schedule prevented random assignment of 


individuals to treatment and control groups, intact classes were 
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assigned randomly to one of the two groups. After eliminating 
students who were absent from one or more of the tests, complete 
data were found to be obtained for 41 students: 20 from the 
experimental group and 21 from the control group. Hence the final 


sample consists of these 41 students. 


Teacher 


The two classes were taught by the same regular mathematics 
teacher, who holds a B.Fd. degree in Science and Mathematics 
teaching, and prior to the experiment had one year experience in 
teaching junior high school science. He administered all the tests 
to the students. To ensure that the treatments were carried out as 
prescribed, and to provide relevant classroom information for the 
teacher, the investigator undertook regular classroom observations 
over the experimental period. The Observer Rating Scale of Teacher 
Behavior developed by Naciuk (1968) was employed to collect reliable 
data on the classroom implementation of the two treatments. A 
description and discussion of this instrument will be given in 


Chapter VI. 


Treatments 


The two treatments were (1) Inventive Method (IM), and (2) 
Traditional Method (TM). The "experimental group" was taught 


through the IM with the Inventive Unit, and the "control group" 


et: - 


gntismtntis s537A -ecaiosg sea Ye: ano 8 

sisfamos ~edess eit to sT6t Peay iors 198 
ety mor? OS :2tesboxe IS gpd! “ponte: 

fant? say eons .quoxe Lottmes six momd w ee oo 

exasbute Lh Sasi 4 areata 


+ | ety 
1 So 8 
r A ’ A. a | be 
tTefopet eee a | el ates 


7 (ig gli Gra aa 
astysnsriten talesst omae sits vil Saguas eau ows odT 
ialion Oty (hy ae 
aofiamed+eM bone sometsei anh sega ate ae 

os i” i Lirias 

nt sonmehteqxe tssy amo bad tnomttequs aa a r0ltg bas ¢ 


‘View ovine 


éteod sft fim bSss7ato babs af BoMaE De) Yoda dat neat es | 
a& tuo bekrrs> Srow atnemsssTts. aft tarda oxjens ot omen 

‘See t0% poltsmroiei rgoteue io sravaisx sabes i. ig 4 
emotssvisedo moo1ess 5 xslumsx costae roseahtont at ss 


gone? te sigod qos of geymond® or ri cbottoa J 


Ce) rae $f? 

aftdstiox toelios of pavolgms enw weeny cia 
A ,@tnsmcsots se a & kil i a oT 

. : ei , 


114 


followed the Traditional Unit through TM. These methods and units 
have already been described in detail in earlier chapters. The 
treatments were conducted over a period of 6 weeks with a total of 30 


instructions, each lasting 36 or 37 minutes. 


Instrumentation 


In order to determine the relative merits of the two 
instructional methods, it was deemed necessary to gather as much 
information as possible of the mathematical background of the 
participating students. Three scores were obtained from students' 
school records prior to the experiment: 

(a) Grade 7 Mathematics Achievement Score (GR7), 

(b) Grade Point Average of 5 Tests (A5T): This grade 
appeared on students' grade eight Report Cards. The 5 tests 
covered the following topics -- revision of computational skills, 
rational numbers, set theory and metric system. 

(c) Metric Area Test Score (MAR): This is the major test 
immediately prior to the treatments. The test covered metric units 
for area measurements, as well as simple area calculation limited to 
Square and rectangle. This was separated from A5T because of its 
close relation to some of the pretests and posttests employed for 
this investigation. 

Besides these three scores on students" records, 6 different 
tests specially designed or relevant to our purposes were administered 


to all the students: 
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(1) Piagetian Sectioning Test (SEC): This is a 32-item 


Pretest requiring students to perform sectioning tasks on given solids, 
and to identify the plane figures formed by the intersection of the 
cutting plane with the geometric solid. The test consists of two 
parts: (a) Drawing, and (b) Multiple-Choice, each containing 16 
items. 

(2) Traditional Motion Geometry Test (TMG): This is a 40- 
item multiple-choice Posttest which assesses students' understanding 
of basic concepts and operations in motion geometry covered in the 
19 lessons. 

(3) Creative Geometry Test I (CGl): This is a 2-item 
Pretest, designed to assess students’ level of mathematical creativity 
in general geometrical problem-situations prior to the treatments. 

(4) Creative Motion Geometry Test (CMG): This is a 2-item 
Posttest designed to assess students' ability to solve problem- 
situations in motion geometry creatively. 

(5) Creative Geometry Test II (CG2): This is a 2-item 
Posttest designed to assess students’ level of mathematical creativity 
in general geometrical problem-situations at the end of the 
treatments. 

(6) Transfer Area Test (TAR): This is a 14-item Posttest 
designed to assess students’ ability to transfer the learned 
knowledge in motion geometry to traditional area-finding problem- 
situations. 

The construction of these 6 test instruments and the related 


problems of validity and reliability will be discussed in greater 
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detail in the next chapter. Complete test instruments are included 


in the Appendices. 


IMPLEMENTATION OF THE TREATMENTS 


In our study, a single teacher was required to teach two 
grade eight classes in two different instructional methods: the IM 
and the TM. Obviously, no plausible conclusions could be drawn from 
the study if the teacher in fact taught the two instructional units 
in more or less the same way. There is hence a need to ensure the 
faithful implementation of the treatments as prescribed. Four 
procedures were employed for this purpose: (1) orientation prior to 
the experiment, (2) classroom observation, (3) discussion with the 
teacher, and (4) quantitative analyses of teacher's classroom behavior. 

The orientation and discussion formed the on-going inservice 
procedures which helped to familiarize the teacher with the 
theoretical framework as well as the operational procedures of the 
study. They also allowed the investigator to monitor implementation 
of the two treatments, such that the effects of the treatments were 


not contaminated by misunderstandings on the part of the teacher. 


Orientation and Discussion Sessions 


There were two orientation sessions before the treatments. 
The first session lasted about forty-five minutes, during 
which the main purposes, the conceptual and operational definitions 


of creativity, the instructional methods and materials were 
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discussed with the teacher. 

The second session lasted about an hour, during which the 
teacher was given all the needed materials: the pretest problem 
sheets, the Inventive Unit Booklet with suggested solutions, the 
Traditional Unit Booklet with key to exercises, and the 19 sets of 
Inventive Exercises for the experimental group. Since the main 
difference between the IM and the TM of instruction falls into the 
"control function" of classroom instruction, the following four 
guidelines were emphasized during discussion with the teacher: 

(a) For both IM and TM, the teacher should follow closely 
the Development of Concepts suggested in the Program (Edmonton 
Separate School Board, 1975) in developing the 19 lessons. 

(b) For every lesson of each group (experimental or control), 
the first half of the class time, about 15 to 20 minutes, should be 
spent on classroom discussion of exercises (IE or TE) assigned in 
the previous lesson. This is to give feedback for assigned 
exercises, and guide students' thinking along the line of training 
designed for the particular group. 

(c) Whenever explanations, hints or prompting are needed 
to guide students in solving those exercises (IF or TE), the 
information should be given according to the key or special 
suggested solutions provided for the respective groups. 

(d) Since the IE were creative problem-situations 
specially constructed to facilitate and stimulate the functioning of 
the creative processes of sensitivity, redefinition and conjecturing, 


the teacher was encouraged to base his classroom discussion (ID) on 
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these three processes. Specifically, he should elicit inventive 
divergent solutions from students by (i) leading them to "see" 
deficiencies and shortcomings inherent in a problem-situation, thus 
opening up new possibilities, (ii) prompting them to redefine the 
problems in terms of mathematical concepts or operations learned, or 
(iii) encouraging them to make guesses and try out new solutions. 
During the orientation and discussion sessions, questions 
raised by the participating teacher were answered and clarified. 
These four guidelines also served as criteria for classroom observa- 
tion during the monitoring of implementation of the two instructional 
methods. Whenever this investigator deemed it necessary, a short 
discussion session was carried out after the lesson with the teacher 
regarding needed adjustments to ensure faithful implementation of 


both instructional methods according to our design. 


Classroom Observation 


During the six-week period, the investigator was present 
in 12 of the 30 periods of each group to (a) ensure that the two 
instructional methods were implemented as prescribed, and (b) correct 
any deviation from the designed procedures when necessary. The four 
main guidelines mentioned above were employed to categorize the 
teacher's classroom behavior as appropriate or inadequate for the 


respective instructional methods (IM or TM). 


Furthermore, the investigator also rated the teacher's 


instructions in both groups on the Observer Rating Scale of Teacher 
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Behavior (Naciuk, 1968) to obtain quantitative data about teacher's 
classroom behavior; such data provided a basis for critical 
appraisal of the implementation of the prescribed instructional 


methods. 


RESEARCH QUESTIONS AND HYPOTHESES 


As indicated earlier, we utilized an "evaluation design" to 
collect empirical data which will facilitate a critical assessment of 
our instructional method and materials. This experimental design 
is basically the ''nonequivalent control group design". To obtain 
valid and reliable conclusions about the effects of our Inventive 
Method of teaching grade eight motion geometry, three types of 
behaviors were observed and analysed: 

(1) Teacher's Classroom Behavior: Information about the 
classroom teaching was collected to ensure that the two instructional 
methods were implemented as planned. 

(2) Students' Entrance Behavior: Relevant background 
information of all students involved in the present study was 
gathered and examined to decide whether any difference exists 
between the two groups with respect to related mathematical or 
psychological variables. 

(3) Students' Terminal Behavior: The outcomes of the two 
instructional methods were ultimately evaluated in terms of some 
selected mathematical or psychological variables. 


The information collected with respect to these three types 
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of behaviors would answer the following research questions which are 


further stated in the form of null hypotheses. 


Teacher's Classroom Behavior 


Since only one teacher was involved in the study, it was 
quite possible for him to teach the two groups of students in 
essentially the same approach. The main purpose of the two different 
methods of instruction was to provide two rather different types of 
learning experiences to two groups of students, thus enabling us to 
compare the effectiveness of the IM. One obvious way of ensuring the 
faithful implementation of the designed instructional units and 
methods is, of course, to obtain information and data on the teaching 
methods through direct observations of what goes on in the classroom 
(Naciuk, 1968: 50). As Rosenshine (1970: 280) concluded from his 
observation on curriculum evaluation, the lack of information on 
classroom interaction hinders evaluation of different curricula or 
instructional methods. 

We therefore undertook regular classroom observation to obtain 
quantitative information about the teaching and learning activities in 
the two groups. For this purpose, the Observer Rating Scale of 
Teacher Behavior (Naciuk, 1968) was used by this investigator while 
observing the teacher in action during those classroom observations. 
This Rating Scale rates teacher's classroom behavior on six dimensions 
which appear to differentiate the IM from the T™ of instruction. 


Equal numbers of ratings were made on the Development of Concepts 


6 Pn 
ers dotdw enottesup dorepaor ght dor To: ‘ana xesens buoy 
| eoesitsogl ‘Lier to. orrot ofa see 18: 


| " ee oe ee 
vovedel mooteasio eo! reljset : 
. Ae 
sew tk .xbtrre oa at bevioval asw teripae? sa0 yin sonte ; 


r. 
ni etnebuse to aquotg owt gid Abe93 og mbit 20% statenoe » | 


L a . 
gnarsttib ows oft to seoqtuq mtsm siuT <a, ohne ons a 


fo eecv3 tneta2ilb tedts1 ows sbiverq ue aaw £0. 


‘ A 
"s ay f 


Phy S| f A 
oY au ghtidess avis .etnebiuse to equota pws O27, peony 


of3 gatxvere to yew evoivde sn0 .MI ofd Fo exonavi soot ois » 
bas etiny Isaélisuttent bematesd sAy RO roi sestoaataat 


. 


ma 


gninoss? sf¢ no sisb bes mobtstrrotst sisido of .sa103 Yo An bots 


LAY 7 


moore ee L> stit at no esda SaAw bo enolisvrsede a3exkb Savon 


abi mort bebuloaos (08S sOten) ontslemaaon aA «(2 | 
no noltsmrotnt to toak sda cvobtautave metuokewe 90 nok 
a. “ta 
x0 sivoltrvo tastottrb + sohipulave arebatd es 


ay 
wre j 


ntatdo of nolieviseds ws ctaalicle ee iin ore pe 
mt eetsivisos srctatasl png (nae ons, hh eee i 
to, siss? gnitsl =oveged0 oid. . Suogang akda 188 in 
slirw tovsgitesvnt a boew esi (Baer in ehyetes 

| -amobtavisedo moorean lo seorts gnttrich aoltos ak hOB: 4 | 
ve *. ‘disbumeuts xia no 1okvaried Sppirimts 2 " yorfones sosmy aan? anttes é. 
i bo MI sad ouakinera?3th 03 3 arg any te 
ated a tah pa 


if 


> 


Hel saiisent to MT: 


B2gesn69 to nemo! si 


a 


—_ 


ane 


(DC) phase and the Discussion (ID or TD) of both groups. The results 
of these ratings provide therefore a basis for answering the 
following pertinent research question: 

"Do the two instructional methods differ on the Observer 
Rating Scale with respect to the two phases of instruction: 
Development of Concepts and Discussion (ID and TD)?" 
This may be stated in null hypothesis as follows: 
Null Hypothesis 1: 

There is no significant difference, (a) between the two 


instructional methods with respect to the Development and Discussion 
phases of instruction, and (b) between these two phases within each 


method. 


Students' Entrance Behavior 


The learning of any mathematical topic is dependent upon 
prior mathematical knowledge. Though we have claimed that learning 
of motion geometry topics selected for our study does not demand the 
mastery of any formal prerequisite mathematics, it is reasonable to 
suggest that prior mathematical experience would affect the learning 
of our selected subject content. To investigate this question, 
students’ achievement scores in mathematics prior to the experiment 
are therefore needed. Three traditional achievement scores were 
obtained for students involved in the study: (a) Grade 7 Mathematics 


Achievement Score (GR7), (b) Grade Point Average of 5 Tests (AST), 


and (c) Metric Area Test Score (MAR). The materials covered by 
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these tests appeared highly relevant to our investigation (supra:114). 

In addition to subject content, mathematics learning also 
requires a certain mental capacity. The main purpose of our study is 
to affect students' creative thinking capacity through the inventive 
approach of instruction. There is therefore a need to assess 
students' levels of mathematical creativity prior to the experiment 
to see whether any initial difference exists between the two groups. 
For this purpose, scores on the Creative Geometry Test I (CGl) were 
obtained. 

Students of the two groups were taught some basic concepts of 
geometric transformation via two different instructional approaches. 
Undoubtedly, their spatial ability would be likely to FEAR their 
learning. Piaget and Inhelder (1967, 1969) have concluded from their 
research that the conception of space of children develops through 
three levels: (a) topological, (b) projective, and (c) Euclidean. 

A child arrives at the Euclidean level of geometric maturity at the 
age of approximately twelve years, when she/he is able to respond 
correctly to the "Euclidean Sectioning tasks". The important 
implication of Piaget's developmental theory is that geometry 
instruction should take into consideration the mental readiness or 
maturity of the students. Furthermore, motion geometry in this 

study was essentially the transformational treatment of Fuclidean 
geometry. It is therefore necessary to assess the level of geometric 
maturity of all students involved in the experiment. The purpose, 


however, was not to incorporate these various levels of geometric 
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perception defined by Piaget into our instructional procedures, but 
to compare the mental readiness of students under the two instructional 
methods. For this purpose, students’ achievement scores on Piagetian 
Sectioning Test (SEC) were obtained. 

In effect, the relevant research question pertaining is as 
follows: 

"Do students of the two groups differ with respect to their 
scores on these 5 pretests?" 


Stated in null hypothesis, we have 


Null Hypothesis D8 
There is no significant difference between the experimental 
and control groups with respect to students' scores on the 5 pres 


tests: GR/, A5T, MAR, SEC and CGl. 


Students’ Terminal Behavior 


The learning of content matter is a natural objective of any 
mathematics instruction. How well did students under the two 
treatments learn the topics of motion geometry presented to them in 
different methods of instruction? Since the subject content was 
taught in two different methods, the IM and the TM, two tests were 


constructed: (a) Traditional Motion Geometry Test (TMG) to assess 


students’ performance on conventional convergent type of problems, 
and (b) Creative Motion Geometry Test (CMG) to assess students’ 
performance on inventive divergent types of problems. 


In addition, since "the whole idea of education is 
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predicated on transfer of training" (Bourne, Ekstrand and Dominowski, 
1971: 144), and "problem solving" is "a form of transfer of learning 
in which experience in one task influences performance on another 
task'' (DeCecco, 1968: 439), the transferability of creative problem 
solving experience warrants serious consideration. DeCecco (1968: 
442) further argues that "the measurement of how much learning has 
occurred in problem solving is the student's ability to solve new 


i] 


problems of the same class." The two instructional methods (IM and 
TM) basically emphasize the problem solving aspect of motion geometry 
Pee eh 19 sets of Exercises (IE and TE) and the Discussion (ID and 
TD). We would therefore like to see whether students of both groups 
are able to transfer their problem solving experience in the area of 
motion geometry to other related geometrical problem-situations. ‘''New 
problems of the same class" means that transfer of learning from one 
situation to a different situation occurs MS there are some 
common characteristics and attributes between the two situations 
(Osborne, 1976: 12). Obviously, such new situations conducive to 
transfer of the kind of learning students experienced in our study 
should be geometrical. Since the Inventive method and the related 
Inventive Exercises were designed to enhance students' creative 
problem solving ability in mathematical situations, the Creative 
Geometry Test II (CG2) was constructed. CG2 assesses students' 
ability to transfer creative problem solving processes to "open" 
geometrical problem-situations which require inventive divergent 
solutions. Furthermore, given that the topic immediately prior to 


our experiment was on metric area units with simple calculation of 
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areas of squares and rectangles, it was meaningful to construct the 
Transfer Area Test (TAR). TAR presents students with traditional 
convergent type of area-finding problem-situations, which can be 
solved easily by applying some basic notions of motion geometry to 
the problems. The purpose was to assess students" ability to transfer 
the basic concepts of geometric transformation learned to facilitate 
the computation of areas of geometrical figures. With regard to 
students' terminal behavior, the investigator was thus primarily 
concerned with the following question: 

"Do students of the two groups differ with respect to their 
scores on these 4 posttests?" 


In null hypothesis form, this becomes: 


Null Hypothesis 3: 

Thenesis no significant difference between the experimental and 
control groups with respect to students' scores on the 4 posttests: 
TMG, CMG, CG2, and TAR. 

These three null hypotheses which are designed to answer the 
research questions about teacher's classroom behavior, students' 
entrance and terminal behavior, will be further analysed in detail in 


Chapter VII. 


STATISTICAL PROCEDURES 


As Treffinger, Renzulli and Feldhusen (1971: 105) have stated 
clearly, one of the basic underlying assumptions of studies 


attempting to measure creative thinking is that the "creative 
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process is complex, or multidimensional, in nature." Because of such 
inherent complexity of creative thinking phenomena, there are (a) a 
need for broadening the selection of test tasks as measuring 
instruments, and (b) a need to utilize complex multivariate statistical 
procedures to analyse the data obtained (Treffinger and Poggio, 1972: 
257). In our study, multiple observations were therefore made on the 
students involved through 9 different tests, and the multivariate 
method employed to analyse most of the data ohana dias Cramer and 
Bock (1966: 604) have stated succinctly the advantages of such a 
statistical method: 
Multivariate analysis provides models and procedures 
for dealing separately with each of a number of variables 
in estimation, while at the same time providing tests of 


hypotheses which lead to a single probability statement 
referring to all variables jointly. 


Instead of means on individual variables (tests), multivariate 
techniques analyse ''vectors of means'', where each element of the 
vector is a group's mean for a particular variable (test). Fach 
group's vector of mean scores is called the centroid of that group. 

We will now discuss three major multivariate procedures utilized to 


compare the various "centroids" of the two treatment groups: 


(1) Hotelling's 1 Test, (2) Multivariate Analysis of Variance 
(MANOVA), and (3) Multivariate Analysis of Covariance (MANCOVA). 


Saivartace t-test, analysis of variance (ANOVA) or 
analysis of covariance (ANCOVA) were employed on a few occasions. 
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Hotelling's T Test 


Scores of students' performance on the 5 pretests (GR7, 
A5T, MAR, SEC and CGl) were obtained prior to the two treatments. 
These test scores provide a basis for deciding whether students of 
the two groups differ significantly. Since the tests are mathematical 
in content, scores on different tests are probably correlated to 
some extent. The univariate t-test on each test score does not 
utilize this correlation among the tests, and hence cannot provide us 
with an overall picture of differences between the two groups (Timm, 
1975: 216). Similarly, since observations on teacher's classroom 
behavior were rated on 6 dimensions on the Observer Rating ponlal 
the 6 ratings on each classroom observation would be intercorrelated. 
In such cases where some p measures (variables) are involved in the 
comparison of two groups, 

Hotelling's T provides a means of testing the 

overall null hypothesis that the two populations from 


which the two groups were sampled do not differ in 
their means on any of the p measures (Harris, 1975: 13). 


2 
Consequently, Two-Sample Hotelling's T Tests were conducted 


on scores of all the 5 pretests, and on the ratings on the Observer 
Rating Scale. 

Hotelling's ig Test is a direct generalization of the 
Student's t-test to situations involving more than one dependent 
variable (Harris, 1975: 67). Suppose we have two independent random 
samples of observations on some p measures (variables), which have a 


multivariate normal distribution, with a common but unknown 


sast “Pa! gatltszo# ; ona pe 


af Ate nies 

a), atestsir 2 arth ao sncarrodieg J eananuae. 2 cant 

\¥ ie at iP Rei 

seonemseott ows |i 03 sorry bontssde SI5w (29. bas bane aber? 


to etnebste tsdierw gmrtbfosb tor aaeadt 8 sbiwoxg sozone 2 ~ 


tsotsamentem o15 eteor od? sont? Wsssotthagts ret Dg 
¥ a « BF 


Se Re, 


~ 


of Poisisrrco ylidedoka sus, e185 is tihiial | We 0 23 ma9 
hea +S ed i% by . | " 
ton agob stona test ‘roas oo. taed-3 i hay al! oft 3s im 
i a 
ay Sbivorq fonnsy soned bas ,atess ent geome ronsetextas | 


smmiT) equers ow! srt neovsed enonbise tb: L ahaa, 


; ao i F 


mooyeanto. e'rsrfoss2 ro enorsavreado oonts Bigicteaer th: ‘ bal 22% 
gers 


elsoa glsoa gnizex ssvised0 ont aad anobeaomtb & me heed aanears 


i ae 
batsierrooreink sd binog tibet mooreas io. ro a0 


tals; 


6H4 mt bavlovet avs (esfidslrsy) es tuans q amoe srodw WA 
: at By oS vk : Z : ° 

"  equesg, out 16 
vg St e'gutites 


oda saltieot: 30) anesm 8) Bobt 


at s327th dor ol 
(EL se OL: ,ekr aml) 


basoubnos sisw esest op 28 7 
xesedy’ ent mo raiser al « oy bis. baile eS 
| ij A 
od to aokses! tena josrib 8. at Jag “Tai gate 
dasbasaeb sno Bild — dcovempans ot snasa 
mobrisst dfisbnoqebri owl ove 


8 hack oti ‘icit ial . 


128 


"dispersion" or "covariance" matrix of full rank p. If p, and py 
are the respective "centroids" of the two populations from which the 
two samples are obtained, then the statistic T tests the null 
hypothesis: 

H,} éM,= K2 9 
that the population centroids are identical, against the alternative 
hypothesis: 

Hy: Kh, # M2 9 


of different centroids (Morrison, 1976: 137). 


Multivariate Analysis of Variance (MANOVA) 


The effects of the two treatments in the present study were 
measured in terms of students' terminal behavior (performance) on 4 
posttests: TMG, CMG, CG2 and TAR. Each of the two creative tests 
(CMG and CG2) was scored on three dimensions: fluency, diversity and 
rarity, all of which were derived from the same set of responses 
(solutions) of each student, and hence were inter-correlated. 
Moreover, the 4 tests being mathematical tests based on junior high 
school geometry, would probably be intercorrelated to some extent. 
It is therefore reasonable to study all or groups of these variables 
(tests) simultaneously rather than individually, i.e. through the 
procedures of MANOVA. The strength of MANOVA has been demonstrated 
by Kerlinger and Pedhazur (1973: 355-358) in a hypothetical example. 
They constructed a case of 3 groups and 2 dependent variables, where 


univariate ANOVA detects no significant differences on either 
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variable, but MANOVA shows significant differences when both variables 
are analysed simultaneously. 

MANOVA, like the univariate ANOVA, focuses upon differences 
between group centroids which reflect the systematic differences in 
performance between students of the two treatment groups. The 
procedure employed for our analysis was the One-Way MANOVA, Fixed 
Effect Model, where the design matrix assumes that the elements of the 
parameter matrix are to be constant. Such "fixed effect design" is 
sometimes called Type I Model (Bay, 1969: 13; Winer, 1971: 163). 
Suppose p criterion variables (posttests) are observed on each of the 


N students in our study, then the multivariate linear model under the 


multivariate Gauss-Markoff setup has the form (Timm, 1975: 185): 


Ye = Xx B + E 
(Nxp ) (Nxq) (qxp) (Nxp) 
where, Y = observation matrix on the p 
criterion variables for the N 
students; 


X = known design matrix of rank 
réqéN; 


B = effect matrix with q nonrandom 
parameters for each response; 
and 


E = matrix of random error. 


This model is based on three assumptions: (a) independence 
of observations, (b) homogeneity of dispersion matrix, and (c) 
multivariate normal distribution (Bay, 1969: 33). Two significance 
tests are thus usually performed in MANOVA (Amick and Walberg, 1975: 
226).: 

(a) A test of group differences to determine whether the two 


group centroids are significantly different or whether their 
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differences occurred by chance, in a multidimensional space. The 
null hypothesis is: 

Ho M, = }42, against yy? M, #2; 
where /'s are population centroids for the respective groups. 

(b) This test of equal centroids is based on the assumptions 
of homoscedasticity and normality. The latter can be justified 
partly by our assumption about the distribution of mathematical 
creativity among student population, and partly by using the central 
limit theorem (Cooley and Lohnes, 1971: 38). Hence only the former 
assumption needs investigation to test the null hypothesis of the 
equality of the two group dispersion matrices: 

H2: 2 = Dap » against Hy 5! Da # PINE 


where 2's are the respective population dispersions. 


Multivariate Analysis of Covariance (MANCOVA) 


The precision of our experimental design can be increased by 
controlling for variability due to experimental error. There are 
two general methods for such purposes: direct and statistical 
controls (Winer, 1969: 752). Direct control focuses on means of 
improving the experimental designs and increasing the accuracy of 
the measurements. To some extent, these have been achieved through 
our selected and constructed experimental design and test instruments. 
Statistical control attempts to utilize more empirical information 
and to remove potential sources of bias in the experiment. In this 


regard, we have -chosen multivariate statistical procedures to 
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consider many variables simultaneously. We also employed MANCOVA to 
eliminate possibile sample biases. A major source of such biases was 
the variability in students' entrance behavior (performance) on the 
pretests. Since these tests are mathematical and psychological in 
nature, they are likely to have some relation with students' terminal 
eee ean ce In other words, students’ initial competency in 
mathematics and initial level of geometric maturity and mathematical 
creativity are likely to contribute to their final achievement in © 
traditional as well as creative mathematical tests. We would therefore 
like to eliminate that part of students' ultimate achievement due to 
initial competency and capacity, and thus attribute the remaining 
part to the effects of different treatments. The technique of 
MANCOVA serves to achieve this sort of statistical control by 
estimating the group differences on posttest scores after they have 
been adjusted for initial differences in the pretest scores (Bock, 
1966: 829). MANCOVA eliminates the differences of treatments 
caused by students' entrance behavior both from within and between 
groups and tests for the "pure effects" of the treatments with 
greater efficiency (Rao, 1973: 288). 

| Using the same notations as that of MANOVA Sst, and under 


the multivariate Gauss-Markoff setup, the model for MANCOVA is 
(Timm, 1975: 479): 


B 
2.4 ial el ea 
(Nxp) (nx(qth)]  [(q+h)xp]  (Nxp) 


where the number of covariates (pretests) is h, and 
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Ve observation matrix on the h covariates 
for the N students; and 


|’= matrix of regression weights. 


The validity of MANCOVA, as well as ANCOVA depends upon the 


assumptions of (a) randomization, (b) independency, (c) normality, 
(d) homogeneity of regression, and (e) homogeneity of variances 
(Elashoff, 1969). Since treatments were assigned to intact groups 
at random in the present study, and covariates were measured prior 
to treatments, the first two assumptions are more or less tenable. 
Normality is assumed for the same reasons given for MANOVA in the 
previous section. We therefore need to examine the last two 
assumptions as part of our MANCOVA procedures. Three significance 
tests will be considered: 

(a) Homogeneity of Regression: MANCOVA assumes that the 
regression planes of the criterion scores (posttest scores) on the 
covariates (pretest scores) for the two groups are parallel. This 
parallelism hypothesis implies that there is no ''treatment-slope 


imteraction . If i and Le are the two matrices of regression 


weights for the two groups, the null hypothesis of this parallelism 


test is as follows (Timm, 1975: 346): 
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(b) Homogeneity of Variances: MANCOVA procedures also 


assumes that the residual variation about the regression planes for 


the two groups are homogeneous. In testing this hypothesis of 


homoscedasticity, 
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where 2's are the respective population dispersion matrices. 

(c) Differences of Adjusted Centroids: If the first two 
null hypotheses are tenable, a test for differences between group 
centroids, eliminating the linear association of criterion scores on 
covariate scores, can then be made (Timm, 1975: 489): 


HY: Dit = M,, against H a i 
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where K's are the respective population "adjusted" centroids. 


SUMMARY 


The evaluation phase of the study employed a Nonequivalent 
Control Group Design to obtain empirical data for assessing the 
effectiveness of the constructed Inventive Method (IM) of teaching 
grade eight motion geometry. To ensure faithful and satisfactory 
implementation of the two instructional methods (IM and TM), 
orientation sessions were conducted for the participating teacher 
prior to the experiment, and regular classroom observations were 
undertaken by the investigator to gather information about classroom 
activities of both groups and to monitor the implementation of the 
constructed instructional methods and materials. 

Furthermore, quantitative data were collected about the 
teacher's classroom behavior using the Observer Rating Scale. 
Students' entrance as well as terminal behaviors (performance) were 
measured by tests selected or specially constructed, in order to 
facilitate critical assessment of the IM and T of instruction. 


These test instruments included 5 pretests (GR7, AST, MAR, SEC and 
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CG1) and 4 posttests (TMG, CMG, CG2 and TAR). 

The data thus obtained on students' and teacher's behaviors 
provide the basis for answering three fundamental research questions 
of our study: 

(1) Were the treatments, IM and TM, implemented as designed? 

(2) Did the students of the two groups (experimental and 
control) differ initially in terms of their mathematical background 
and related mental capacity? 

(3) Did the students of the two groups perform differently 
at the end of the treatments? 

To test the hypotheses derived from these three questions, 
multivariate statistical techniques including Hotelling's 7 Test, 
MANOVA and MANCOVA were selected as the appropriate analytical tools 
for most of the analyses, and univariate t-test, ANOVA, and ANCOVA 


were selected for a few occasions. 
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CHAPTER VI 


CONSTRUCTION AND VALIDATION OF 
MEASURING INSTRUMENTS 


INTRODUCTION 


The discussion thus far has focussed on the selection of a 
theoretical model and an operational definition of mathematical 
creativity, and deriving from these conceptual frameworks 
practical guidelines for the construction of an inventive 
instructional method and materials. Our next important concern 
is to construct and validate relevant measuring instruments to 
assess the effectiveness of the designed IM and TM of 
instruction. .,Astotal of. ten icuninental, were selected: five 
Ppretests, (GR/, A5T, MAR, SEC and CGl), four posttests (TMG, CMG, 
CG2 and TAR), and a classroom observation instrument (Observer 
Rating Scale). The rationale for using these instruments has 
already been provided in the previous chapter, and a thorough 
discussion of the theoretical principles underlying the construction 
of the three creative tests (CGl, CMG and CG2) given in Chapter III. 
We present in this chapter the final forms of the constructed 
tests, the scoring procedures for the creative tests, and the 


related problems of validity and reliability of the various 


tthe tests CGl, CMG, CG2 and TAR were specially 
constructed by this investigator. 
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measuring instruments. 


THE CREATIVE TESTS 
Guidelines for Creative Problem-Situations 


The main underlying principles for the construction of 
creative problem-situations in school mathematics can be stated 
briefly in terms of the following practical eurdetineed 

(1) In a creative mathematical problem-situation, one or 
two of the three parameters, D (domain), O (operation) and R (range), 
are given, and students are required to search for solution set(s) 
of the remaining parameter(s). 

(2) At least one of the given parameters is stated in quite 


broad terms with many possible interpretations and implications 


embedded. 

(3) A variety of solutions or solution-sets are required 
for the unknown parameter(s). 

(4) Flexibility is the key feature of the problem-situation, 
although ambiguity should be avoided by explicitly delimiting a 
universe of discourse. 

The three creative tests constructed for the present study 


will be discussed in terms of these four guidelines. 


. *netails of the conceptual foundations of these guidelines 
can be found in Chapter III, while the pilot study related to 
these points is detailed in Chapter IV. 
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Creative Geometry Test I (CG1) 


Due to the 'open-ness" of creative problem-situations, 


the need to allow optimal time for students to indulge in inventive 


divergent thinking, and the vast number of tests involved in our 


study, a carefully designed two-item test that could be completed 


in a single period of about 36 to 37 minutes, was deemed adequate 


for our purposes. 


CGl: 


The following two problems were developed for the pretest 


(1) You are given a region with 9 dots: 


at? 
e 


You are asked to draw as MANY DIFFERENT closed 
geometrical figures as you can think of. The 
end-points (vertices) of your figures must lie 
on the dots. 
EXAMPLES : ° 


DO NOT DRAW ALL YOUR FIGURES ON ONE REGION: 
USE A NEW 9-DOT-REGION FOR EACH DIFFFRFNT FIGURE: + 


(2) This is a RECTANGLE: Hom- 


Am, 


You are asked to say something about this rectangle 
by doing something about it. 
FXAMPLES: 
(a) A square can be formed by 
putting 2 such rectangles 
together: 
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(b) The rectangle can be separated 
into a 3-sided figure (triangle) 
and a 4-sided figure 
(quadrilateral): 
Now go on to write as MANY IDFAS as you can about 


this rectangle. DRAW A FIGURE FOR FACH STATEMENT 
YOU PUT DOWN!! 


For problem (1), domain D consists of "a square region of 
9 dots (3x3)."" The required operation 0 is "to select appropriate 
sets of points and join consecutive pairs of them'' to form closed 
geometrical figures which make up the range set R. Undoubtedly, 
D is clearly specified, and R consists of a multitude of solutions. 
O in this situation is partially defined through the three 
illustrations to mean the forming of closed figures by joining pairs of 
points. However, sensitivity and flexibility in thinking are 
called upon to notice the "freedom'' embedded: (a) a zigzag line 
or a curve can be formed by joining a pair of points, and (b) a 
closed geometrical figure can consist of more than one part 
joined together, i.e. a figure with vertices of degree greater 


than 2, suchsas¢ 


Problem (2) is a more directed type of conjecturing and 


sensitivity problem-situation where redefinition is implied. D is 
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the given rectangle. O and R though given very broadly, are 
nevertheless delimited to two possible operations: (a) operation 

on the whole rectangle, and (b) operation within a single rectangle. 
A square was formed by joining two such rectangles in the first 
example, whereas the second example showed how different polygons 
can be formed by cutting the rectangle with a line segment. In this 
situation, students have to select their own operations and look 

for the admissible solutions of R. The "universe of discourse" 
delimits the permissible O and R sets, both of which must be 
mathematical. Such responses as forming a "house" or a "tank" 

are clearly unacceptable. Students' sensitivity is provoked to 

look for various formation of rectangles by "tiling", and different 
ways of cutting with line segment(s) or curve(s). Furthermore, 

the process of redefinition is needed to combine the two kinds of 
operations. One can perform cutting on the square formed by joining 
two rectangles, or recombine the various separated parts of a 
rectangle to form an entirely new geometrical figure. For example, 
a parallelogram can be formed by sliding the triangle of example 


(b) to the right side: 


| 
| 


ae 


These two problems therefore appear to reflect the three 
creative processes of sensitivity, redefinition and conjecturing. 
Moreover, these problem-situations do not require special 
mathematical content knowledge other than the ability to draw 


simple geometrical closed figures. This two-item Creative 
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Geometry Test I (CGl) was thus regarded as an adequate measuring 
instrument for assessing students’ initial level of mathematical 


creativity in general geometrical problem-situations. 


Creative Motion Geometry Test (CMG) 


We have argued earlier that creative problem solving 
demands the accessibility of pre-requisite mathematical knowledge. 
In effect, it is necessary to construct creative motion geometry 
problem-situations which would require concepts and operations in 
the 19 lessons that most students are likely to have mastered. 
Among the many notions of geometric transformation learned, the 
four basic motions (slide, reflection, turn and slide-reflection) 
were repeated quite often throughout the instruction of the IM and 
the TM. It would then be reasonable to assume that by the end of 
the 6-week period, all students had learned these four essential 
concepts and operations to enable them to tackle the following two 
motion geometry problems creatively: 

(1) You are given a closed region with 9 dots 

and AABC. 
You can form MANY IMAGES of AAABC through a 
sitide. or a turn, or a reflection, or 4 


slide-reflection, or a combination of glides. 
EXAMPLE : 


You are asked to form ALL THE POSSIBLE 
DIFFERENT IMAGES of JA ABC WITHIN THE 
9—DOT-REGION. 
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DO NOT DRAW ALL YOUR IMAGES ON ONE REGION. 

USE A NEW 9-DOT-REGION FOR EACH DIFFERENT 
IMAGE. 

Indicate your motion with appropriate notation: 
Bip ra Rrametoe ste, Or ges) « 


You are given a SQUARE on a 9-DOT-REGION: 


By selecting your own motion, you can change 
the square into some other polygon. 


EXSMPLES =~ GL) we Slide shaded part 
GY (1R,1D): new 
polygon: 


(2) Reflect shaded part 
in the mirror line: 


new polygon: 


Now, select your own SHADED PART, and MOTION (slide, 
tur, reflection, slide-reflection, or combination of 


glides). 
Write down all your different results in the 


following chart: 
MOTION RESULTING POLYGON 
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In problem (1), D consists of a 9-dot region with a given 
A ABC. Students are asked to select their own 0 (motions or glides) 
to obtain appropriate elements of the R, set of images of AAARC. 

As demonstrated in Chapter III (supra: 62), this is indeed a 
creative problem-situation that calls upon the functioning of 
sensitivity, redefinition and conjecturing. 

For problem (2), the square with 9 dots defines the DN. 
Students have to select their own O's, the appropriate shaded part 
and the motion or motions, and finally to obtain the resultant 
polygons (R). To be creative in this situation probably requires 
one to be "sensitive" to the fact that, (a) the shaded part need 
not be a polygon, since it can have arcs instead of straight line 
segments, (b) vertices of shaded part need not be the dots, (c) more 
than one shaded part can be selected at any one time, and (d) a 
combination of different motions (or glides) for the different 
shaded parts selected as a single response is permissible. 
"Conjecturing" may be more helpful in this case. A student can 
guess the resultant polygon first, and look for the appropriate 
shaded part(s) and motion(s). In so doing, a student is essentially 
"transforming" and "redefining" the problem to one that is similar 
to the Problem (1) of the pretest CGl, i.e. forming "appropriate" 
polygons or close geometrical figures, then looking for suitable 
shaded parts to produce these figures. One is more likely to 
produce more solutions through this transformation, 


In short, we argue that the above two problem-situations 
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are quite relevant and suitable for students to utilize their 


knowledge in motion geometry to exhibit their mathematical 


creativity. 


Creative Geometry Test II (CG2) 


This test presents students with two general geometrical 
problem-situations that reflect the functioning of the three 
creative processes. Attempts were made, (a) to select items related 
to geometry concepts similar to that of the pretest CGl, (b) to 
design problem-situations closely resembling that of CGl, and 
(c) to provide situations where some of the concepts and skills 
learned in the 19 lessons on motion geometry could be utilized. 

The reasons for doing so were two-fold: (a) to enable us to assess 
the effectiveness of the two methods of instruction in terms of 
students' achievement on CG2, in the light of their initial 
performance on CGl, and (b) to provide optimal situations that 
facilitate creative thinking on the part of the students who had 
learned motion geometry through two different approaches, thus 
enabling us to attribute any differences of performance between the 
two groups to the effects of the treatments. We will now argue 
that the following two problems satisfy these requirements. 


(1) You are given a SQUARE: 
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Cut the square into 2 parts of EQUAL ARFAS. 
You are asked to DRAW ALL THE POSSIBLE WAYS OF 
CUTTING by copying the square onto the given 
graph paper. 


Draw as MANY CUTS as you can think of. 


(2) This is a HEXAGON (a 6-sided polygon): 


You are asked to SAY SOMETHING about this hexagon 
by DOING SOMETHING about it. 


EXAMPLE : The hexagon can be 
divided into 2 

different quadrilaterals 
(4-sided polygons), in 
fact they are 
parallelograms. 


Now go on to write as MANY IDFAS as you can think of 
about this hexagon. 


DRAW A FIGURE FOR EACH STATEMENT YOU PUT DOWN. 


The D of problem (1) consists of a square with 5 vertical 
and»Schorizontal: lines)ofsdivision. The R is the set of all 
possible pairs of geometrical closed plane figures, each pair 
comprising figures of equal area which make up the given square if 
put together. The!O:;is the’ set of all: lines that cut the square 
into two parts of equal area. Students are required to select their 
own 0 set to obtain the appropriate R set. To be sensitive in this 
situation necessarily implies the realization that (a) equality in 


area is not equivalent to congruence of figures, (b) cutting lines 
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can be non-straight segments, such as zigzag lines or curves, and 
(c) though the 10 internal dividing lines may be helpful for many 
symmetrical solutions, they can be conveniently discarded for many 
other eo ieeeiee Obviously, the ability to transform the problem 
into a more general situation of separating the square into two 
figures of equal area but not necessarily identical shapes entails 
a measure of mathematical creativity. Furthermore, there is the 
need to ''guess"’ the various possible forms of such pairs of figures. 
Problem (1) presents therefore an open and divergent type of 
geometrical problem-situation. 

Problem (2) affords a geometrical situation similar to that of 
CG1: Problem (1). D consists of the hexagon, O asks for appropriate 
mathematical operations, and R denotes the resulted mathematical 
statements. One possible operation was given, that is: "to 
separate the hexagon into two polygons". Students are prompted by 
the given example to be sensitive to the possible familiar shapes 
or properties of the resultant polygons. This problem can he 
redefined into many sub-problems, one of which is to draw line 
segments through the hexagon and observe the various resulting 
mathematical properties. A more creative transformation is to 
operate on the whole figure or the separated parts through the 
application of suitable motions to obtain new polygons. Some 
students may even hypothesize the possible end-result polygons 
before the actual transformations or motions. This problem- 
situation is therefore very flexible and provides much room for 


inventive divergent productions. 
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A closer examination immediately reveals the intimate 
resemblance between the test items of CGl and CG2. They all focus 
on the forming of various polygons or closed geometrical plane 
figures, or the separation of a given geometrical figure. The 
second problems of both CG1 and CG2 are of the same format. Since 
CG2 was taken after the 6-week instruction on motion geometry, no 
explicit example was given for Problem (2) of CG2 to indicate the 
possible utilization of geometric transformations (motions) to 
convert several hexagons or the separated parts of a hexagon into 
new polygons. Nevertheless, concepts of geometric transformation 
are implicit in both problems of CG2. For problem (1), 
congruence pairs of epee can be obtained easily through 
symmetrical cuts, and the pairs of non-congruence figures can be 
efficiently and effectively verified for equality of area through 
the transformation of one figure into the other figure. In 
problem (2), applications of motions to the hexagon or its divided 
parts are good ways of achieving divergent and creative production 
of solutions. We therefore regard these two items as appropriate 


creative problem-situations for CG2. 


Scoring Procedures for Creative Tests 


The previous sections of this chapter have shown that the 
problems constructed for the three creative tests (CG1, CMG and 
CG2) are proper creative situations of school geometry calling 


upon the functioning of the three creative processes, sensitivity, 
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redefinition and conjecturing. We have also demonstrated that 

when students respond to these types of problem-situations, their 
inventive divergent productions (the response solutions) can be 
reasonably regarded as the manifestation of their mathematical 
creativity defined by the three processes (supra: 67). Furthermore, 
it was indicated that the functioning of these creative processes 
cannot be identified separately from the students’ creative 
responses, Consequently, an operational definition of creativity 
has been postulated as "practical criteria" to facilitate the 
measurement of mathematical creativity (supra: 64). 

Creative problem-solving in school mathematics is thus 
defined operationally in terms of the following Mh avatar see 
exhibited in responses to creative problem-situations: 

(1) Fluency of Ideas: the production of a large quantity 
of distinct mathematical solutions to a given problem. 

(2)> Diversity of Ideas: the production of “a large 
quantity of distinct categories of concepts reflected in the 
mathematical solutions. 

(3) Rarity of Ideas: the production of distinct and 


original categories of concepts reflected in the mathematical 


solutions. 

For the purpose of measurement, these three characteristics 
of mathematical creativity are indicated respectively by three 
scores: (1) Fluency Score, (2) Diversity Score, and (3) Rarity 
Score. Each item of a creative test was scored on these three 


dimensions, and the respective sum for the two items formed the 
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three-variate (or triple) creative score for a student on that 
test. We now elaborate on the development and applications of this 
three-fold scoring procedure, 

(1) Fluency Score: To assess the exhibition of "Fluency of 
Ideas" by a student in a mathematical problem-situation, a Fluency 
Score is assigned to the student's responses (solutions). The 
Fluency Score is a measure of the total number of mathematically 
appropriate and distinct responses produced by a student in a 
creative problem-situation. 

Here, we should note a certain divergence in researchers' 
opinions on what is deemed "mathematically appropriate". Evans (1964: 
49), for example, allows for situations where the student is unsure 
immediately of the correctness of her/his response. Under such 
Piecumeranceds credit is accorded both mathematically correct and 
incorrect responses. On the other hand, Taylor-Pearce (1971: 53) 
and Boychuk (1974: 121) both reject mathematically incorrect or 
inappropriate responses. As Boychuk observes, the "elimination of 
incorrect and inappropriate responses resulted in a lower fluency 
score than would have occurred if every response had been 
accepted."" Since this study is aimed at assessing the feasibility 
of enhancing mathematical creativity in junior high students 
through creative instruction, it was decided to follow the latter's 
viewpoint. Thus correct and relevant responses are limited to the 
mathematical domain, and more conservative fluency scores adopted. 

(2) Diversity Score: To assess the exhibition of 


"Diversity of Ideas" by a student in a creative problem-situation, a 
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Diversity Score is assigned to the student's responses. The Diversity 
Score is a measure of the total number of distinct categories of 
concepts embedded in the mathematically appropriate and distinct 
responses produced by a student in a creative problem-situation. 

The Diversity Score of the present study is an improvement 
of Taylor-Pearce's (1971) "Variety Score" which in turn is a 
modification of Guilford and Torrance's "Flexibility Score". 
Taylor—Pearce (1971: 63-78) established deductively that every 
“mathematically appropriate" response implies a finite number of 
Pee. ca. All the concept-sets underlying a student's total 
responses to a problem-situation can be logically reduced to a 
"minimal number" of distinct and exclusive sets. This number then 
constitutes the student's "variety score" for that problem. 

There is a limitation, however, to this technique. The 
mathematical criteria that determine the basic concept-sets 
involved in each response depend upon the judgement of the test 
scorer (Taylor-Pearce, 1971: 71). In addition, it is difficult to 
justify the connection between the psychological processes of 
mathematical creativity and the overt responses using criteria which 
consist of purely mathematical components. For these reasons, a 
new scoring procedure will now be proposed which will (a) take into 
consideration both psychological factors and mathematical concepts, 
and (b) reduce the subjectivity of scoring and facilitate 


replication studies. 


3the "finite-ness'' of concept-sets was not stated explicitly 
by Taylor-Pearce. However, this "condition" was implied in his 
arguments and assumed for his mathematical analysis. 
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For every problem of the creative tests, a logical analysis 
is first undertaken to determine the major dimensions involved in 
solving the problem. The possible scope of the D (domain), 

O (operation) and R (range) is anticipated by considering the likely 
mathematical background of the target population. In addition, the 
conceptual definition of creativity should be taken account of in 
defining the relevant psychological dimensions. Each of these 
mathematical and psychological dimensions are then further analysed 
and broken down into a finite number of significant Diversity 
Categories to incorporate both relevant mathematical concepts and 
creative processes defined for our study. These diversity 
categories are established independently of students' responses. 
However, the special feature of the total sample of students' 
responses, if any, may well prompt a minor revision of the categories, 
to incorporate, for example, unanticipated creative dimensions or 
categories, or to delete empty dimensions or categories from our 
scoring scheme. A set of Diversity Categories is thus established 
for each creative problem to serve as scoring criteria for assigning 
the Diversity Score to students' responses to that problem. For a 
creative problem, the total number of these "diversity categories" 
embedded in the responses of a student is her/his "diversity score" 
for that item. Each category is counted only once for each 

creative problem. 

Since the Rarity Score is also based upon the same 
"diversity categories", an illustration of the new scoring 


procedures for both diversity score and rarity score will be given 
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in section (4). 

(3) Rarity Score: To assess the exhibition of "Rarity of 
Ideas" by a student in a creative mathematical situation, a Rarity 
Score is assigned to the student's responses. The Rarity Score is a 
measure of the infrequency or uncommon—ness of the distinct diversity 
categories embedded in the mathematically appropriate and distinct 
responses produced by a student in a creative prohlem-situation. 

The Rarity Score of our study is also an improvement of 
Taylor-Pearce's (1971: 76-78) "Novelty Score" which in turn is a 
modification of Guilford and Torrance's "Originality Score". The 
underlying assumption of our Rarity Score, quite explicit in our 
conceptual definition of mathematical creativity, is clearly that a 
more frequently given category of concepts (diversity category) is 
not as original and creative as a less frequent one. The Rarity 
Score of a diversity category exhibited in the responses for a 
ereative problem is either, 4, 3,2, 1, or,0,,according to its 
statistical frequency among the sample of students involved in our 
study. For each problem, each distinct "diversity category" is 
counted only once for a student. The Rarity Score on a problem is 
the sum total of the scores for each diversity category. The 
criteria for awarding scores are as follows (Fvans, 1964: 51; 
Boychuk, 1974: 124). For ease of scoring, the corresponding frequency 


is computed for our sample of 41 students: 
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Diversity Category Corresponding Rarity 

by Z of Students Frequency Score 
0 - 20 1- 8 4 
21 - 40 9 - 16 é! 
41 - 60 17 - 24 Zz 
61 - 80 QO am ee ub 
81 - 100 33 - 41 0 


A brief note on the approaches of other researchers is 
relevant here. In many studies, scoring for novelty or originality 
is based on uncategorized students' responses (Dunn, 1975: 329). 
Rather than ranking the "categories of concepts" according to their 
"infrequency", such studies rank the responses and assign novelty 
scores to each response. This approach suffers from two weaknesses. 

First, there is the possibility of obtaining a great variety 
of responses with very low frequency, which renders their novelty 
score meaningless. Secondly, there inevitably arises the problem of 
the "acceptability of responses" (Taylor-Pearce, 1971: 77) or the 
"relevance of response" (Treffinger, Renzulli and Feldhusen, 1971: 
111). Since trivially adequate responses tend to have lower 
frequency, applying criteria of statistical infrequency directly to 
students' responses will give high novelty scores to such uncommon 
responses. This in turn, penalizes the more discriminating and 
sensitive students who do not bother to write down "insignificant" 
answers. An attempt to resolve this difficulty is Taylor-Pearce's 
(1971: 78) use of the statistical frequency to establish the upper 


bound of a response. If this response is also implied in another 
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response, then the novelty score for the first response should not 
be higher than the second one. The major problem here clearly lies 
where the trivial uncommon response is the only single response a 
student gives to a particular problem, in which case the proposed 
technique is useless. 

On the other hand, the above difficulties will not arise if we 
assign a Rarity Score (or novelty, or originality score) not to 
"uncategorized" responses, but to the significant 'diversity 
categories" identified for our Diversity Scores. This is hecause 
such ''categories" have been selected on the basis of their 
relevancy and significance in either the mathematical content domain 
or the domain of creative problem solving processes. Since a trivial 
response to a mathematical situation under our criteria is bound to 
consist of routine and obvious categories of mathematical concepts 
or psychological processes, fairly low rarity scores will be 
properly assigned to these categories. 

(4) Illustration of the Scoring Procedures: Through a 
critical evaluation and incorporation of the scoring techniques 
employed by previous creativity research in school mathematics, we 
have developed a more rigorous and objective procedure for assessing 
the fluency, diversity and rarity of students’ creative responses. 
As Treffinger and Poggio (1972: 266) concluded in their assessment 
of the complexity and intricacy involved in scoring "open-ended" 


measures of creative thinking, 
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Problems related to test scoring are very 
important in the measurement of creativity. In 
addition to research on the comparability of scores 
derived from different tasks and different methods 
of testing, studies should also be conducted which 
investigate new methods and criteria for scoring. 


The development of Diversity Categories for diversity and rarity 
scores in this study represents, in effect, an attempt to assess 
students’ creative responses in mathematical problem-situations more 
objectively and accurately. To illustrate the application and 
usefulness of our procedures, we will discuss in detail Problem (1) 
of posttest CG2., 

This problem (supra: 143) is a modified version of Boychuk's 
(1974: 58) Sensitivity I (The Square). In this situation, a 
square with 5 vertical and 5 horizontal lines of division is given, 
and students are required to cut the square into "Two Parts of 
Equal Areas". We have argued that this is an appropriate creative 
problem-situation reflecting the creative processes of sensitivity, 
redefinition and conjecturing. It appears to us that creative and 
divergent solutions to this problem are likely to result from 
variations on four dimensions: (I) the nature of the cut line 
drawn, (II) the orientation of the cut line, (III) the shapes of the 
resultant two parts, and (IV) the use of the irrelevant information 
of the 10 internal dividing lines. These four aspects take into 
consideration the mathematical concepts of equal area, congruence 
and closed geometrical figures, as well as the creative abilities 
to "see" the possibility of equal areas for non-congruent figures, 


and to discard irrelevant information. Consequently, a set of 
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17 "Diversity Categories" can be developed upon these four major 
dimensions. Table 6.1 shows the Diversity Categories with their 


frequency and respective Rarity Scores. 


TABLE 6.1 


DIVERSITY CATEGORIES AND RARITY SCORES FOR 
CREATIVE GEOMETRY TEST II (CG2): 
PROBLEM (1) 
FRE= RARITY 
DIVERSITY CATEGORY QUENCY SCORE 
Saas a a NNN 


I. Nature of the Cut Line: 


a) Simple straight line. 41 0 
b) Simple regular zig-zag line. 37 0 
c) Irregular zig-zag line. | 16 3 
d) Simple curve. 1 4 
e) Combination of straight line segments and 

curve, or complex curve. 1 4 

II. Orientation of the Cut Line: 
a) Horizontal/Vertical. 41 0 
b) Diagonal. 41 0 
c) Horizontal and vertical. On 1 
d) Horizontal and diagonal. 7 4 
e) Vertical and diagonal. 12 3 
f) Horizontal, vertical and diagonal. 14 3 
III. Shapes of the Parts Resulted: 

a) Two congruent parts. 41 0 
b) Two incongruent parts. 16 3 
c) Use of two or more than two pieces to make 

a part. 7 4 

IV. Use of Irrelevant Information: 

a) Cut along the given straight line(s) and 

points of intersection. 41 9) 
b) Cut along the given line(s) or 

point(s), but not both. 41 0 
c) Cut not along both given line(s) and 

point(s). 8 4 
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Consider the following sample of responses of a student: 
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Since the second and third responses are basically the same, 
the fluency score for this student is 4. According to Table 6.1, 
the diversity categories involved and their respective rarity scores . 


are as follows: 


Diversity Category Rarity Score 

CL) sa 0 

b 0 

Chige ah 0 
c 1 
d 4 

e 3 

CYET) 3 'a 0 
b 3 

c 4 

LS) a a 0 
b a) 


Diversity Score = ll Rarity score Si 


This example demonstrates the two advantages in using these 
pre-established "diversity categories" to measure diversity and 
rarity of ideas. First, since these criteria-categories are developed 
4 
independently of any set of data, they are not sample-biased. 


Secondly, they provide a logical basis for discussion with regard to 


‘aoe very same 17 diversity categories were initially 
developed for scoring a similar item used in our pilot study, where 
100 students were involved. 
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the validity of the test items and scoring procedures. 

It is relevant at this point to briefly argue for the 
superiority of ue scoring procedures over that employed by Boychuk 
(1974: 132-135). For this sample sensitivity problem, Boychuk first 
grouped the initial 50 different responses from the whole sample 
into 23 categories. Later, the number of categories was reduced 
to 13 in order to obtain adequate and meaningful novelty scores, 
which is tied logically to her variety score. These 13 categories 
then served as criteria for assigning variety scores and novelty 
scores to responses. The major deficiency in this categorization to 
give variety scores lies in the lack of explicit mathematical or 
psychological criteria used to distinguish between the different 
categories. Complexity, symmetry, congruence, and configural 
difference were apparently taken into account but no clearly spelled 
out criteria and rationale given. Such lack of objective and 
explicit criteria, as well as the sample-biased nature of the 
scoring procedures, will undoubtedly limit the feasibility of 
replicating Boychuk's study. 

Consequently, following a similar trend of arguments as 
that of CG2: Problem (1), all creative problems of our tests were 
scored according to the respective sets of "Diversity Categories" 
developed. 

G>) Diversity Categories and Rarity Scores for Creative 
Problems: Earlier in this chapter (supra:137f), we performed a 
logical analysis on mathematical concepts and creative processes 


involved in each of the creative problems constructed for the 
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three creative tests, CGl, CMG and (G2. Based on such analyses and 
the type of considerations illustrated in the previous section, sets 
of Diversity Categories with the respective Rarity Scores were thus 
developed for the scoring of the three creative tests: CGl, 

(Tables 6.2 and 6.3), CMG (Tables 6.4 and 6.5), and CG2 (Tables 


oe 1 and—07'0)": 


TABLE 6,2 


DIVERSITY CATEGORIES AND RARITY SCORFS FOR 
CREATIVE GEOMETRY TEST I (CG1): 
PROBLEM (1) 


FRE- RARITY 


DIVERSITY CATEGORY QUENCY SCORE 
I EEE 


I. Nature of the Sides: 


a) Straight lines. 41 0 
b) Curve. 1 4 
c) Combination of straight lines and curves. Z 4, 
II. Topological Properties: 

a) Convex figure. 41 0 
b) Concave figure. 41 0 
c) Figure with all vertices of degree 2. 41 0 
d) Figure contains vertices of degree 

greater than 2. Dah 1 

III. Number of Sides/Arcs for a Figure: 

a) 1 (a loop) i 4 
b) 2 (2 arcs/sides) 2 4 
fey) ye 40 0 
d) 4 41 0 
e) 5 39 0) 
f). 6 41 9) 
h) 8 10 3 
1)10 1 2 
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TABLE 6.3 


DIVERSITY CATEGORIES AND RARITY SCORFS FOR 
CREATIVE GEOMETRY TEST I (CG1): 
PROBLEM (2) 


FRE- RARITY 
DIVERSITY CATEGORY QUENCY SCORE 
——==EE==S=S=ES=S=———SSSSSSSSSS 


I. Separating the Rectangle: 
1) Nature of dividing lines: 


a) Straight line(s). Al 0 
b) Curve. 8 4, 
c) Zig-zag lines. 5 4 
2) Types of figures resulted: 
a) Triangle. 41 0 
b) Square. 37 0 
c) Rectangle. Joh 0 
d) Parallelogram. 2 4 
e) Trapezoid. 12 | 
f) Other Polygons. NZ 8! 
g) Circular figure, or figure contains arc(s). 1 d 
3) Number of different types of figures formed 
in a rectangle: 
a) 2 41 0 
b) R38 23 v3 
¢) a4 7, 4 
d) More than 4 a 4 
4) Congruence of parts: 
a) Cut results in congruent figures in a 
rectangle. 40 0 
b) Cut results in some incongruent 
figure(s). os. sl 
5) Operation on separated parts to form new 
figure(s): 
a) For each cut, only one new figure is 
formed. 2 4 
b) For each cut, more than one figure is 
formed. 1 4 
II. Operation with Whole Rectangle to form Larger 
Figure: 
1) Number of rectangles used: 
b) 3 4 4 
c) 4 5 4 
2 4 


d) 6 
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II. 2) Number of different figures formed for given 
number of rectangles used: 


uel 17 ake: 
ba} 2 1 4 
3) Additional operations performed, e.g. 
separating the new figure formed. 10 3 
TABLE 6.4 


DIVERSITY CATEGORIES AND RARITY SCORES FOR 
CREATIVE MOTION GEOMETRY TEST (CMG): 
PROBLEM (1) 


FRFE- RARITY 
DIVERSITY CATEGORY QUENCY SCORE 
I. Motion(s) Performed: 
1) Slide: 
a) (0,0) 1 4 
b) (1R,0) 35 (0) 
ejs COLD) ihe 1 
d) CER, LD) a2 1 
2) Reflection (Nature of the Mirror Line): 
a) Using BC. oy 0 
b) Using AC. 40 0 
c) Using AR. 32 1 
dy =f to’ AB. % B 
e) jf to AC, + AC. | 12 3 
ry ff Tore, = BC. 7 4 
g) W to AB, + AB. 32 1 
h) Others. 5 4 
3). Tiusrm: 
a) }s-turn. a2 ab 
Bite (Oto hG) ten < 34 0 
c) Revolution. 4 4 
d) Others. 2 4 
e.center on dot. 41 0 
f) Center Not on dot. 16 3 


4) Combination: 
a) Slide, Reflection. 2 
b) Reflection, Slide (#Slide-reflection). 
c) Slide, Slide. 
d) Reflection, Reflection. 
e) Turn, Reflection. 
f)°Siade, (Tarn. 
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FRE- RARITY 
DIVERSITY CATEGORY QUENCY SCORE 


Sta eal na gall a ti tintin ari 
I. 5) Number of equivalent motions: 


a) Gk 30 uf 
b) 2 2 4 
e)rn3 1 4 
II. Images: 
1) All vertices on dots. 41 0 
2) Some vertices Not on dot(s). iby 3 


TABLE 6.5 


DIVERSITY CATEGORIES AND RARITY SCORES FOR 
CREATIVE MOTION GEOMETRY TEST (CMG): 
PROBLEM (2) 


FRE- RARITY 
DIVERSITY CATEGORY QUENCY SCORE 
I. Shaded Part Selected: 
1) Number of such parts: 
a) l 41 0 
b)e@2 ji 4 
c)i3 3 4 
d) 4 6 4 
e) Incongruence parts. 4 4 
2) Information related to dots: 
a) All vertices of shaded part or image on 41 0 
dots. 
b) Some vertices of shaded part not on dots. 5 
c) Some vertices of image not on dots. 4 4 
3) Shape of shaded part: 
a) Straight line segment. 1 4 
b) Square. 2) 0 
c) Triangle. 40 0 
d) Rectangle. Sal 1 
e) Other polygon. 23 2 
f)yclrcular tigurve. il 4 
g) Figure with arc and straight segment. He 4 
4) Topological properties: 
a) Convex. ey) 0 
b) Concave (besides the given example = ; 
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ERE RARITY 
DIVERSITY CATEGORY QUENCY SCORF 
ee eee ee eee ee 


II. Motion Performed: 


1) Slide. 39 0 
2) Reflection. 37 0 
3)2 Turn se 2 
4) Slide-reflection. 4 4 
5) For more than one shaded part selected; 

single motion used. 5 4 
6) For more than one shaded part selected, more 

than one motion is used. 2D 4 
7) Shaded part and image overlap. it 4 

TABLE 6.6 


DIVERSITY CATEGORIES AND RARITY SCORES FOR 
CREATIVE GEOMETRY TEST II (CG2): 
PROBLEM (2) 


FRE- RARITY 
DIVERSITY CATEGORY QUENCY SCORE 
I. Cutting the Hexagon: 
1) Nature of cut line: 
a) Cut line joining some points. 41 9) 
b) Cut line joining no point. 26 1 
c) Straight line(s). 41 0) 
d) Simple zig-zag line(s). y 4, 
e) Complex zig-zag line(s). 2 4 
2) Types of polygon formed: 
a) Triangle. 39 0 
b) Rectangle. ih 3 
Cc) Square. Z 4 
d) Parallelogram. 14 3 
e) Trapezoid. 10 3 
f) Quadrilateral. aS, 2 
g) Polygons with more than four sides. By 0 
3) Number of different types of polygons formed 
in_each hexagon: 
pal 26 1 
b) 2 40 0 
II. Motion Performed: 
1) Motion on the Hexagon. 4 4 
2) Motion on Part(s) of Hexagon. ABh | 
2). Motions Slide. 7 4 
4) Motion: Reflection. 8 4 
5) Motion: Turn. 5 4 
6) Resulted in obvious figure(s). E ‘ 


7) Resulted in ingenious figure(s). 
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FRE- RARITY 
DIVERSITY CATEGORY QUENCY SCORF. 
ee eee ee ee ne See ee 


III. Properties Observed: 


1) Angle properties. 11 3 
2) Congruence of side(s). 4 4 
3) Number of diagonal(s). 1) 4 
4) Congruence of whole polygon(s) resulted. il 3 
5) Parallelism. 4 4 


Validity and Reliability of Creative Tests 


Unlike the traditional standardized intelligence or achievement 
tests, the creative tests employed to assess mathematical creativity 
in our study were specially devised and applied in the course of the 
investigation. The value and significance of our conclusions depend 
heavily upon the validity of our measuring instruments and the 
reliability of the data obtained through these instruments. As Aiken 
(1973: 32) points out, inadequate measuring instruments severely 
limit the value of research eiaanee and studies in mathematical 
creativity suffer from "unreliable or invalid measuring instruments." 
In this section, attempts will be made to validate our creative tests 


and estimate their reliability in the present study. 


(1) Validity 
Validity asks the question: "Are we measuring what we 


think we are measuring? The emphasis in this question is on What 
is being measured" (Kerlinger, 1973a: 457). Different answers can 
be provided, depending upon the many different applications of the 


instruments. Thus, Cronbach (1971: 447) asserts that "one validates, 


not a test, but an interpretation of data arising from a specified 
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procedure. . . . Since each application is based on a different 
interpretation, the evidence that justifies one application may have 
little relevance to the next." Three types of validity are hence 
distinguished for varied types and applications of tests: 

(a) content validity, (b) criterion-related validity, and (c) construct 
validity (American Psychological Association, 1973). 

A test generally has two major uses: (a) for making decisions 
or predictions about the student tested, and (b) for describing her/ 
him. Decisions are intended to anticipate the student's later 
performance on some related "criterion", and such a predictive use of 
a test is thus dependent upon criterion-related validity. Descriptive 
use, however, aims at interpreting differences between students' 
performance on a test, therefore relies on content validity or 
construct validity (Cronbach, 1971: 445; Mehrens and Lehmann, 1973: 
124). Since the present study seeks not to make decisions for 
student placement or predict students' future performance, but to 
describe and interpret students' performance before and after two 
different treatments, it is sufficient to consider the content and 
construct validity of the three specially designed creative tests. 

(a) Content Validation: Kerlinger (1973a: 457) has stated 
categorically that "a test or scale is valid for the scientific or 
practical purpose of its user." With respect to the many validities, 
Mehrens and Lehmann (1973: 135) also argue that "content validity 
of achievement tests is by far the most important type of validity", 
and construct validity is necessary only when "one wishes to use 


test data as evidence to support or refute a psychological theory." 
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A similar viewpoint has been expressed by Seibel (1968: 288). Hence, 
the validity of our creative tests is best thought of as the extent 
to which the content or substance of these measures are "representa- 
tives of the content or universe of content of the property being 
measured" (Kerlinger, 1973a: 458). As we have shown in our 
discussion of the related mathematical content and creative problem 
solving processes embedded in the 6 items of the 3 creative tests 
(CG1, CMG and CG2), the test items constructed do in fact reflect the 
basic components of the universe of creative behaviors defined for 
our study (supra:13/7f),. Content validity of these three tests can 
therefore be satisfactorily assumed. 

(b) Construct Validation: Construct validity is "the 
degree to which certain theoretical or explanatory constructs can 
account for item responses and test performances" (Payne, 1974: 258). 
In this respect, construct validation calls for evidence to enable 
us to conclude with confidence that the three creative tests really 
Measure the three creative problem solving processes (constructs) 
defined in our conceptual model. It would, in fact, amount to the 
validation of our theoretical model of mathematical creativity upon 
which the three tests were constructed (Cronbach, 1970: 143; 
Kerlinger, 1973a: 461). This theoretical model has already been 
shown to be a valid model by Boychuk (1974) through a factor 
analytical procedure, the Image Analysis. Nevertheless, a brief 
discussion will be beneficial in providing a better ground for any 
conclusions and implications drawn from the outcomes of our 


inventive treatment. 
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Our conceptual model is derived essentially from Guilford's 
structure-of-intellect theory (1967) adapted to the discipline of 
mathematics. Guilford's model as well as many other similar models, 
attempts to establish the existence of intellectual factors 
(constructs) that are consistent with the postulated relations among 
the constructs to be defined (Merrifield, 1974: 416). Mulaik (1972: 
1-10) shows that such a structural theory or model, which regards 
phenomenon of human behaviors as an aggregate of elemental components 
(factors or constructs) interrelated in a lawful way, can be 
adequately validated through factor analytical approaches. He 
further demonstrates that the technique of Image Analysis allows us 
to "formulate a better model of factor analysis as well as to unify 
concepts of factor analysis with those in the area of measurement in 
the behavioral sciences" (Mulaik, 1972: 187). We will therefore 
perform separately an image analysis on the scores of each creative 
test. Since each of the two items of a creative test was scored 
on three dimensions (fluency, diversity and rarity), the six scores 
thus obtained can be regarded as six interrelated measures of the 
three underlying creative processes (the constructs): sensitivity, 
redefinition and conjecturing. Construct validity is consequently 
tenable if three interpretable factors could be extracted for each 
creative test. 

It is a general practice in factor-analysis literature for a 
factor loading of .33 to be the minimum absolute value to be 
interpreted since approximately 10% of a variable's variance is 


accounted for by this minimum loading (Willemsen, 1974: 151). 
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However, since our measuring instruments were not constructed for 
theory validation, we will follow Boychuk (1974: 160) in selecting 
the more liberal value of .30 as the criterion-loading value 
indicating the existence of factors needing interpretation. Such 
factors under Varimax Rotation are given in Tables 6.7, 6.8 and 6.9, 
with all loadings having absolute values greater or equal to .20 


on these extracted factors. 


TABLE 6./7 


SUMMARY OF IMAGE-ANALYSIS UNDER VARIMAX 
ROTATION FOR THE SIX SCORES OF CG1 


FACTOR 
VARIABLE cn COMMUNALITIES 
if II iki IV 
PROBLEM (1): 
Fluency AE ou eho -- Pete: 
Diversity -- 292 -- -- . 84 
Rarity -- . 84 226 a SOL 
PROBLEM (2): 
Fluency ws -- -- a 64 
Diversity «OL “= 520 <4 . 84 
Rarity . 86 -- -- one re if 
EIGENVALUES 229 ie. ASS 10 
peor Total. 
Variance Bo. 27 29.5% Dia Die 7A 


iene COUNT aa OP MAM ear sy ch LE A ae eee es 
Sum of Communalities = 4.28 


Total Variance Accounted for = 71.3% 
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TABLE 6.8 


SUMMARY OF IMAGE~ANALYSIS UNDER VARIMAX 
ROTATION FOR THE SIX SCORES OF CMG 


FACTOR 


IAB 
ees I TE III 


COMMUNALITIES 


PROBLEM (1): 


Fluency 700 . 30 -- OL 
Diversity 84 woe —— p02 
Rarity «oe oA ~~ . 80 
PROBLEM (2): 
Fluency 46 e62 a30) 69 
Diversity 36 87 oe . 89 
Rarity wey .89 -- Ake! 
Eigenvalues Zee Zee ae eel 
% of Total 
Variance La Oy Game sy Psy s ley 


Sum of Communalities = 4.88 
Total Variance Accounted for = 81.3% 


TABLE 6.9 


SUMMARY OF IMAGE-ANALYSIS UNDER VARIMAX 
ROTATION FOR THE SIX SCORES OF CG2 


FACTOR 


AMIEL S 
VARIABLE 7; Tr Tit COMMUNALITIES 
PROBLEM (1): 
Fluency .60 44 a 56 
Diversity .95 == — «ou 
Rarity 294 -- -- Ol 
PROBLEM (2): 
Fluency -- 41 voz wor 
Diversity -- @95 23 497 
Rarity os 93 .30 98 
a 5 Fhe 26t. of Santee ep ben ted fn AE oka phe ge eee seis 
Eigenvalues hee AN pee WE Ses: 
% of Total 
Variance 36.8% Sister? 9.2% 


Sum of Communalities = 4.90 
iy 


Total Variance Accounted for = 8 
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The four factors extracted for CGl (Table 6.7) account for 
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71.3% of the total variance. Factor I appears to be the conjecturing 


process, indicated by the high loadings for Problem (2) which 
requires students to search for their own 0 (operation) and R (range 
Factor II may well be the process of sensitivity, since Problem (1) 
requires awareness of possibilities. Factor III could be 
redefinition, while the unknown Factor IV only explains less than 27 
of the total variance. 

The three factors extracted for CMG (Table 6.8) account for 
81.3% of the total variance. Factors I and II clearly denote the 
processes of sensitivity and conjecturing, whereas the third factor 
could be redefinition. The minor contribution of redefinition to 
students' performance is probably due to the fact that without 
transforming the two problems of CMG, students could still produce 
very many appropriate solutions. 

The three factors extracted for CG2 (Table 6.9) account for 
81.7% of the total variance. Since both problems loaded on Factor 
II, especially Problem (2) which is similar to that of CGl: Problem 
(2), it indicates the process of conjecturing. Factor I is 
undoubtedly the process of sensitivity which is essential for the 
solutions of Problem (1). Factor III could be redefinition, because 
of the implied transformation of Problem (2) (supra: 145). 

The set of factors extracted for each of the three creative 
tests explained a rather significant portion of the total variance. 
The image analysis has thus established the needed construct 


validity of our three creative tests. 
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(2) Reliability 
Reliability asks the question: "Are the measures obtained 


from a measuring instrument the 'true' measures of the property 
measured?" (Kerlinger, 1973a: 443). Affirmative answers essentially 
imply that the instrument did produce consistent measures for the 
same thing (Mehrens and Lehmann, 1973: 102). Maguire and Hazlett 
(1969: 125) have argued strongly that "regardless of the kind of 
data, the question of reliability of a measurement is fundamentally 
a question of the consistency of the measurement.'' Furthermore, they 
Stated that of the many ways for calculating indices of consistency, 
"the one that is used should be determined by the use to which the 
measurement is to be put." The primary objective of the constructed 
creative tests was to detect differences of students' capacity in 
solving mathematical problems creatively. For each of the two-item 
creative tests, the question basic to reliability is: "Are the 
scores on the two items of the test consistent?" The answer is "Yes" 
if students scoring higher than others on one item tend to score high 
on the other too. Statistically, this implies that students' scores 
on the two items of a creative test are correlated significantly. 
We need therefore to test the null hypothesis of independence of 
students' responses to the two items. 

The independence of two variables with a joint bivariate 
normal distribution can be tested by "simple correlation", while 
the independence of one variable with the other p-1l in a multi- 
normal system can be tested through "multiple correlation". Since 


the two items were scored on three dimensions (fluency, diversity 
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and rarity), each consists of three variables. In this case, we are 

therefore concerned with a system of (pt+tq) multinormal variables, where 

the independence between a set of p variables and another set of q 

variables, has to be verified or falsified. The generalized multiple 

correlation, i.e. the Canonical Correlation model is needed for such 

purposes (Anderson, 1966: 166; Timm, 1975: 348; Morrison, 1976: 254). 
Lt 2a denotes the covariance matrix among the p and q 


variates (or variables), then » = 0 is a necessary and sufficient 


1 


condition for the independence of the two sets of variates. The null 


hypothesis is hence (Morrison, 1976: 254): 


Date 
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“itaeeg 
Table 6.10 gives the results of the tests for independence of the 
two sets of variates (i.e. the fluency, diversity and rarity scores 


of the two items) for the 3 creative tests: CGl, CMG and CG2. 


TABLE? 6,20 


TEST OF INDEPENDENCE USING CANONICAL 
CORRELATION FOR CG1, CMG, AND CG2 
(9-and 85.35 dsf.'s ) 
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The significance tests at the .05 level indicate that the 
Ho is rejected for CMG and CG2. It is concluded therefore that the 
two sets of fluency, diversity and rarity scores of the two items of 
each of these two creative tests are dependent. In other words, 
measures on the two items of CMG and CG2 are interrelated in some 
significant way, and we can confidently say that these two tests are 
reliable because each of them had produced a set of consistent 
measures. 

For the pretest CGl, we cannot reject the null hypothesis at 
the .05 level. The reliability of this instrument is thus dubious. 
As indicated by our image analysis in the previous section, this is 
probably due to the fact that CGl also involves an unknown factor 
other than the three creative processes. Since CGl was administered 
prior to the introduction of the treatments, and it was totally 
novel to students' past experiences in mathematical problem- 
situations, we may reasonably suspect that the fourth factor falls 
into the area of motivation and attitude. 

Alternatively, if we regard the 6 scores on the two items of 
each creative test as scores on 6 sub-items contained in the entire 
test, a Cronbach Alpha (A) reliability coefficient can be computed 
for each test. The alpha reliabilities of CGl, CMG and CG2 are 
respectively .61, .85, and .72. According to Seibel's (1968: 272) 
criterion, CMG and CG2 are therefore adequate for purposes of group 
comparison, while CGl is not satisfactorily reliable. Consequently, 
CMG and CG2 can be regarded as valid and reliable measuring 


instruments. The results of this study where CGl is involved 
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however, should be treated with some caution. 


THE TRADITIONAL TESTS 


Besides the three creative tests, 6 traditional measures 
were also obtained for the present study: GR7, AST, MAR, SEC, TMG 
and TAR. The validity and reliability of these measures are given 


below. 


Validity of Traditional Tests 


(1) Transfer Area Test (TAR): Since the topic immediately 
prior to the two treatments was on metric area units with simple 
calculation of areas of square and rectangle, TAR was designed to 
assess students' ability to apply concepts and skills learned in 
motion geometry to area-finding problem-situations. The test 
consists of 14 items focussing on a square, a rectangle, 2 triangles, 
a parallelogram, and 9 other non-standard closed geometrical 
plane figures. A point is awarded for (a) a correct solution, (b) a 
correct application of computational procedure, and (c) a correct 
application of geometric transformations. Hence, a student can 
score a maximum of 2 points on each of the first two {tems where 
the criterion (c) is not applicable, and a maximum of 3 points for 
each of the 12 remaining items. The complete set of 14 items are 
given in Appendix H. These test items only require the simple 
concept of "Area" in geometry. To avoid ambiguity and confusion, the 


following instructions and examples were given: 
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In order to measure AREA, we use a UNIT of area which is 
a SQUARE of side 1 unit. For this set of exercises, our 
unit is 1 cm. 


Find the area of each of the shaded regions. 


1 cn. 
1hes W Show all the steps of your calculation. 
Vs 1 


o worked examples are given as hints: 


AREA = 1x 1 cae (a) (b) 
= cm. 2 
2 2 
Area = 2 x 2 cm. Area = 2 x 3 cm. 
= 4 cm.2 = 6 cm. 


Since students had learmed to find only the area of a square 
or a rectangle, it would be necessary for them to search for some 
non-standard methods in order to compute the areas of the given 
triangle, parallelogram and other novel geometrical figures. We 
would expect them to utilize some of the motions (glides) to 


transform these other 12 figures into squares or rectangles and 
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hence solve the problems. TAR therefore provides geometrical problem 


solving situations suitable for the utilization of knowledge of 
motion geometry learned in the 19 lessons. 

The traditional achievement tests such as GR/7, A5T, and MAR 
not only reflect students' performance on certain mathematical 
topics, but also indicate to some extent the students' ability in 
tackling mathematical problem-situations. Consequently, these tests 
should correlate among themselves, as well as with TAR. Table 6.11 
shows that GR7, AST and MAR correlate significantly with one another 
and with TAR, (r = .53, .49 and .35 respectively). Furthermore, 


since SEC indicates students' Euclidean level of geometric maturity, 
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which reflects students' ability to perform geometric transformation 
in Euclidean 3-space, we would expect TAR to correlate significantly 
with SEC. This prediction was confirmed by the correlation 
coefficient of .61. Being a test that can be solved easily through 
the application of geometric transformation, TAR should also 
correlate with TMG, the Traditional Motion Geometry Test. The 
computed r of .56 confirmed our expectation. These results thus 


strengthen the construct validity of TAR. 


TABLE 6.11 


CORRELATION MATRIX FOR 6 TRADITIONAL TESTS* 


TEST 1 2 3 4 5 


DOGRY (Grade: :7..Maths) 


2. AST (Average of 5 Tests) 92 

3. MAR (Metric Area) D2 ge 

4, SEC (Piagetian Sectioning) JO Staet46 33 

5. TMG (Trad. Motion Geometry) Te tHe tile 959 

6. TAR (Transfer Area) Bowe ape fe) wooraesO lke 256 


*A11 correlations significant at the .05 level. 


(2) Piagetian Sectioning Test (SEC): A test of students' 


performance on the topic of sectioning solids was first designed by 
Boe (1966) in conformity with Piaget and Inhelder's (1967), 
and subsequently modified and used by others (Davis, 1973; Bober, 1973; 


Pothier, 1975). Though some minor modifications were made to improve 
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some details of this test (SEC), the content and format of SEC used 

in this study remain essentially unchanged from previous usage. All 
the above cited studies have demonstrated the validity of SEC beyond 
reasonable doubt. 

(3) Traditional Motion Geometry Test (IMG): The 40 items of 
TMG were part of the 66-item two-part major evaluation test designed 
by the Edmonton Separate School Board to assess the effectiveness 
and efficiency of the newly introduced junior high mathematics 
program. The validity of TMG can be assumed on the basis of the all 
embracing nature of its content material covered, as well as the 
expertise of the school board. These 40 items are given in 
Appendix E. 

(4) Pretests: GR7, A5T and MAR: The first two are students' 
grade point averages on mathematics achievement tests, and the third 
is an achievement test score on a particular topic -- metric area 
units and simple area computation. Essentially, these measures 
contain traditional content-oriented type of test items. Their 
content validity can be assumed, since most of these items were based 
on sample test materials or instructional materials designed by the 
school board. The correlations among these tests indicated in 
Table 6.11 are all significant at the .05 level, which fact 


contributes to the construct validity of GR7, A5T and MAR. 
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Reliability of Traditional Tests 


Since GR7, A5T and MAR were obtained from students' records, 
and information on individual test items were not available, no 
reliability could be computed for these 3 tests. Table 6.12 gives 


the types and coefficients of reliability for SEC, TMG and TAR. 


TABLE 6.12 


TYPES AND COEFFICIENTS OF 
RELIABILITY FOR SEC, TMG AND TAR 


NUMBER OF 
TEST ITEMS TYPE COEFFICIENT 
SEC (Piagetian Sectioning) 32 KR-20 SO, 
TMG (Trad. Motion Geometry) 40 KR-21 . 86 
TAR (Transfer Area) 14 ALPHA 90 


Kuder-Richardson formula (KR-21) was employed for TMG 
because it seems reasonable from their content that all the 40 items 
are of equal difficulty. If this assumption is really not tenable, 
then .86 is in fact an underestimation of the true reliability of TMG 
(Mehrens and Lehmann, 1973: 113). Cronbach's Coefficient Alpha (A) 
was used for TAR because it is a generalization of KR-20 formula 
when the items are not scored dichotomously, as in the case of SEC. 
As Seibel (1968: 272) states, "reliabilities in the 70's or low 80's 
are adequate for most purposes that involve using summaries of test 
scores as information about groups". In effect, the high reliability 


coefficients of SEC, TMG and TAR are certainly more than adequate for 
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group comparison. 


THE OBSERVER RATING SCALE 


Validity 


The Observer Rating Scale of Teacher Behavior employed in 


the present study was developed by Naciuk (1968) to differentiate 
teachers' behaviors in "mathematizing mode' from that of the 
"expository method" of instruction in mathematics classrooms. We 


have already discussed at length that the "mathematizing mode" of 


teaching is a sequence of inventive type of mathematics instructions 
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that aims at encouraging divergent thinking in students. Furthermore, 


the "expository method" defined by Naciuk (1968: 4) is very similar 


to the direct expository approach defined in our study for the T 


as well as the DC phase of the IM. Hence this Rating Scale can 


justifiably be used to differentiate the "inventive component" from 


the "traditional component" between the IM and the TM, as well as 
within the methods. 

The Rating Scale contains 6 dimensions: (a) teacher 
ommiscience, (b) introduction of generalization, (c) control of 
seek interaction, (d) method of answering questions, (e) use of 
student responses, and (f) method of eliminating false concepts. 
Five items were designed for each dimension. Fach item was rated 
on a five-point scale, under the assumption that the two methods 
(IM and TM) could be regarded as extremes on a bi-polar pone inirum 


where a rating of 2 or below indicates a "traditional" component, 
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and above 2an ''inventive" component in classroom instruction. The 
30 items (see Appendix B) appear to describe quite appropriately 
the display function (dimensions a, b, d and f) and the control 
function (dimensions b, c, d, e and f) of instruction. The content 
validity of the instrument is thus tenable. The construct validity 
is guaranteed by the successful application in Naciuk's (1968) 
studies in evaluating the potential of a "method in-service 
education program" for effecting change in the teaching methods of 


7 teachers of Mathematics 20. 


Reliability 


Twelve classroom observations were obtained for each method, 
6 on the Development phase and 6 on the Discussion phase of 
instruction. For each observation, the teacher's behavior was rated 
on all the 30 items. The sum total of the 5 items under a dimension 
constituted the rating on that dimension. Six ratings were thus 
obtained for each observation (visit). Since we have argued earlier 
that reliability is fundamentally a question of consistency of a 
measuring instrument, it follows that the rating scale is reliable 
if it rated the teacher's classroom behavior consistently on the 6 
dimensions of each of the 24 observations. Technically, we could 
regard each observation as a subject tested and the 6 ratings as 
the subject's scores on 6 items of the test -- the Rating Scale. 
Hence the Cronbach Coefficient Alpha (o&) of the rating scale is a 


good index of the required reliability. 
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Since four different comparisons were performed on teacher's 


behavior in the two instructional methods, 4 separate reliability 
coefficients were computed. Table 6.13 indicates the Alpha 
reliabilities for these four cases. For comparisons between the 
respective instructional phases of the IM and TM, and between the 


two phases of the IM, reliabilities are respectively .89, .92, and 


-93 -- all of which are more than adequate for our purposes (Seibel, 


1968: 272). The reliability of .67 for the comparison between the 
two phases of the TM, though it did not meet Seibel's criterion of 


"in the 70's", was sufficiently close for our purposes. 


TABLE 6.13 


ALPHA RELIABILITIES FOR THE OBSERVER 
RATING SCALE OF TEACHER BEHAVIOR 
(No. of Items = 6) 


COMPARISON ALPHA 
IM vs. TM : Development of Concepts . 89 
IM vs. TM : Discussion of Exercises SOL 
Development vs. Discussion : IM : 393 
. Ee ee EE ae es ee ene oe ae a ee 
Development vs. Discussion : TM ew) 


I aa 


SUMMARY 


Three creative tests were specially constructed for the 


present study (CGl, CMG and CG2), and new scoring procedures were 


developed to assess students’ creative performance on these tests in 


terms of fluency, diversity and rarity. In order to achieve 
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objectivity and accuracy in our assessment, a method of establishing 
a set of significant Diversity Categories for each creative problem 
was postulated and applied to all the 6 creative items. The 
relevant content validity and construct validity of these three 
tests were found to be quite tenable, and their reliabilities high 
enough for the purposes of our study. 

A traditional transfer test (TAR) was also developed to 
assess Sranenrct ability to apply learned concepts and skills in 
geometric transformation to conventional area-finding problem- 
situations. Two other traditional tests, SEC and TMG were selected. 
The validity and reliability of TAR, SEC and TMG were well- 
established. With regard to the other three traditional measures 
(GR7, A5T and MAR) obtained from students' records, there was 
satisfactory indication that these are valid scores reflecting 
students' mathematical achievement prior to the treatments. 

Finally, the validity and reliability of the Observer Rating 
Scale of Teacher Behavior appear to be satisfactory for the 


objectives of the present investigation. 
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CHAPTER VII 


ANALYSIS OF RESULTS 
INTRODUCTION 


The present study employed multiple measures to assess the 
effectiveness of the Inventive Method of instruction in junior high 
motion geometry. The data obtained provide the scientific basis for 
answering our three fundamental questions: (1) Did the teacher implement 
the two treatments (IM and TM) according to the experimental design? 
(2) Did students of the two groups differ initially in terms of factors 
relevant to the study? (3) Did these two groups perform differently as 
a result of the different treatment effects? 

These questions were analysed in terms of derived hypotheses 
through appropriate statistical techniques. In our study, an intact 
class was randomly assigned to the treatment. Strictly speaking then it 
was the group (class) and not the student which was the "experimental 
unit''. Hence, the group mean rather than an individual student score 
constituted the basic datum of our experiment (Airasian, 1974:181-182). 
On the other hand, statistical analyses in this study were performed 
using the number of students to determine the number of degrees of 
freedom available in the data. This resulted in less conservative 
critical values for hypotheses testing. Since ours is the first attempt 
to operationalize Boychuk's theoretical model, a more liberal criterion 


is preferable so as to encourage further exploration along the same 


line of research. 
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TEACHER'S CLASSROOM BEHAVIOR 


In order to monitor the implementation of the two 
instructional methods, the investigator undertook 24 regular 
classroom observations to gather both qualitative and quantitative 
information about the teaching and learning activities in both groups. 
Qualitative information enabled the investigator to rectify any 
deviation from the designed procedures if necessary. Quantitative 
data collected through the Observer Rating Scale of Teacher Behavior 
(Naciuk, 1968) provided an answer to the research questions pertinent 
to the actual implementation of the various phases of the 


instructional methods. 


Qualitative Analysis 


It was observed that students of both groups seemed to 
ignore the presence of the investigator at the back cormer of the 
room after the first two visits. The teacher's observations confirm 
that students' behavior was not affected by the investigator's 
presence. Both treatment groups were informed of the main purposes 
of this experimental study, and questions invited from the students. 
The only query raised was the relevance of the learning materials to 
normal schoolwork. In this regard, the students were assured 
emphatically by the participating teacher that everything learned 
and all exercises assigned in the classroom were taken from the 
Program designed by the school board, and thus their final 


evaluations would be based on these same learning materials. 
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This remark appeared to satisfy all the students of the two groups. 

They were also told at the beginning of the treatments that 
the two different sets of exercises, IE and TE contained essentially 
the same mathematical content in somewhat different format. When 
they were asked at the end of the treatment period whether any of 
them had seen materials used in the other class, only one student of 
the ITM group admitted that she had glanced out of curiosity through a 
few LE's of her friend. eerie also did not seem to discuss 
mathematical exercises after class with their friends in the other 
class. These facts appear then to rule out the possibility of 
contamination effects in our study. 

The participating teacher made full use of the two booklets 
provided for the two different instructional units and methods. No 
serious deviations from the planned materials and procedures were 
observed. However, more time was spent on the Discussion phase of 
instruction than expected, taking up at least 20 minutes and 
sometimes even the whole 36 to 37 minute period. On balance 
though, roughly the same amount of time was spent on classroom 
Discussion (ID and TD). The Development (DC) phase of both the IM 
and the TM groups was about 10 to 15 minutes for each lesson. 

About 95% of the Exercises (IE and TE) were assigned to students as 
homework. All exercises assigned were discussed in the respective 
classes according to the prescribed solutions or suggested solutions. 


All students did most of the exercises assigned. 


No special discussion with the teacher was therefore needed 


to facilitate satisfactory implementation of the two instructional 


sagiorg ows odd Io samebese essai 


sade ettemisesd ont to sar eta 2 bios: ake stow 
aye ct ris % ya 7 


qiistineees bentstno> aT was ae ,asetordxs fay esee 


Pe je a pas a Ag 


nea .Iserr02 yoero Tht serdvsaoe at >a Keotsemoizam 
fo ves tedijedw bolraq smear? aia Be le odd 0 aperies : oe 


(in WO L ' Pee 


49 dmebute sao vino Cai xori20 ads ot bee eleirezen ‘P98 od 1 
\ byusg Ue 


8 dgeord Cileotsus 20 ob ‘boansis bed a, ae beds imbe aa 
“J iF; ak 


seunoetbh ot mesa son 98 oats esnabu? boats? aod 2o | 
La wie ep 


yeda0 art at ebasix? stor Aste rivity asta aselorexs Inokia 
to yiilidteeod oft avo stox on osad sAsqae asoak oa +8 


2 be aes: ee 

dite 1190 nt jonaiete noi 48 

" nn 

eteldoed ow? oy to sey EEG sbem terlosss gnisaqtottzed » a1 


of .eborsem bas etn Lanotsourient dase?) th ows off3 yo3 b: 
stow 2etubss0Tq bas ainenosea bonaci ais mort reobsneab « 
to sasdq aolesuoetd ott 0! anace naw omit sxom zevewoll 

bao astunim OS celuanal goties , ani ic ot _ ss | 

‘ goeetnd od... sunte poe olorw sift ae 


Fs 


ay 


nooxaesis m0 3 

MI odd dxod to ceadg 

i yyenoeselsogs to 

as atiebute od bankte : 
evitooqees ofa. at bal aus 

2nobiuioe basesggue. 10) n by 


methods. Three 20-minute short discussions, however were held to 
make some minor modifications to accommodate for the loss of two 
full instructional periods due to unexpected holidays. To ensure 
the completion of all 19 lessons, the last three lessons were thus 
taught in Fae pet: and more directed instruction for both groups. 
Overall observation indicated that the two methods of instruction 


were implemented according to plan. 


Quantitative Analysis 


During the 24 classroom observations, the investigator also 
rated the teacher's classroom behavior on the Observer Rating Scale 
of Teacher Behavior. Such rating was performed for all 24 
observations, 12 for each group. Within each IM or TM group, 6 
ratings were made during the Development of Concept phase of 
instruction, and 6 during the respective Discussion phase (ID or TD) 
The purpose of these ratings was to collect objective and reliable 
data for analyses. Figure 7.1 shows profiles of teacher's 
classroom 4 eee for the four phases of instruction of the two 
methods, based on data from the Observer Rating Scale. The 
profiles indicate that the teacher exhibited a higher level of 
"inventive teaching" on the first 5 dimensions of the Rating Scale 
during the Inventive Discussion phase of the IM. Similar 
"expository teaching" seemed to prevail in the Development of 
Concept phase of both IM and TM, as well as the Traditional 


Discussion phase of the TM. These conclusions were verified 
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--------- IM: Development of Concepts (DC) 
x . IM: Inventive Discussion (ID) 


T™: Development of Concepts (DC) 
TI: Traditional Discussion (TD) 


RATINGS : 
14 


LZ 


10 


0 
CATEGORIES : A B C D E F 


FIGURE 7.1 PROFILES OF TEACHER'S CLASSROOM BEHAVIOR 
BASED ON DATA FROM OBSERVER RATING SCALE 
ON 12 OBSERVATIONS ON EACH GROUP. 
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rigorously through performing appropriate Hotelling's 1 Tests on 


the following null hypothesis. 


Null Hypothesis 1: 

There is no significant difference : (a) between the two 
instructional methods with respect to the Development of Concepts 
and the Discussion phases of instruction, and (b) between these two 
phases within each method, measured in terms of scores on the 
Rating Scale. 


This hypothesis was further analysed in terms of four sub- 
hypotheses, which test the equality of population centroids which 
are vectors of ratings on the six dimensions of the Scale. These 


sub-hypotheses and the related significance tests are given below. 


(a) Null Hypothesis la: With respect to the ratings of 
teacher's behavior during the Development of Concept phase of 
instruction, there is no significant difference between the centroids 
of the two populations from which the two groups (IM and TM) were 


drawn. 

Table 7.1 shows that the computed Hotelling's 1 - statistic 
is 9.05. The corresponding F-statistic of .75 is not significant 
at the .05 level. The Null Hypothesis la hence cannot be rejected. 
The centroids of the two populations from which our two groups were 
drawn are therefore equal, and we can conclude that both IM and T™ 


groups were in fact exposed to quite similar content instruction 


in motion geometry. 
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(b) Null Hypothesis 1b: With respect to the ratings of 
teacher's behavior during the Discussion phase (ID or TD) of 
instruction, there is no significant difference between the centroids 
of the two populations from which the two groups were drawn. 


Table 7.2 shows that the corresponding F-statistic of 15.22 
for the computed T of 182.65 far exceeds the meek centile of the 
F-distribution with 6 and 5 d.f.'s. The Null Hypothesis lb is hence 
rejected at the .05 level. The two group centroids are therefore 
significantly different -- a conclusion that indicates that 
different classroom discussions were conducted in the two groups. 
The higher ratings for the ID phase of instruction on the six 
dimensions further indicates that a more inventive approach was in 
fact adopted during the ID in comparison with that implemented in 


the TD. 


(c) Null Hypothesis 1c: With respect to the ratings of 
teacher's behavior within the two phases (DC and ID) of the IM, 
there is no significant difference between the centroids of the two 


populations from which these two samples were drawn. 
The computed 7 of 184.27 with the corresponding F- 


statistic of 15.36 presented in Table 7.3 is highly significant 

at the .05 level. The Null Hypothesis 1c is therefore rejected, 
i.e. the two population centroids are significantly different at 
the 5% level. Coupled with the higher ratings for the ID phase, 
we thus conclude that an inventive approach was implemented in the 


ID phase of the IM, when compared with that of the DC phase 


within the IM group. 
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(d) Null Hypothesis ld: With respect to the ratings of 
teacher's behavior within the two phases (DC and TD) of the TM, 
there is no significant difference between the centroids of the 
two populations from which these two samples were drawn. 


The results presented in Table 7.4 show that the Tr of 
3.61 with the corresponding F-statistic of .30 falls far short of 
the 95th centile of the F-distribution with 6 and 5 d.f.'s. Thus 
the Null Hypothesis ld cannot be rejected at the .05 level. The 
teacher's behavior therefore did not differ significantly during 
the two phases, DC and TD of the TM instruction. The low ratings 
for both DC and TD of the TM indicate that a traditional expository 
: approach of teaching was adopted throughout the T instruction. 

In short, Hotelling's 1 tests clearly demonstrate the 
accurate implementation of the two instructional methods as 
prescribed. Similar Development of Concepts (DC) phases were 
employed in both IM and TM groups. An inventive approach was 
exhibited in the Inventive Discussion (ID) phase of the IM group, 
either in comparison with the DC phase of the IM, or the Traditional 
Discussion (TD) of the TM group. However, the DC and TD phases of 
the TM group exhibited similar traditional types of expository 
instruction. Therefore, the two groups of students were actually 
exposed to the kind of learning experience designed for the 
respective groups -- a conclusion which justifies the following 
analyses of the entrance and terminal behavior of these students 
to assess the effectiveness of the constructed inventive method of 


teaching grade eight motion geometry. 
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STUDENTS' ENTRANCE BEHAVIOR 


Due to the inflexibility of the school schedule, random 
assignment of individual students to treatments was not feasible. 
Intact classes, however, were assigned to the two instructional 
methods randomly. There were 30 students in the experimental group 
and 28 students in the control group. After eliminating students 
who were absent from one or more of the 9 tests (5 pretests and 
4 posttests), complete data were found to be obtained for 41 students, 
20 for the experimental group (IM group), and 21 for the control 
group (T™™ eeoupy Table 7.5 summarizes the number of girls and 
boys involved in the final sample. The ages of the IM group ranged 
from 13.1 years to 13.8 years with a mean of 13.4 years; while that 
of the TM group ranged from 12.2 years to 14 years, with a mean of 


13.5 years. 


TABLE 7.5 


NUMBER OF STUDENTS IN THE 
INVENTIVE AND TRADITIONAL GROUPS 


ee a a A A ES A 
ee LL LL LL 


EXPERIMENTAL CONTROL 
(Inventive Method) (Traditional Method) 
Me Bieta PP fis aS in ERIS Gs ig Oe ee ek aoe oe 
Girls 12 10 
Boys 8 at 


TOTAL 20 21 


TGtatistical analyses testing the differences between the 
two groups including students without complete data are given in 
Appendix I. 
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According to the school principal, students of the school 
are distributed across classes at grade seven in a more or less 
random manner, without special groupings procedure. Information on 
parental occupations furthermore, indicate a fairly homogeneous 
working-class background. It therefore seems hone Gee to assume 
that the two groups are more or less equivalent with respect to 
socio-economic background, as well as intellectual ability and 
academic achievement. Nevertheless, we took the additional 
precaution of statistically assessing the differences between the 
two groups on three measures of mathematical background (GR7, AST 
and MAR), and two measures of mental capacity (SEC and CGl). 

Table 7.6 shows the means and standard deviations of the two groups 

on these five measures (pretests). Figure 7.2 shows the corresponding 
profiles of the two groups based on these pretest means. The 
Inventive group (IM) appeared to score slightly better on GR7, AST, 
MAR and SEC, while the Traditional group (TM) seemed to perform 
better on the CGl. The significance of the differences on all the 
pretest means considered simultaneously was tested by computing the 
Hotelling's 7 Sarapis ee: The corresponding null hypothesis tested 


was: 


Null Hypothesis 2: 

With respect to the students' scores on the 5 pretests 
(GR7, A5T, MAR, SEC and CG1), there is no significant difference 
between the centroids of the two populations from which the 
two groups (IM and T) were drawn. 
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---------- Inventive Group (Experimental) 


Traditional Group (Control) 
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FIGURE 7.2 PROFILES OF PRETEST MEANS FOR THE INVENTIVE (IM) 
AND TRADITIONAL (TM) GROUPS 
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The results presented in Table 7.7 show that the assumption of 
homoscedasticity was tenable, while the computed Peeeraniecte of 4.64 
with the corresponding F-statistic of .56, is not significant at the 
-05 level. The Null Hypothesis 2 hence cannot be rejected. We conclude 
that the centroids of the two populations from which the IM and TM 
groups were drawn are equal; i.e. the two groups were equivalent with 
respect to the 5 pretest measures. Specifically, students of the two 
groups did not differ significantly in terms of their mathematical 
background, their Euclidean level of geometric maturity and their level 
of mathematical creativity. We can therefore proceed to analyse the 
outcomes of the two instructional methods in terms of students! 


terminal performance measured by the four posttests. 


STUDENTS! TERMINAL BEHAVIOR 


Table 7.8 summarizes the means and standard deviations of the 
two groups on the 4 posttests: TMG,TAR,CMG and CG2. The corresponding 
profiles indicated in Figure 7.3 show that the IM group scored higher 
on all the posttests. To compare the overall performance of the two 


groups, a one-way MANOVA was performed to test the Null Hypothesis 3: 


Null Hypothesis 3: 

With respect to students' scores on the 4 posttests CIMG, TAR, 
CMG and CG2), there is no significant difference between the centroids 
of the two populations from which the two groups (IM and TM) were drawn. 


The results of the MANOVA given below show that the assumption 
of homoscedasticity was tenable, while the F-statistic of 8.06 is 


significant at the .05 level. Hence Null Hypothesis 3 is rejected, i.e. 
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the IM treatment resulted in better performance. These results 
justified further analyses to answer the specific research questions 


postulated for the present study. 


VARIABLES DF F P WILK'S XA 
TMG, TAR 
ara atcns 8, 32 8.06 .00001 3332 


Bartlett-Box Homogeneity of Variance-Covariance Test: 


F(36,/5090.6) = 1.42, Pi 205 


Traditional Achievement 


Null Hypothesis 3a was postulated to assess the difference 
between the performance of the two groups of students in solving 


traditional convergent type of motion geometry problems. 


Null Hypothesis 3a: With respect to students' scores on 
the Traditional Motion Geometry Test (IMG), the means of the two 
populations from which the two groups (IM and TM) were drawn, are 


equal. 


A simple one-way ANOVA was performed. The results presented 
in Table 7.9 show that the F ratio of .22 is not significant at the 
-05 level. Hence, Null Hypothesis 3a cannot be rejected. We therefore 
conclude that the Inventive group (IM) and the Traditional group (TM) 


attained the same level of achievement on the Traditional Motion 


Geometry Test (TMG). 
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Though our analysis of the students' entrance behavior of the 
two groups did not detect any significant differences between the 
two groups with respect to students’ performance on the five pre- 
tests, we argued for the need to partial out that portion of the 
treatment effects attributable to students’ initial level of 
mathematical knowledge and mental capacity (supra: 131). Students' 
scores on the criterion variable (TMG) were therefore further 
analysed using one-way ANCOVA with the 5 pretests as covariates. 
Table 7.10 summarizes the results of the analysis on the "adjusted" 
mean scores on TMG. While the assumptions of homoscedasticity and 
parallelism were tenable, it was found that the two groups did not 


differ significantly at the .05 level. 


Creative Achievement 


Null Hypothesis 3b was postulated to assess the difference 
between the performance of the two groups of students in solving 
inventive divergent types of motion geometry problems. 

Null Hypothesis 3b: With respect to students’ scores on 
the Creative Motion Geometry Test (CMG), the centroids of the two 


populations from which the two groups (IM and T) were drawn, 
are equal. 


Since the centroids of the groups are defined in terms of 
three variables (fluency, diversity and rarity scores), one-way 
MANOVA was performed to detect the significance of treatment 
effects. Inspection of Table 7.11 shows that the assumption of 


homoscedasticity was not tenable at the 5% level. Thus, the 
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multivariate test, though it appears highly significant, may not be 
valid. However, when a MANCOVA was carried out, to partial out 
the possible effects of the factors measured by the 5 pretests, the 
significant treatment effects presented in Table 7.12 are supported 
by the validity of the two basic assumptions of homoscedasticity 
(P> .05) and parallelism (p> .05). We therefore conclude that the 


Inventive group performed significantly better than the Traditional 


group on the Creative Motion Geometry Test (CMG). 


Transfer of Learning 


The question of transferability was examined from two 
aspects: (1) transfer to inventive-divergent geometrical problenm- 
situations, and (2) transfer to traditional-convergent geometrical 
problem-situations. For these purposes, two tests were constructed: 
(1) Creative Geometry Test II (CG2), and (2) Transfer Area Test 
(TAR). Two tee Me hcdaing null hypotheses were therefore formulated 
to eat the treatment effects on students’ performance on these 


two tests. 


(1) Creative Geometry Test II (CG2) 

Null Hypothesis 3c: With respect to students' scores on 
CG2, the centroids of the two populations from which the two groups 
(IM_ and TM) were drawn, are equal. 

The MANOVA results presented in Table 7.13 show that the 
F-statistic of 7.05 is significant at the .05 level. Since the 
basic assumption of homosedasticity was tenable, the null hypothesis 


is rejected. The conclusion that the Inventive group performed 
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better on CG2 than the Traditional group is thus warranted. 

Similarly, the results of Table 7.14 indicate the significance of 

the MANCOVA test at the .05 level, and that the two basic 

assumptions were tenable. The superior performance of the Inventive 
group on the Creative Geometry Test (CG2) over that of the Traditional 
group can thus be confirmed with confidence. 


(2) Transfer Area Test (TAR) 


Null Hypothesis oa: With respect to students" scores on 
TAR, the means of the two populations from which the two groups 


(IM and TM) were drawn, are equal. 


Table 7.15 presents the results of the one-way ANOVA 
test. The difference between the two means was highly significant 
at the 05 level. A similar result was obtained through the one-way 
ANCOVA test (Table 7.16) to account for the possible effects of the 
5 pretest measures. The two basic statistical assumptions of 
homoscedasticity and parallelism were again tenable. We can therefore 
conclude confidently that the Inventive group scored better than the 


Traditional group on the Transfer Area Test (TAR). 
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SUMMARY 


The evaluation phase of the present study proceeded along 
three dimensions, 

First, the investigator undertook 24 classroom observations 
to monitor the implementation of the two instructional methods and 
obtain information on the participating teacher's classroom 
behavior. The analysis of the qualitative information indicated 
quite accurate implementation of the prescribed instructional 
procedures and materials. This conclusion was further confirmed 
by the statistical analyses of the quantitative data collected 
through the Observer Rating Scale. 

Secondly, to confirm that the two groups of students 
(experimental n=20, control n=21) actually come from equivalent 
populations, empirical data were obtained on 5 measures (GR7, 

AST, MAR, SEC and CGl), which were considered to be adequate 
indicators of the relevant background of these 41 students. The 
multivariate tests on these 5 pretest scores detected no 
significant difference between the two groups with respect to the 
students' mathematical background, their level of geometric 
maturity, and level of mathematical creativity. 

Finally, the effects of the two instructional methods were 
evaluated on the basis of students' performance on the 4 posttests: 
TMG, CMG, CG2 and TAR. The results of significance tests are 


summarized as follows: 


(1) The Inventive (IM) group and the Traditional group 
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(TM) performed at the same level of achievement on the Traditional 


Motion Geometry Test (TMG). 

(2) The Inventive group scored significantly higher than 
the Traditional group on the Creative Motion Geometry Test (CMG) , 
Creative Geometry Test II (CG2), and Transfer Area Test (TAR). 


Students’ initial mathematical competency and mental 
ability did not seem to affect the direction of the above results. 
These results hold true even when the group means (centroids) were 
adjusted to account for the possible effects of students' initial 
level of achievement and ability. In effect, the Peace show that 
the constructed Inventive Method (IM) of instruction in grade eight 
motion geometry can maintain the students' competency in the content 
matter, and at the same time enhance their mathematical creativity. 
Moreover, IM enables them to transfer creative learning experience 
and learned knowledge to related geometrical problem-situations 


better than their counterparts taught under the TM of instruction. 
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CHAPTER VIII 
SUMMARY AND CONCLUSIONS 
INTRODUCTION 


Among the voluminous literature on creativity (Treffinger 
and Poggio, 1972: 253), there appears to be relatively few studies 
dealing directly with creative behavior in mathematical problem- 
situations (Kilpatrick, 1969: 166). The present study was thus 
prompted by the observation that the "creative spirit is almost 
completely ignored" in school mathematics (Ailles, Norton and 
Steel, 1973: 7), although "fostering independent and creative 
thinking" should be of prime concern in mathematics education 
(Cambridge Conference on School Mathematics, 1963: 17). 

Most studies of mathematical creativity have been 
concerned with the construction of measuring instruments to 
identify postulated creative processes or products in mathematical 
situations (Kilpatrick, 1969: 166). These studies appear to 
substantiate the belief that mathematical creativity does exist 
and is measurable in some meaningful way. Clearly, a next 
important question is how we can encourage creativity at the 
classroom level. The answer to this question involves such 
factors as "'the conditions or situations, the practices or 


experiences, the approaches and attitudes that are conducive to 
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the production of novel, appropriate, quality ideas" (Crockenberg, 
1972: 43). Our study is an exploratory attempt to furnish such an 


answer in junior high school mathematics. 


SUMMARY OF RESULTS 


The related literature on creativity reveals the pervasive- 
ness of "many difficult problems which have not been solved" 
(Treffinger and Poggio, 1972: 253). Though most of these are 
theoretical issues dealing with the definitiontent measurement of 
creativity, "the need of a firmer theoretical foundation" for 
curriculum study such as ours (Dessart and Frandsen, 1973: 1191) 
necessitated the consideration of these issues along four major 
dimensions: (1) the theoretical or conceptual description of 
creativity (Treffinger, Renzulli and Feldhusen, 1971: 105), 

(2) the operational definition and criteria of assessment 
(Treffinger, Renzulli and Feldhusen, 1971: 107; Crockenberg, 1972: 
40-43), (3) the content matter for creative thinking (Johnson and 
Kidder, 1972), and (4) the creative instruction or training 
(Torrance, 1972). These four dimensions thus constituted the 
conceptual framework of the present study. 

Four major objectives were set for the investigation: 

(1) to identify a valid psychological model of creative problem 
solving in school mathematics with appropriate adaptation to junior 
high mathematics curriculum; (2) to operationalize the adapted 


conceptual model in terms of concepts derived from related 
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instructional theory, so as to identify significant common 
parameters underlying problem-situations reflecting the creative 
processes defined by the model, and thus provide practical guidelines 
for developing instructional method and materials that would promote 
students' mathematical creativity; (3) to select, from the junior 
high mathematics curriculum, an appropriate content domain which is 
conducive to creative Patacite! and to design a creative approach 
to instruction and instructional materials; and (4) to evaluate the 
effectiveness of the instructional method and materials through an 
evaluation design with proper experimental procedures, instrumenta- 
tion and statistical analyses. 

The following sections give a brief overview of the results 


obtained with respect to these four purposes of the study. 


The Three-Process Model 


Our analysis of relevant works on creativity in general 
and mathematical creativity in particular, showed that Boychuk's 
(1974) psychological model provides a valid and meaningful 
description of students' creative behavior in mathematical 
problem-situations. The convergent process of "verification" 
was found to involve a "hypothesis-construction" aspect which 
could be adequately subsumed within the process of sensitivity, 
redefinition and conjecturing, and a "proof-construction" aspect 
which could be reasonably deemed beyond the resources of junior 


high school students. In the present study, mathematical 
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creativity was therefore defined conceptually in terms of the three 
creative problem solving processes of sensitivity, redefinition and 
conjecturing. It was argued that this Three-Process Model appears 
to be consistent with the needed "theoretical foundation" defined by 
Dessart and Frandsen (1973: 1191). Upon this foundation, 

meaningful instruction could be developed with appropriate 
instructional materials to facilitate the functioning of these 


three creative processes in mathematical problem-situations. 


Operationalization of the Model 


It has been shown that the discrepancy issue arises when a 
researcher imposes a conceptual definition of creativity on what 
was meant to be a narrow operational definition without clear 
indication of the logical connection between the two definitions. 
Obviously, this issue had to be resolved in order to translate 
our three-process model adequately into classroom instruction. 

We first established the fact that problem solving is a form of 
rule learning which can be properly described in terms of three 
parameters: domain (D), operation (0) and range (R). Creative 
mathematical problem-situations which optimally reflect the 
functioning of the three creative processes were then analysed 

in terms of these three parameters. Subsequently, three types of 
creative problem-situations were identified as prototypes of 
Mathematical situations that optimally reflect the functioning of 


the creative processes of sensitivity, redefinition and 


ens See SeR a We “ 


gatas Say XO amsed ak * na sr 


eteaqqe Lo sail 

vd bentteb “sotsabnvct peers ‘de tine Ja s 

moljebouel @hdd cogil ‘sins lidh anseaeec 6. nae 
etel2qoxage ds hw, hegekevan uterine tga 

eaeit to gainotsoma sd9 eaesbitop? 03 alataoszem L ys 

anotjeu3sie-aaldorg Laotronedsa ak fae: Ae 


a 
iy "ey ‘ 4 ; - 4 ¥ my Par were ~ 
‘= : f 
j a 


[abot ada to OLA, : 49 | vr 


ewe, 4.8 bs as at Pia 
6 nefw esetin guest eomBgems atb oft sabe. sevegralene uN 


ws Oe A mas, 
ss 


Jedw no yitvisse1> Bs okt bk eb L | 
veslo tvodiiw roby tebeel pretone bs 
-endtiinileb owt eft meswied anes Isotgéi oft to 6 
ei6iecsts o3 19bTe ‘at et dent oe 6 ON: aon 


+ftokjouziest moosgesh> ojnt VOR 2% store 
to wxo] » at goivigg waidorg ada aoa oxia,bs 

sous to wrtod ot Bedktoeeb évlenaiiedian 

awiteex) (8) soap bea a 

ofa aoeltex yihemksgo ial 
boaeydane oad er 2988920: 

to assays sou  Laepepoedye oe 349) 
Fo sagysoto1g oo ter sth omg 
1, gaknolyonn? ex. pra oot 39 


220 


conjecturing. It was further found that the functioning of any one 
of these processes tim any such situation cannot be identified 
exclusively. The common characteristics of fluency, diversity and 
rarity of ideas exhibited in the divergent productions (responses) 
to these situations, however, can be objectively assessed. For the 
purposes of the present study, mathematical creativity was therefore 
defined operationally in terms of fluency, diversity and rarity of 
ideas. In this way we established the necessary connection between 
our conceptual and operational definitions of mathematical 
creativity. These analyses further justified the use of our 
operational definition as criteria for measuring students" creative 


behavior in mathematical problem-situations. 


Inventive Method of Instruction 


Psychological theory of learning and development describes 
how students learn, under what conditions and how their mental 
abilities develop, while instructional theory prescribes how 
teaching can promote learning on the part of students and under 
what conditions (Bruner, 1971: 40). A psychological theory is 
meaningful in education only if it has practical implications for 
school learning. An instructional theory, however, can only be 
effectively implemented within the framework of a certain 
psychological theory about learning. In the present study, the 
psychological theory adopted was the creative problem solving 


model postulated by Boychuk (1974). The three creative processes 
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defined in this theoretical model were shown to describe adequately 
‘students’ creative behavior in mathematical problem-situations, 
hence providing a valid psychological framework for implementing 
creative problem solving curriculum at the classroom level. 

Secondly, we were faced with the task of developing 
instructional methods and materials which would effectively 
stimulate and promote creative thinking utilizing the three creative 
processes. A brief review of relevant literature was initially 
conducted to identify important dimensions and variables of 
instruction. Effective instructional strategies and approaches 
were formulated by focusing on the two basic functions (display and 
control) of instruction, and manipulating variables along these 
two dimensions. In our study, the "display'' dimension was kept 
constant for both the experimental and the control groups by adopting 
a direct expository approach of teaching. This formed the 
Development of Concept (DC) phase of instruction for both groups. 
The main objective of this arrangement was to ensure optimal 
mastery of identical subject content as prerequisite for solving 
both inventive divergent and traditional convergent types of 
mathematical problems. Experimental manipulation was therefore 
applied only to variables belonging to the "control" dimension. 

We were aware, of course, that environmental, attitudinal 
and other psychological factors may make a difference in students' 
creative performance. For the sake of experimental control, 


however, as well as drawing justification from studies on creative 
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instruction and training (e.g. "discovery method" and "mathematizing 


mode"), “encouraging inventive divergent thinking" and "practice in 
inventive problem-situations" were selected as the two key 


components for creative teaching. These two "creative components" 
of instruction focused on both the conceptual and operational 
definitions of mathematical creativity, since (a) the constructed 
Inventive Exercises (IE) are problem-situations which call upon 
the functioning of the creative processes of sensitivity, 
redefinition and conjecturing, and (b) the students' responses to 
these situations would exhibit the characteristics of fluency, 
diversity and rarity of ideas. Consequently, two different 
instructional methods (IM and TM) were constructed. 

Both the Inventive Method (IM) and the Traditional Method 
(T™) consisted of a sequence of instructions: Development of 
Concepts (DC), Exercises (IE or TE) and Discussion (ID or TD). 
Identical DC phases of instruction for the experimental (IM) and 
the control (TM) groups were implemented through an expository 
approach outlined in the Program (Edmonton Separate School Board, 
1975). Special sets of Inventive Exercises (IE) were constructed 
to include both the three types of inventive divergent problem- 
situations, as well as traditional convergent situations. The 


Traditional Exercises (TE) consisted of only the latter type of 


problems provided in the Program. Both IE and TE were assigned to 


students as homework, and followed up with a class discussion 


(respectively ID and TD). Since junior high motion geometry with 
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its inventive, informal and dynamic features lends itself admirably 
to creative instruction, 19 topics on motion geometry were selected 


from the Program. Nineteen sets of IE were constructed for the IM 


treatment. 


Measuring Instruments and Scoring Procedures 


To evaluate adequately the effectiveness of the constructed 
Inventive Method (IM) of instruction, several measuring instruments 
were employed to collect relevant data for analyses. Measures 
were first obtained of students' entrance behavior on 5 pretests: 
(1) Grade 7 Mathematics Achievement (GR7), (2) Grade Point Average 
of 5 Tests (A5T), (3) Metric Area Test (MAR), (4) Piagetian 
Sectioning Test (SEC), and (5) Creative Geometry Test I (CGl). 
These measurements allowed us to determine whether the experimental 
and the control groups were equivalent with respect to mathematical 
background (GR7, A5T and MAR), Euclidean level of geometric maturity 
(SEC), and mathematical creativity (CGl). The Observer Rating 
Scale of Teacher Behavior was used to collect data on the teaching- 
learning activities of the various phases of the two instructional 
methods, so as to assess the adequacy of the implementation of 
these two methods (IM and TM). Finally, measures were obtained 


of students' terminal behavior on 4 posttests: (1) Traditional 
Motion Geometry Test (TMG), (2) Creative Motion Geometry Test 


(CMG), (3) Creative Geometry Test II (CG2), and (4) Transfer Area 
Test (TAR). Scores on GR7, A5T and MAR were obtained from 
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students' school records. SEC, TMG and the Observer Rating Scale 
are instruments which have been constructed and validated by other 
researchers. CG1l, CMG, CG2 and TAR were specially designed by the 
investigator for the purposes of the present study. 

Since the main objective of the IM was to stimulate and 
promote students' mathematical creativity in solving creative 
mathematical problem-situations, adequate assessment of students' 
creative behavior was of crucial importance. This was achieved in 
the following ways. First, the structure of creative mathematical 
problem-situations which invoke the functioning of the creative 
processes of sensitivity, redefinition and conjecturing were 
described explicitly in terms of the three parameters (domain, 
operation and range). Secondly, the three major characteristics 
of inventive divergent responses produced in solving problems of 
this creative structure were shown to be fluency, diversity and 
rarity of ideas. Thirdly, each problem of the three creative tests 
(CG1, CMG and CG2) was shown to be an appropriate and relevant 
mathematical situation reflecting the functioning of the three 
creative processes. Finally, special scoring procedures were 
developed to score students' responses to these test items in a 
more objective and accurate way. 

Two new concepts were postulated to characterize the 
inventive divergent products (responses) to creative mathematical 
problem-situations defined in our study. Besides the common notion 
of fluency, which indicates the ability to produce a large quantity 


of mathematically appropriate responses, diversity and rarity were 
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defined. Diversity refers to the ability of utilizing a variety of 
relevant and significant categories which involve the use of related 
mathematical concepts or creative processes. Special procedures 
were developed to establish a set of significant "Diversity 
Categories" for each creative problem of the three creative tests, 
prior to the actual scoring of students' responses. Rarity then 
indicates the ability to employ original and infrequent diversity 
categories in response to those creative situations. These scoring 
procedures were shown to be superior to the often subjective, 
ambiguous and sample-biased types of scoring procedures employed by 
many researchers. 

All instruments used in our study were found to be valid. 
Item data on GR7, AST and MAR were not available for computation of 
reliability coefficients. On all other measures except one, 
reliabilities were high enough to establish the consistency of these 
measures. The reliability of CGl, though less satisfactory, was 


deemed adequate for the purposes of the present study. 


Evaluation of the Inventive Method 


The Nonequivalent Control Group Design was employed to 


examine the effectiveness of the Inventive Method (IM) of 
instruction in terms of students' terminal performance. The control 
group was taught by the Traditional Method (TM) of instruction. 
Analyses of students’ entrance behavior measured in terms of the 5 


pretests (GR7, AST, MAR, SEC and CG1l) indicated that the students of 
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the two groups were comparable with respect to their mathematical 
background, Euclidean level of geometric maturity and mathematical 
creativity. Information and data obtained on classroom teaching- 
learning activities indicated satisfactory implementation of the two 
instructional methods (IM and TM) as planned. These results 
provided valid grounds for further analyses of students' performance 
on our four posttests to determine the merits or demerits of the IM. 

Two types of measuring instruments were deemed important 
for assessing the outcomes of the IM: (1) inventive divergent 
and (2) traditional convergent. 

(1) Based upon Boychuk's creative problem solving model, 
the IM was designed to stimulate and enhance students' mathematical 
creativity. Two peative tests were therefore constructed to assess 
the treatment effects on students’ ability to tackle creative 
mathematical problem-situations. Since students of the IM group 
were exposed to creative experience in the area of motion geometry, 
the Creative Motion Geometry Test (CMG) was devised to measure 
students’ ability to react to the inventive divergent type of motion 
geometry problems creatively. To further determine whether the IM 
also promoted transfer of learned creative problem solving processes 
to novel geometrical situations, the Creative Geometry Test II 
(CG2) was constructed. The IM group out-performed the TM group on 
both CMG and CG2. Given the well-established validity and 
reliability of both measures, it is safe to conclude that the IM 
was effective in achieving our objectives of (a) promoting students' 


mathematical creativity in solving content-related mathematical 
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problem-situations, and (b) facilitating the utilization (transfer) 
of creative processes learned to more general mathematical situations. 
(2) Apart from these explicit objectives of fostering 
creative thinking, it was also deemed important to determine whether 
the IM treatment did affect the quality of mathematics learning 
judging by "conventional criterion", i.e. students' performance on 
traditional convergent type of mathematical problems. For this 
purpose, the Traditional Motion Geometry Test (TMG) and the Transfer 
aan Test (TAR) were employed. TMG was designed by the school 
board to assess students’ understanding and mastery of basic 
concepts of motion geometry, while TAR was specially constructed by us 
to assess students' ability to transfer learned concepts of geometric 
transformation to traditional types of geometrical problem-situations. 
The results showed that the IM group attained the same level of 
achievement on TMG as that of the TM group, but performed better than 
the TM group on TAR. Again, the well-grounded validity and 
reliability of TMG and TAR enabled us to conclude that mathematical 
knowledge of the kind deemed important by conventional criterion, 
-- i.e. mastery of prescribed content knowledge -- can be 
effectively taught through the IM. Furthermore, the IM shows itself 
capable of facilitating the utilization of mathematical concepts 


learned more effectively in novel mathematical situations. 
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DISCUSSION AND CONCLUSIONS 


It appears that the best way to insure a 
population of knowledgeable individuals is not by 
direct instruction in knowledge but by education for 
skills related to curiosity, problem-seeking and 
-solving, creative production and expression, and 
self-initiated learning (Cole, 1972: 36). 


In our opinion, these should be the objectives of 
mathematics education, since mathematical activity is essentially 
creative problem solving. The present study attempted to achieve 
some of these objectives through a curriculum implementation of 
creative problem solving in junior high school mathematics. In 
planning our study, we were confronted by the problem of lack of 
"theoretical unity" in creativity research (Treffinger, Renzulli 
and Feldhusen, 1971: 107). A first necessary step was therefore 
to justify the theoretical foundation underpinning development of 
the curriculum and instructional components. Careful analysis of 
relevant literature led us to adapt Boychuk's creative problem 
solving model to the needs of our study. This model was 
operationalized to guide subsequent development of the Inventive 
Method of instruction as well as the evaluation instruments. 

The achievement and results of the present study have, we 
feel, some significant implications for further research as well 
as school mathematics teaching. These results and their 


implications will be discussed in the following sections vis~a-vis 


e- 


six dimensions: (1) the creative problem solving model, (2) 


operationalization of theoretical model, (3) assessment of creative 
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thinking, (4) the Inventive Method of instruction, (5) effects of 


the Inventive Method, and (6) creative thinking and curriculum 
implementation. 


Creative Problem Solving Model 


We identified a four-process creative problem solving 
model, which had been validated by Boychuk (1974), as the theoretical 
foundation of our investigation. Though only the first three 
processes of sensitivity, redefinition and conjecturing were 
eventually adopted, this Three-Process Model defined, also basically 
includes the "hypothesis-construction" phase of the fourth process, 
verification. Boychuk showed that students' creative behavior in 
mathematical situations can be analysed in terms of these four 
processes, whose existence was substantiated by appropriate factor 
analytical methods. Clearly, a further step that might be taken to 
strengthen the validity of Boychuk's model is to demonstrate that 
an instructional method can be devised to influence the functioning 
of these unobservable processes. Our study was based on a three- 
process model which includes the hypothesis-construction dimension 
of the fourth process of verification, Valid measuring instruments 
were created, objective and well-grounded scoring procedures 
developed, and reliable data obtained. The results showed that 
students’ mathematical creativity defined by our three-process 
model was effectively enhanced by the specially designed Inventive 


Method of instruction. To some extent, therefore, the outcomes of 
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the present study confirmed the validity of Boychuk's creative 
problem solving model. 

Though Boychuk's model was shown to be an adequate 
theoretical framework for our study, it is acknowledged, of course, 
that creative problem solving in mathematical situations can be 
conceptualized within some other frameworks. One such conceptualiza- 
tion is Polya's notion of "heuristics". Boychuk had substantiated 
her theoretical model by reference to relevant problem solving 
processes in Polya's heuristic method, such as "guessing", 
"decomposing" and "recombining". Polya's heuristics, however, is 
Meant to be prescriptive rather than descriptive, "heuristics" being 
"the study of the ways and means of discovery and invention" 

(Polya, 1966: 128). The general heuristic problem solving procedures 
of understanding the problem, devising a plan, carrying out the 
plan and looking back are supposed to constitute an effective and 
efficient way of solving problems. According to Polya (1973), 
generalization, specialization and analogy are important mental 
operations in mathematical problem solving. Generalization is 
reasoning from a given set of objects to a larger set containing 
the given one. Specialization is reasoning from a given set of 
objects to that of a smaller set contained in the given one, while 
analogy is reasoning based on similarity between sets of objects. 
Work on computer simulation of human behavior has produced evidence 
for the validity of Polya's observations on the problem solving 


process (Kilpatrick, 1969: 163; Higgins, 1973: 179). Since the 
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processes of generalization, specialization and analogy appear to 
be helpful in generating divergent solutions to creative problem- 
situations, it may well be possible to construct a creative problem 
solving model that incorporates Boychuk's creative processes as 
well as Polya's heuristic processes. Certainly, this points to one 


interesting direction further research could take. 


Operationalization of the Theoretical Model 


Detailed logical analyses of the structure of creative 
problem-situations demonstrated that no exclusive independent 
measure can be obtained for each of the three processes from 
Sstudents' responses to any such situation. This conclusion was 
confirmed by Boychuk's (1974: 219) empirical data. Furthermore, 
fluency, diversity and rarity of ideas were shown to be three major 
indispensable characteristics of inventive divergent responses to 
any creative problem-situation reflecting the functioning of the 
creative processes of sensitivity, redefinition and conjecturing. 
For the purposes of the present study, mathematical creativity was 
therefore defined operationally in terms of fluency, diversity and 
rarity of ideas. To clarify the logical connection between the 
creative processes and the latter three characteristics, we focused 
on the structure of creative problem-situations. The functioning 
of the three creative processes can only be inferred from students' 
responses to problem-situations which provoke or necessitate the 


utilization of the processes. We therefore began by describing 
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clearly the structure of such inventive divergent types of problem- 
situations in terms of the three parameters (domain, operation and 
range) identified. The usage of this three-parameter language was 
justified by reference to literature on "rule learning". In this 
way, the responses to such problem-situations could be regarded as 
manifestations of the functioning of the three creative processes. 
For the purpose of analysis, we quantified these creative responses 
on the three dimensions of fluency, diversity and rarity. In short, 
by showing explicitly the above relations between the three creative 
processes and the three basic characteristics of creative responses, 
which also constitute the criteria of measurement, we essentially 
resolved satisfactorily the "discrepancy issue" for our study. 

A clear distinction was made between the conceptual 
definition consisting of the three creative processes of 
sensitivity, redefinition and conjecturing, and the operational 
definition stated in terms of fluency, diversity and rarity. The 
congruence between our conceptual and operational definitions of 
mathematical creativity was established via the structure of 
creative mathematical problem-situations. In contrast, many 
theorists define creativity in terms of such notions as fluency, 
flexibility, originality, transformation and elaboration, and then 
proceed to construct instruments which supposedly measure some or 
all of these "constructs" (processes or operations) directly. 
Furthermore, they seem to assume that "creativity" is not identical 


to fluency, flexibility, originality, transformation and 
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elaboration, which serve only as indices of creativity. In effect, 
they define creativity conceptually in terms of those constructs, 
and then regard these constructs as operational definition of the 


"creativity". To justify this dual usage of 


more complex notion of 
the constructs, congruence between the "broad" conceptual use of these 
notions and the "narrow" operational use of the same notions should 
be established by showing that these notions (constructs) are 
necessary and sufficient for any subject of the defined population 
to tackle adequately the creative tasks of those measuring instruments. 
Unfortunately, such attempts at justification have apparently not 
been undertaken by the theorists concerned. As Treffinger, Renzulli 
and Feldhusen (1971: 109) pointed out, creative tasks which "on the 
face" appear to be attractive measures of postulated "creativity" may 
in fact reflect quite different abilities (constructs). 

By analysing the structure of creative problem-situations, 
we resolved this "discrepancy" between conceptual and operational 
definitions of creativity, and also avoided some of the difficulties 
encountered by Boychuk (1974: 219) in constructing creative 
problems. The present study showed fluency, diversity and rarity to 
be three necessary characteristics of divergent products (responses) 
to our inventive divergent type of mathematical problem-situations. 
No claim, however, is made that these characteristics are 
sufficient to enable us to equate sensitivity, redefinition and 
conjecturing with fluency, diversity and rarity. In other words, 


creative problem solving in mathematical situations reflecting the 
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functioning of the three creative processes may well exhibit other 
characteristics besides fluency, diversity and rarity. Some 
plausible characteristics, such as complexity, condensation and 
elaboration, appear promising from our observation of students’ 
responses in the present study, as well as results of other studies. 

Within the framework of our scoring procedures, "diversity of 
ideas" indicates the ability to utilize many distinct "diversity 
categories". No distinction, however, was made to discriminate 
between, say a student who employs 10 such categories to produce 10 
different responses, from the student who employs the same 10 
categories to produce a single response. In fact, the former would 
be regarded as more creative than the latter due to higher fluency 
scores. We would, however, then be penalizing the latter student 
sid appears to be extremely creative, since high ingenuity is 
certainly required to put 10 diverse categories together to create 
a coherent and complicated solution. In the present study, there 
were a few such students who did not produce many of those 
mathematically appropriate but obvious solutions, but whose small 
number of solutions were of a rather complicated nature. Boychuk 
(1974: 135) also notices this characteristic of "complexity" 


manifested in her sample of students. 


Condensation was first suggested by Jackson and Messick 
(1965) to indicate the degree to which a creative response manifests 
a unified and coherent relationship between simplicity and 
complexity. Since the notion of "complexity" seems to imply 


"condensation", can we then subsume condensation under complexity? 
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Is it feasible and promising to define these two notions in some way 
so as to make a logical distinction between the two? These ail 
seem to be meaningful questions to pursue in further research. 
eee is one of Guilford's mental operations, 
indicating the ability to state many details related to the creative 
response. Again, is "elaboration" part of "complexity"? Can we 
Piecincidab Velaberation'’ from "complexity" and "condensation"? In 
our opinion, all these questions should be discussed on the basis 
of the structure of creative problem-situations. It is probably 
too ambitious to attempt to incorporate all these characteristics of 
fluency, diversity, rarity, complexity, condensation and elaboration 
and others into one type of problem structure. On the other hand, 
investigation of a few types of problem structures, which optimally 
reflect the functioning of the three creative processes, but result 
in various types of creative responses (products) that optimally 
manifest different sets of these characteristics, would seem more 


likely to yield promising results. 


Assessment of Creative Thinking 


One of the important tasks of the present study was to 
evaluate the effectiveness of the Inventive Method (IM) of 
instruction developed from Boychuk's theoretical model. The 
treatment effects of the IM on students’ ability in solving creative 
mathematical problem-situations were therefore our primary concern. 


Students' behavior in such creative problem-situations was measured 
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in terms of the responses (solutions) they generated in solving 

these problems. In order to argue that students’ divergent responses 
to the creative problems of the three constructed creative tests 
(CG1, CMG and CG2) were manifestations of the functioning of the 
creative processes of sensitivity, redefinition and conjecturing, we 
ehewed that all of these problemswere valid creative situations 
necessarily invoking the use of these creative processes. The 
employment of the criteria of fluency, diversity and rarity to score 
students’ creative responses were justified by demonstrating the 
logical relation between the creative processes and these criteria 
which also podaeiciced the operational definition of creativity for 
our study. Special scoring procedures were further developed to 
obtain objective, accurate and reliable measures according to our 
three-fold criteria. In this way, we managed to provide a reasonable 
response to the common criticism of creativity research that the 
"link" between performance on creative tests and the multiplicity 

of ways in which creative processes function is dubious (Entwistle 
and Nisbet, 1972: 168). An adequate foundation was also laid for 
drawing valid conclusions from students' terminal performance on 

our creative tests. 

The special scoring procedures, which required the 
establishment of a set of significant diversity categories for each 
creative problem prior to the scoring of students’ responses, turned 
out to be extremely useful for assessing creative thinking. In view 


of the complexity and subjectivity of scoring divergent responses to 
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"open-ended" creative problem-situations, such procedures of setting 
up scoring criteria independent of the responses will, we argued, 
yield more objective and accurate measures of diversity (flexibility) 
and rarity (originality) of ideas which are necessary characteristics 
of creative thinking. The process of identifying these diversity 
categories was essentially a content-analysis of each creative 
problem-situation within the conceptual framework of the present 
study. As a certain degree of subjective judgement was involved, 

the sets of diversity categories cannot be treated as final absolute 
categories and are certainly open to discussion. To facilitate 

such discussion, as well as for the following reasons, documentation 
was provided outlining the basis for the final establishment of 

all the six sets of diversity categories together with the actual 
sets employed for scoring. First, this will set the ground for 
further discussion vis-a-vis the validity and adequacy of our 
scoring procedures as well as the results obtained in the present 
study. Secondly, our documentation will also facilitate the 
effective use of our Besos ae instruments for measurement of 
mathematical creativity. Thirdly, this will permit further 
replication of our study to validate the results we obtained. 

It must be noted, however, that these sets of diversity 
categories established are not meant to be final for the creative 
problems employed. This qualification stems from the fact that it 
is still relevant to ask whether these sets of categories 
developed remain invariant over larger and many samples of students? 


Specifically, we wonder whether for each of our problems, such a 
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set of categories can be standardized as a "norm" for a specific 
problem. Of the six creative problems constructed, only the first 
problem of CG2 was used in both pilot and main studies. In this 
case, the diversity categories developed for the pilot study were 
adopted in their entirety without modification for the final 
experiment. This provides a small and exploratory piece of evidence 
for affirmative answers to the foregoing questions. Clearly, large- 
scale studies can and should be eeeaneeea to establish standardized 
"diversity categories" for each of our creative problems. At the 
same time, of course, similar norms for the rarity score could also 
be established. 

These suggestions for further research are consistent with 
the basic assumption of most of the research studies that attempt to 
measure creative thinking, namely, that creativity, like any other 
human mental ability, is normally distributed in the population. 

If further studies converge to some "norm" for each creative 
problem, it would not only substantiate our assumption, but also 


facilitate communication of research findings. 


Inventive Method of Instruction 


It appears that a creative teaching strategy can be 
developed along two different dimensions. First, following Polya's 
heuristics for problem solving in general, one can operationalize 
the three creative processes by identifying certain "creative 


heuristics" for solving creative mathematical problems. We had 
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attempted, in our pilot study, to discuss a typical process-type 

of creative problem-situation with students so that experience 

and ability could be developed to enable them to transfer the 

learned "creative heuristics" to related novel situations. The 
effects of such types of instruction were not observed. Though 
during classroom discussion, students were prompted to solve problems 
by utilizing some of the creative processes, the functioning of 

these processes in a given situation seemed to have certain "problem- 
specific" features. In short, solving problems using "creative 


heuristics" 


failed to promote creative problem solving ability. It 
is rather interesting to observe that a recent study by Post and 
Brennan (1976: 64) suggests that the experience of tenth-grade 
students in solving geometrical problems using parts of Polya's 
heuristic processes is "not effective in promoting increased 
problem-solving ability." Nevertheless, in our opinion, it still 
seems worthwhile to attempt to formalize "creative heuristics" 

that would enable students to respond effectively to creative 
mathematical problem-situations. 

The other alternative is to expose students to creative 
mathematical situations that provoke the functioning of the three 
creative processes, but emphasize the divergent production of 
ideas to these situations. We have logically argued that, (a) 
mathematically appropriate solutions to these situations implied to 
some degree the utilization of these creative processes, 


(b) encouraging divergent production of solutions would be likely 
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to facilitate the functioning of these processes, and (c) the 
resultant creative responses could be conveniently measured on 
the three characteristics of fluency, diversity and rarity. This 
approach was shown to be promising by the results of our pilot 
study. The focus of our Inventive Method (IM) of instruction 
therefore was to "encourage inventive divergent production." 
Certain features of the IM, which underpin our views on what 
constitutes effective instruction for promoting mathematical 
creativity in school learning, should now be discussed. 

First, the "display function" of the IM obviously appeared 
at first sight to contradict the objective of creative teaching, 
since a highly structured and directed Development of Concepts (DC) 
phase was adopted to display the content of motion geometry to 
ensure adequate mastery of subject matter. This particular tactic 
is justified, however, by reference to instructional research and 
the results of some creativity studies in school mathematics 
(e.g. "discovery method" and "mathematizing mode"), all of which 
affirm the necessity of prerequisite knowledge for both inventive 
divergent and traditional convergent thinking. In our opinion, 
meaningful mathematical learning is contingent upon the 
accessibility of relevant mathematical content knowledge and 
mathematical nEdeesees (skills). Since the present study is the 
first attempt to implement Boychuk's theoretical model at the 
classroom level, this "content" dimension was kept constant for 
both the experimental and the control groups, for the purpose of 


effective experimental control, as well as the apparent 
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effectiveness and efficiency of expository method in imparting 
content knowledge to students. 

Secondly, the IM appeared to be highly structured. Both the 
IM and the TM followed the same sequence: (a) development of 
concepts (DC) through direct expository method, (b) assignment of a 
set of exercises (IE or TE) as homework, and (c) class discussion of 
previously assigned exercises, (ID or TD). The Renee ral 
formats were quite similar. The differences occurred in the content 
of the exercises and discussion. For the 19 sets of IE, 60% were 
of the divergent type of problem-situation which encourage students 
to search for a variety of appropriate solutions to a given 
situation. Since these problems were structured to stimulate the 
functioning of the three creative processes, solving these IE's 
provoked the utilization of these processes. The fact that all 
the students of the IM group attempted most of the IE further 
indicated that students of the IM group were engaged in creative 
problem solving activities. With respect to the discussion phase of 
the two instructional methods, the Observer Rating Scale confirmed 
that the teacher tended to be more flexible and exhibited a more 
"inventive approach" during the ID phase of instruction (IM), in 
comparison with the TD phase of the TM. Furthermore, classroom 
observations undertaken by the investigator indicated that the 
teacher did follow the prescribed procedures in implementing the 
two instructional east Most of the suggested solutions of the 


IE were discussed along the lines of the implied creative processes. 
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In short, the IE and ID ensured that inventive divergent thinking 
utilizing the three creative processes were encouraged and rewarded. 

Thirdly, there was built-in reinforcement that provided the 
needed environmental and motivational components of effective 
learning. Besides engaging students in inventive divergent thinking 
through the IE and the ID, the IM also took into account some 
variables of the "affective domain". The sequential structure of 
the DC, IE and ID phases of instruction, with emphasis on inventive 
divergent production, helped to establish in students' minds the 
expectation that divergent production was required and would be 
esis in problem-situations that asked for a multitude of 
solutions. The IM also fostered a more flexible and open attitude 
towards creative problem-situations. 

Finally, the IM focused on the teacher's role of displaying 
the content to be learned, and of controlling the learning activities 
of the students. We did not take into account the students' role 
in the teaching-learning process. Furthermore, we only monitored 
the teacher's action during the classroom observation. However, this 
was not to belittle students' contributions towards effective 
learning. It was simply deemed appropriate, at this stage of 
research based on Boychuk's model, to facilitate better experimental 
control by concentrating on the "teacher component" of instruction. 
It also appeared to us that students' effects on the quality of 
instruction, with respect to the "inventiveness" of teaching, was 


indirectly reflected on the Observer Rating Scale, which mainly 


quantified the interaction between the teacher and students. The 
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investigator noticed, however, some aspects of students' classroom 
behavior which might have significant implications for further 
research. 

During the first two discussions (ID) of the assigned sets 
of IE, most students of the IM group appeared quite reluctant to 
suggest alternative solutions to a problem where a correct solution 
was found. A few students seemed rather impatient and one of them 
even asked, "isn't one answer good enough?'"’ The teacher had to 
emphasize the requirement of the problem several times to overcome 
this sort of "mental inertia" and to stimulate the production of 
divergent solutions. After the first week, however, many students 
reacted quite spontaneously to the teacher's questions, hints or 
prompting. Some interaction between students did occur, where 
students argued among themselves about the correct solutions, or 
suggested improvements and alternatives to other's solutions. But 
owing to the constraints of time, the teacher had to terminate 
many of these interesting discussions to go on to the next problem. 

When the IM group was discussing the solutions to the third 
problem of Lesson No. 8, where students were required to find the 
number of diagonals of polygons with different numbers of sides, 
from 3 to 10, one student suggested the following "way" for 
computing the number of diagonals of any n-sided polygon: 

You take the number of sides and multiply this 


number by itself. Subtract from this the number of 
sides. Then divide by 2. Take away the number of 


sides again. 


This is in fact a "verbal" version of the correct formula for an 
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n-sided polygon: 
Number of Diagonals = nxn-n 
2 
= n(n-3) 
2 ; 
Unfortunately, when the teacher tried to verify this verbal formula 
by asking the student the number of diagonals of an octagon, she 
gave the incorrect solution of 28, probably because she forgot to 
"take away the number of sides". The teacher nevertheless praised 
the student for her effort and proceeded to the next problem. 

This episode was not meant to show the effect of the 
Inventive Method of instruction. However, like the interaction 
between students mentioned above, it does raise the question of 
what role students actually play in an inventive approach of 
teaching. Is this role passive or active? Most importantly, can 
students’ reactions during the teaching-learning process and the 
effects of the IM on the quality of students' interaction be measured 
through some instrument similar to the Observer Rating Scale? 
Obviously, attempts to locate answers to these questions would 
need to incorporate the "student" component into the whole conceptual 
framework of research. 

Furthermore, mathematical creativity has been found to 
correlate significantly with intelligence (Prouse, 1965) and other 
cognitive factors, such as verbal ability (Baychuk..0975).... Lt 
seems plausible to suspect therefore that the IM might have interacted 
with students' cognitive abilities. Are students benefiting equally 


from the IM regardless of their mental abilities, or is the impact 
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differentially distributed according to different ievete of such 
abilities? We should also note that attitude towards mathematics 
has been shown to correlate significantly with mathematical 
creativity (Evans, 1964), while motivating conditions seem to 

affect creative productions (Elkind, Deblinger and Adler, 1970). 
Would such affective factors interact with the IM? These are 
clearly relevant questions to ask, as their answers will help deepen 
our understanding of the potential effects of the IM in school 
mathematics. We therefore suggest further research to explore the 
interaction effects of the IM with various relevant cognitive 


and affective factors in mathematics learning. 


Effects of the Inventive Method 


We should not be surprised to find that both IM and TM 
groups achieved the same level of performance on the Traditional 
Motion Geometry Test (IMG). A careful scrutiny of the 40 items of 
TMG (see Appendix E) shows that these are mainly "immediate 
recall” type of content items. Since the two groups were exposed 
to equivalent types of expository instruction on basic concepts 
of motion geometry during the DC phase of instruction, and the two 
groups were comparable in all relevant aspects identified for our 
study, we would expect the same level of achievement for both 
groups on TMG. 

With respect to the two creative tests (CMG and CG2), the 


Inventive group (IM) was shown to have out-performed the Traditional 
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group (TM). A special feature is evident from the profiles of the 
two groups (Figure 7.3). For both tests, the differences between 
the respective fluency and diversity scores of the two groups are 
rather narrow, while the rarity scores of the two groups differ 
remarkably. This phenomenon springs from the inherent nature of 
our scoring procedures. The fluency score indicates the number of 
distinct and appropriate responses. The production of many distinct 
responses to a creative mathematical problem-situation tends to 
utilize many different mathematical concepts or creative categories 
- deemed significant for that problem. This results in turn, in high 
diversity scores and eventually higher rarity scores. Since the 
diversity scores are the total number of distinct diversity 
categories, whereas the rarity scores are the weighted sum of the 
diversity scores, where the weights could be 0, 1, 2, 3 or 4, the 
difference between the diversity scores of the two groups is likely 
to be magnified by the weights, and consequently accounts for the 
wide difference between the rarity scores. To some extent, this 
further demonstrated the logical consistency of our scoring 
procedures. 

The superior performance of the IM group over that of the 
TM group on CMG and CG2 showed that the Inventive Method of 
instruction did enhance students' mathematical creativity. Since 
the primary purpose of CG2 was to assess students’ ability to 
transfer the creative problem solving processes learned under the 
IM to novel geometrical situations, the results verified the 


occurrence of such transfer of learning. In addition, the content- 


Bac 


dvoiiied eoonso7 tb a alveasl aaad “aD 

ate query ows sii To soTese (mam a 
+97256 equorg ows eda to sisi Mat ewes sont 
Yo otutsn iooterint saz mo7d ities’ 

26 ‘xsdeun Si 29280 tbHE | S108 ean uh recite 


eR 5 
” 


Jonttekb yoom to nots leborg sit 
63 sboe! cotisus eemeidorg: : jsiehkitathtionle 


getregsiss svttas19 30 atqeono2 sv 8 
deat ot ,avws ot estuage aBaT” + abide aedi 10%: 

Sid sont? 201008 Qaeane atmo 

Yileysvib sonbgekb 30 sadam [sjo3 oft sxe aa sir 

oH? Yo nue bosdalsw Sad sae Betose” vax wits Senso « 


oH2 .d tot .> manne eenenneatt teas 


yletit 2k aquexa ows at 20. #97099 Noteiev: = i 
ad? ted etnvorss yl smeepergos bas cs 
eka ometxs smo. GH seetgse | qikier Sed MeeNdod be 
gnssoe so 14 Yomestaton! Eaaiizot con 


Rn aj ie 


ta) 


my > iyaied |W gto yi 


ait to tad3 1sve dine ofa 20 sonamrotieq sotzoque an Sa 
bo Dorie ay Mount ot oe 
gumte «ytivisses> Upp semeod3 am ee 


ot e2ktive ‘2 clea sasenn! 03 enw $90 20 9 


ee ferent rs indie 


247 


analyses of CG2 pointed to the possible utilization of concepts of 
geometric transformation to solve the two creative problems. Given 
that the IM basically exposed students to creative problem solving 
in motion geometry and our scoring procedures did include a 
dimension to take into account the utilization of geometric 
transformations, these results also indicate positive interaction 
effects between the IM and the content of motion geometry. In 
short, the Inventive Method of instruction in school mathematics 
not only enabled students to solve mathematical problems creatively, 
Sut also promoted the creative utilization of specific mathematical 
knowledge learned in other novel mathematical situations. 

Students of the IM group also performed better than their 
counterparts in the TM group on TAR. The question of "what has been 
transfered" needs further examination. The original purpose of 
TAR was to provide problem-situations to facilitate the transfer of 
content knowledge of motion geometry to area-finding situations. 
There was, however, only one brilliant student of the TM group, 
who applied geometric transformation to TAR and thus scored the 
maximum of 40 points. In contrast, all students of the IM group 
employed geometric transformations to solve some or all the 12 
non-standard problems of TAR. We might conclude that the concepts 
of geometric transformation learned through the IM had been 
successfully transferred to solving problem-situations of TAR. 
Further examination of our 19 sets of IE revealed that it might 
well be the effects of the two particular problems of the IE. 


The last problems in the first two lessons are creative problem- 
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situations prompting students to transform one figure into another 
by performing appropriate motion of certain parts of the former 
figure. Though these two problems did not ask for areas, they did 
provide students with the important principle needed to solve the 
problems of TAR. The possible effects of these two problems were 
anticipated during the development of the 19 IE materials. They 
were not eliminated, however, because of their provision of rich 
problem-situations nicely reflecting the functioning of the three 
creative processes. Though the effects of the IM treatment 
appeared to be confounded with the possible effects of these two 
exercises, we would still suspect significant treatment effects on 
TAR on the basis of the significant treatment effects on both CMG 
and CG2. 

In summary, the Inventive Method (IM) of instruction was 
effective in enhancing students' mathematical creativity while at 
the same time enabling students to attain a level of achievement 
on basic mathematical content equivalent to that of students under 
the traditional expository method of instruction. The IM further 
enabled students to tackle novel geometrical problem-situations 
creatively, and facilitated the utilization of learned materials 
by students to other conventional types of geometrical situations. 

Finally, a short comment on the creative tests constructed 
for our investigation is probably helpful for future replication 
ef the present study. Due to time constraints, each of our 
creative tests (CGl, CMG and CG2) consists of only two problem- 


situations. Besides, asking students to respond to these 
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creative problems under strict examination arrangements inevitably 
introduced a "speed" factor into these measures. It is generally 
accepted, of course, that many creative works of science and art 

are usually not produced under strained circumstances. Further 
research along the lines of our study should therefore also increase 
the number of test items, alter the format of the problems, devise 
more natural and relaxed testing situations, or measure students’ 
creativity by grading samples of their homework. Studies aimed at 
developing better measuring instruments are valuable, since these 
instruments would enable us to assess more accurately the 


effectiveness of the Inventive Method of Instruction. 


Creative Thinking and Curriculum Implementation 


A basic motivation underlying our undertaking this piece 
of research has been that fostering creative thinking is of primary 
importance in school mathematics. Much of contemporary research in 
mathematical creativity generally focuses on the building of a 
theoretical model of creativity or the assessment of creative 
thinking. Few researchers, however, specifically explore the 
feasibility and effectiveness in applying these models to natural 
classroom settings. The present study attempted to operationalize 
one such model, and show how creative thinking can be stimulated 
and enhanced in school mathematics. The primary objective of the 
study was therefore to develop, on the basis of a valid model of 


mathematical creativity, an effective instructional method with 


relevant instructional materials. 
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The results of our endeavor showed that through appropriate 
operationalization of a well-chosen model of creative problem 
solving, a creative method of instruction could be developed and 
successfully Tapiemeneed: in a significant content area of junior 
high school mathematics curriculum, to promote creative thinking in 
mathematical problem-situations. More imponeenelyntnesidee showing 
that creative teaching does enhance creative thinking, the present 
study also demonstrated that creative instruction can accomplish 
what conventional teaching is supposed to achieve -- i.e. the 
learning of specific mathematical content by students. Indeed, 
creative teaching can better facilitate the utilization of knowledge 
learned in this specific area of mathematics to novel mathematical 
situations. 

Finally, the results of the present study showed in effect 
that if creative thinking is a desirable outcome of school 
mathematics curriculum, then this end can be attained effectively 
through classroom instruction designed in a certain way. The 
sequential approach adopted for the development of the Inventive 
Method of instruction with its various phases, thus provides a 
valid and meaningful basis for future attempts to formulate a theory 


of creative instruction. 


eS 


sisixqotegs dauotds 3an2 maseediaiire tantat 
moldosy evissess to [ébom's ~Lisw | cae 
bia! Begoleveb sd bibeD vse ei 


yolnugf YO BOIS tHS3905 jposketegee wat 
Bi gibiatds ovitsoro slemesg 02° avlookr 


gniwotle zeblesd 


ronedagqaik SoM aaebensceets 


$4¢ afd .gnbtntds ovidests Sonsiss es0b gaitosot 


fetiquosos neo coljousdent ovitssta dead beteydenomeb 
of3 


_9.t -~ aveldom 09 beedqqué ef! gakdoesa Isaotde 
‘pasbil | .cthobute ee Snteddos Pack sshadsan oitkasde 


sebsiwood to sotsesi Lise sity ‘Sapstfrss? yat3ed s25! 


tnottemediem Levon of @okismedtem Ic seme SiThosge aids ok 
Pele el 


gostis ai bewors bu ae ert ing Ja salves : 8 © 
oay i ney 


VEY RAI 
ot 


tooroe to en as ue aldntizob ‘6 ab amine av oa 
ylevitestis bonis is) od £59 


gu Dalaerin 
ei? .ysw niej19m 6 at bongtesb 


er etary 


Weary a 


avigueval od) Yo sagmqotoveb af ao: vergobe dovorgge 3 ome: 

6 esbivorq eud3 pens, avokisy. 63 est aaa to t ss 
{taady w dreluwr0} 0° Pir otw3 onset ee 

“ : \ | : 


\ 


‘hoe 4B) ° 


yo Seu ee 


ries a4 @78 
. iy 
hs wtheal’ if pu § fi we 
. cv : 
et we 
1 y? a rae 
x ays iy Sat / 7h 
5 47 . 


: 7 " A 4 7 A 
f * yy im re - cae ier Cn ae Mey ; 
. a yard are 4s fay ai ; 
i 4 ete gia Pine. Cae Prin oe 
: ‘ KS Dees role Ao 
; 
; 


halk Wa. eo a Bs bad Bekoot™ ba se we Bis i 7 q 
pecs, “onan ‘Gy aS. . badaitas 2 ee 


lat 90.5. fee 
a te Jon h fie 


rhe Pats Aes toa EF ) Ohta etc. 
3 enter Ponter for Schemam Metheegien , 
wd Bovirooneits: Edatar ton, : 


=, : (eho © and Al ue oe Choe Behoo 
Seecaen to Reality. ntariG. Oe tas 
fia: hy Education, 


Ss ; ‘ . os oe 6 1 


|. 


ate ‘e Nox ton ak i. Stee) er ‘ ss 


We 


esigning Summative Pvaluation Seattle ar the ‘Leak. hive" 
aw a Liane ed.) 0) F4) 4.1 L47-19%, | 


eared of Stdies toe Sunter. igh’ SoMmbiae Mtertas: 
petment oF: Bducar (an SL Sobaeks Pa ste 


il 


Aa . 
— if 
‘ wT 
q re 
ee « 
a 
oe i 
~~ 9 
- 
Alin 
Hi 
7 - 
~———— 
is 
7 
s 
> 
' re 
- 
Pe 
: 
A 
i en 
BS ey 


( e ‘ : +) on 
WHIANOOTISIA 


i ae 


252 


BIBLIOGRAPHY 


Adler, I. 
1968 "What Shall We Teach in High School Geometry?" 
Mathematics Teacher, 61:226-238. 


AikensIr. jobs Ré 
1973 Ability and Creativity in Mathematics. Ohio: ERIC 


Information Analysis Center for Science, Mathematics, 
and Environmental Education. 


Ai vies'.0..5.,-). Ge Norton: and G. .G. ‘Steel. 


1973 Arithmetic and Algebra in the Schools: Recommendations for 
a Return to Reality. Ontario: OntariLo-Instltute-for 


Studies in Education. 


Airasian, P. W. 
1974 "Designing Summative Evaluation Studies at the Local Level". 
In W. J. Popham (ed.) (1974): 147-199. 


Alberta, Department of Education. 


1975 Program of Studies for Junior High Schools. Alberta: 


Department of Education. 


ATA (Alberta Teachers' Association) 


1970 Active Learning in Mathematics: A Set of Resource Materials 
for Teachers. Alberta: ATA. 


Allendoerfer, C. B. 
1969 "The Dilemma in Geometry". Mathematics Teacher, 62: 165-169. 


American Psychological Association. 


1973 Standards for Educational and Psychological Tests and 


Manuals. Washington D.C.: American Psychological Association. 


Amick, D. J. and H. J. Walberg. 
1975 . introductory Multivariate Analysis. California: McCutchan. 


Anderson, Harry E. 
1966 "Regression, Discriminant Analysis, and A Standard 
Notation for Basic Statistics". In Raymond B. Cattell (ed.) 


CL966) 553-173" 


Anderson, H. H. (Ed.) 
1959 Creativity and Its Cultivation. New York: Harper. 


1965 Creativity in Childhood and Adolescence. Califormia: Science 
& Behavior Books. 


Ses 


*“extomosd Loode? dail pt. ’ t 
~  ,BES-OSSSE8 prondta 


ae : ofA0 


03 enortabasrmoos f : alLoonrs 


yo? atutivaniI of 


_bas_22esT ¢ iodoxet bie 
,nobtsioosaé lasigofosioys! anoiiem 


~ppdsacosM «sstrrettisS 


btabeos® A bow btetctndh Snontatsoakd 
(.bs) [fesse .& boonyed at “aotsekisse oteat s 


tequsH tlroY wet 


253 


Anderson, T. W. 


gS )as 


An Introduction to Multivariate Statistical Analysis. 
New York: John Wiley & Sons. 


Ausubel, D. P. 


1961 


1964 


1968 


"Learning by Discovery: Rational and Mystique". Bulletin of 


National Association of Secondary School Principals, 45: 
18-58. 


"Some Psychological and Educational Limitations of Learning 
by Discovery". Arithmetic Teacher, 11: 290-302. 


"Facilitating Meaningful Verbal Learning in the Classroom". 
Arithmetic Teacher, 15: 126-132. 


Balika, Dio. 


1974 


Bandet, 
1968 


Barron, 
1965 


Bay, F. 
1969 


"Creative Ability in Mathematics". Arithmetic Teacher, 
21:7: 633-636. 


Jig 
"Towards an Apprenticeship in Mathematics". Pedagogica 


Europaea, 4: 59-72. 


1 
"The Psychology of Creativity". In T.M. Newcomb (ed.) 
(1965): 3-134. 


Applications of Multivariate Analysis of Variance to 
Educational and Psychological Researches, Part II: 
Hypothesis Testing by MANOVA Programs. Unpublished paper, 


Division of Educational Research Services, University of 
Alberta, Edmonton. 


Begle, E. G. (Ed.) 


1970 Mathematics Education, 69th Yearbook of NSSE, Part I. 
Chicago: University of Chicago Press. 
Biggs, E. 
1973 "Investigation and Problem Solving in Mathematical 
Education". In A. G. Howson (Ed.) (1973): 213-221. 
Bishop, A. J. 
1972 "Trends in Research in Mathematical Fducation". 
Mathematics Teaching, 58: 14-17. 
Bishop, A. J. and L.. B. Levy. 
1968 "Analysis of Teaching Behaviors". Education for Teaching, 


16: 61 —Odi 


ees 


-abeylonk [sotietse 


.‘sppisey! Bre 4 & 


wategtonts% loorae 


gniimes to enotistimis Ingo snubs se fnotgoforo wet 2 
\S0E-08S 1D gerippeT obs onnt as 


“a 


* 


"mooyeast® of at ee Yearet’ fk gat 
.SE£-OS1 +2 , 


<aatines? attsmeds tia ; Meo tiemertaM me 
ee 


Botgognbed . "aol sqmmaijeM mt qtdesoey 


(ba) dmoswst M.T cP 


ot soanktsv to 
She tea 1 

.reesq baiieliduaqn 

M6 ystetovin! .esol 


sk S367. . Acer | 


{sotiametieM ab Boky, 
 ISS-EIS + CES CRP PIBS 


254 


Bober, W. C. 
LOTS © Roelof Maturity and Experience in Junior High School 
Geometry. Unpublished M.Ed. thesis, University of Alberta, 
Edmonton. 


Bock, R. Darrell. 
1966 "Contributions of Multivariate Experimental Designs to 
Educational Research". In Raymond B. Cattell (Fd.) (1966): 
820-840. 


Boe ,+b2- L. 
1966 A Study of the Ability of Secondary School Pupils to Perceive 
the Plane Sections of Selected Solid Figures. Unpublished 
Ph.D. dissertation, University of Wisconsin. 


Borgen, J. S. 


1971 The Effect of Two Modes of Instructions on Creativity, 
Dogmatism and Arithmetic Achievement in the Flementary School. 


Unpublished Ph.D. dissertation, University of North Dakota. 
Dissertation Abstracts, 31(1970-71): 6446A-6447A. 


Bourne Jr., L. E., B. R. Ekstrand and R. L. Dominowski. 
1971 The Psychology of Thinking. Englewood Cliffs, New Jersey: 


Prentice-Hall. 


Boychuk, H. K. 


1974 Creative Problem Solving in Junior High School Mathematics. Un- 


published Ph.D. dissertation, University of Alberta, Edmonton. 


Bricstin,  R- W., We J. Lonner and &..M. Thorndike. 
1973 Cross-Cultural Research Methods. Toronto: John Wiley & Sons. 


Brown; S..-'. 
1971 "Learning by Discovery in Mathematics: Rationale, 


Implementation and Misconceptions". Educational Theory, 
21 ts .ceed 32200: 


Brune, L  H. 
1961 "Geometry in the Grades". Arithmetic Teacher, 8: 210-219. 


BEUNCE,. Os. Ove 
1960 "On Learming Mathematics". Mathematics Teacher, 53: 610-619. 


1961 "The Act of Discovery". Harvard Educational Review, 
Sewe2 t= 32.5 

1963 The Process of Education. New York: Vintage Book. 

1966a Toward a Theory of Instruction. Cambridge, Mass.: Belknap 
Press. 


1966b "Some Elements of Discovery". In L. S. Shulman and E. R. 
Keislar (Eds.) (1966): 101-114. 


pas Ny ean 


Poors? Ast xotml ok somes r9qRd- brs ys 
~asvediA to yiierevtall mere 3 bd M boda. 33 


oy sngtast Iete 
-(9a0f) (,bH) [Ifs038) 


aN i Wt ee 
smb raqul pent Fo Pech bil 
f bromysi aI .“rdoussesh eae 


th it MS) 7 # " 


‘ 


avisoxsT o3 a3 eitqui J Toorise. : 
bstellduqn) eouiglt bt lod | onal? sr 
entenooelW Io (Giewoviat jeokaniec: it ieAD, 


i “a gi Kirt '¥; we 
| ert es 


X2iviis 
dogs. preinesel Ei ocit 2 
_es0um dyrovi io gr eevee ; A 
Atdda~Aadda & CEN OVAL) IE at EEE 


: ysateLl vite : 549 ¥19 ‘bee 


aa) .eolsemediaM footse ight soknw tek 
_poinomba ,sztocdiA to “Yi serovls yookaeg 


RETR gee 
ten, ate i pars Mg hal) 
_olthatodt Mf, ata a 


enoe 2 volt ardol. -ojnomet .ebodtoM io7ss 20K 


j 


,shanokis5 :aotasmsd3eM. ak’ 
wxoat? fenotissubt) 1 sino rsene saga 


s"eebsxd sd3 a 


ey dia y # 
‘@rsuoks. sB sorts neT | ; ae vel 


QL9-018 + Ee cdot eabammndait 


Pi, 4 7  eatloot egsinty, 
guidtot 7. 8a2M cab iad 


mi) ae 8.3 bos nemipri2 2 a he sear 
ane oe ha >i .AEI-£01 : 


Zoo 


Buckeye, D. R. 

1968 The Effects of a Creative Classroom Environment on the 
Creative Ability of Prospective Elementary Mathematics 
Teachers. Unpublished Ph.D. dissertation, Indiana 
University. Dissertation Abstracts, 29(1968): 1801A. 


Cambridge Conference on School Mathematics. 
1963 Goals for School Mathematics. Boston: Houghton Mifflin. 


Campbell, D. T. and D. W. Fiske. 
1959 "Convergent and Discriminant Validation by the Multitrait- 
Multimethod Matrix". Psychological Bulletin, 56: 81-105. 


Campbell, D. T. and J. C. Stanley. 


1973 Experimental and Quasi-Experimental Designs for Research. 
Chicago: Rand McNally. 


Cat tellZéR.SB.6¢bd) 


1966 Handbook of Multivariate Experimental Psychology. Chicago: 
Rand McNally. 


Clark, UaviGe 


1967 A Creative Versus a Traditional Approach to Teaching Story 
Problems. Unpublished Ph.D. dissertation, University of 


Utah. Dissertation Abstracts, 28(1968): 2929B-2930R. 


Cole, Henry P. 
1972 Process Education. Englewood Cliffs, New Jersey: 
Educational Technology. 


Conference Board of Mathematical Sciences. 


1966 The Role of Axiomatics and Problem Solving in Mathematics. 


Boston: Ginn. 


Cooley, William W. and Paul R. Lohnes. 
1971 Multivariate Data Analysis. Toronto: John Wiley & Sons. 


Cooney, T. J., E. J. Davis and K. B. Henderson. 


1975 Dynamics of Teaching Secondary School Mathematics. 


Boston: Houghton Mifflin. 


Covington, M. V. ‘ 
1968 "Promoting Creative Thinking in the Classroom’. Journal of 


Experimental Education, 37: 12):22-30. 
Covington, M. V. and R. S. Crutchfield. 


1965 "Facilitation of Creative Problem Solving". Programmed 
Instruction, 4: 4: 3-5, 10. 


aes 


sing ane bist “nol ea99a2. 5 a. a “bed Fava Ta 
ADOBE «(Bael)eS ~sesoersads wees a 


g -aottsmedial Loods 
ME LTLEM mod diguo0ol ~:codeot sot same aM Lc 


oaatt we oe bam 
~JhavatatuM ont vd cottabtiev gai bos 3 


"OL=-L£8 342 uhialinl Beatge fodacet 


-Hozpseot xo} eagtesd Lesnomiise a~teeup be 


hi ot ha a. 
S ee 
Pp uy Fe 


iognotd) .ygolodovyed fe aon t: oct 


ytowe antilossT oF siosa pay 


to viteisvind ,noltats onal 
“AOCOS-AOLCS + (BOQE)BS ,edos 


ot taamitsM ot gniviod met 


¥ 8 
ian er ae 


 ™ 


,aroe 4 yvoltW nriolb ae a AS Ign 835 


age oe al & as hig ol - oh 
por isse dy eM is Besicl! 2 gat dass, net 8. 


10 Lamiot, Naidiciass HONOdT ger 


7 hee ; a* U ! 
4 j i. pealaavs ar it? a at.” Ehro/h , 
| (Daily Cg) Wy (idl Ye 


256 


Covington, M. V., R. S. Crutchfield and L. B. Davies. 
1966 The Productive Thinking Program, Series One: General 
Problem Solving. Berkeley: Brazelton Printing Company. 


Coxeter, He SS. M. 
1967 "The Ontario K-13 Geometry Report". In NCTM (1967): 8-12. 


Coxford; -A.-Kk.—and.Z. Po Usiskin: 


1971 Geometry: A Transformation Approach. River Forest, Illinois: 


Laidlaw Bros. 


Coxford Jr., Arthtr-F. 
1973 "A Transformation Approach to Euclidean Geometry". In NCTM 
(1973): 136-200. 


Cramer, Elliot M. and R. Darrell Bock. 
1973 "Multivariate Analysis". Review of Educational Research, 
36: 5: 604-617. 


Crockenberg, S. B. 
1972 "Creativity Tests: A Boon or Boondoggle for Education". 
Review of Educational Research, 42: 1: 27-45. 


Gronbachs “Ll.' J. 
1966 "The Logic of Experiments on Discovery". In L. S. Shulman 
and E. R. Keislar (Fds.) (1966): 77-92. 


1968 "Intelligence ? Creativity ? A Parsimonious Reinterpretation 
of the Wallach-Kogan Data'’. American Educational Research 
Journal, 5: 491-512. 


1970 Essentials of Psychological Testing. New York: Harper & 
Row. 

1971 "Test Validation". In Robert L. Thorndike (Ed.) (1971): 
443-507. 


Davis, Eb. o. 
1973 “A 'Study ofthe Ability.of School Pupils=to.Perceive and 


Identify the Plane Sections of Selected Solid Figures". 
Journal for Research in Mathematics Education, 4(3): 132-140. 
JOUTN aL 1 OT eS Oe ee ee 


Davis, R. B. 
1964 Discovery in Mathematics. London: Addison-Wesley. 
1966 "Discovery in the Teaching of Mathematics". In L. S. Shulman 
and E. R. Keislar (Eds.) (1966): 114-128. 


Davis, G. A. and S. E. Houtman. 4 
1968 Thinking Creatively: A Guide to Training Imagination. 
Madison, Wisconsin: Wisconsin Research and Development 


Center for Cognitive Learning. 


eek 


tarer bean’ ‘ak ae umagor tg 
TO gntsnisd mnjiasaye tyes 
‘ oA oS + aa 

eat. e “4 | 
/9f-8 <(Xeet) MTOW of ‘edb qrt9mes | £1 1 okrs3n0 ¢ 
7 Waa a a Hvar 


ey DF oa. a , 4 € 


~ 


sptowrtil ,geatet rweviA 


= ali (obcssuctoahe ysl rs vie | 
Ti nt ."Yxiemosd as obiloud os “eseoxaaa  nodasmtotensxT A™ EN8 
y Plieseivencle  (ESeL) iis 
ea Tote Le TS areitg Ss iia : 


i008 ites a ia M 30RLES. ¢ 
eNopnegadt Lerottas suba to wekyss “ekeylenh ojatxevisiuM" “exe . 


sT1a=b08 ra ahs: 
ort oe Peas prise: 
| at) ae 


“wor san ub A 


oi ggobmoof to root AS ateeT: cS eoagirest 
3 gnottaouba Yo wav 


mewiede .2 Ji nl 


aottstexqisinteaA — AS “are 
Heazeaesh Sanoitsouba x 
ear py fe 


igohoriayet AS eeiead riage 


4 teqrsH :AroY wolt | guisest 


- : i vas ’ sient — 7 ics 7 
. nb . oa 
:(iveLr) (. b®) od tbnaodt oJ tredok Cn “nok: | is est" 
ener aAs 
| Say Le Ha) pe SNF 
| ee! Acai Bik aa 
bre svisosrsT of af ) Oo.” # aft | 


."perugtt bilo boul 
OSE-SEL 2 (€)8 ,nolasoubs 


\ 
; fai it ~vagei aes teoberod “8 9 


25:4 


Dawson, A. J. 
1969 The Implications of the Work of Popper, Polya and Lakatos 
for a Model of Mathematics Instruction. Unpublished Ph.D. 
dissertation, University of Alberta, Edmonton. 


DeCecco, J. P. 


1968 The Psychology of Learning and Instruction: Educational. 


Psychology. Englewood Cliffs, New Jersey: Prentice-Hall. 


Del Grande, John J. 
1972 Geoboards and Motion Geometry for Elementary Teachers. 


Illinois: Scott, Foresman and Company. 


Dessart, D. J. and H. Frandsen. 
1973 "Research on Teaching Secondary-School Mathematics". In 
R. M. W. Travers (Ed.) (1973): 1177-1195. 


DeVault, M. V. and T. E. Kriewall. 


1969 Perspectives in Elementary School Mathematics. Ohio: 
Charles E. Merrill Publishing Company. 

1970 "Differentiation of Mathematics Instruction". In EF. G. 
Begle (Ed.) (1970): I: 407-432. 


Dewey, J. 
1910 How We Think. Boston: Heath. 


Dienes, Z. P. 
1967 Building Up Mathematics. London: Hutchinson. 


Ditworth; Re P 
1966 "The Role of Problems in Mathematical Education". In 
Conference Board of the Mathematical Sciences (Ed.): 
(1966): 91-97. 


DONIEs, Jie te 
1975 "Tests of Creativity in Mathematics". International 
Journal of Mathematical Education in Science and 


Technology, 6: 3: 327-332. 
Dunnette, M. D., J. Campbell and K. Jaastad. 


1963 “The Effect of Group Participation on Brainstorming 
Effectiveness of Two Industrial Samples". Journal of 


Applied Psychology, 47: 30-37. 


Ebel, Ri” he ; 
1965 Measuring Educational Achievement. New Jersey: Prentice- 
Hall. 


Ebel, R.°Lie(Ed:) 
1969 Encyclopedia of Educational Research. 


New York: Macmillan. 


Vas, 


dat Befetiduqn cobs 
~noznomba .a7% 


Bs | rnoliouiss A bas 
—gotsnexd :ysers wai i 


,exadoeet vini nomads 
. ¥ SD 


al “ao ljamsijaM 


iM rerer) CbEY & al ; 
1 Ae eae Linon ia 


oO '5a a. 


) ‘9 ou” i 
.nosatdos vB smobaod 


roe 


at ."nokissvb! feahys 8B noi sit * giprtise 
ot ba) asongine2 int iaacten nol 9 ptersiote 


oni ead ae NRA 


pee re ee 


i we 
be 


lenotiasroinl 
bss sonotse | 


he tanec, ."s m0 m rtannotszet @ wer 


melee. a ea 


-patinetT <syseTol wo! 


ee ruta — sa) 
pk Lomo aM stroY wolt 
ia a we rie iy 


a 


7 an Fy oh i 


ist : vy Pit nie mae ‘i 


: : iia 7 me ’ bis ih 
AP ay eens) ee : ius me ded 


= | 


258 


Elashoff, Janet D. 
1969 "Analysis of Covariance: A Delicate Instrument". 
American Educational Research Journal, 6: 3: 383-401. 


Elkind, D., J. Deblinger and D. Adler. 
1970 "Motivation and Creativity: The Context Effect". American 
Educational Research Jourmmal, 7: 3: 351-357. 


Ebidiot t} TA. 
1967 “Geometry in Great Britain". In NCTM (1967): 13-17. 


Entwistle, N. J. and J. D. Nisbet. 
1972 Educational Research In Action. London: University of 
London Press. 


Evans, E. W. 


1964 Measuring the Ability of Students to Respond to Creative 


Mathematical Situations at the Late Elementary and Early 
Junior High School Level. Ph.D. dissertation, University of 


Michigan. 
Fear, H.-F. 
1973 "Geometry is a Secondary School Subject". In NCTM (1973): 
369-380. 


Feldhusen, J. F., D. J. Treffinger and S. J. Bahlke. 
1970 "Developing Creative Thinking". Journal of Creative 
Behavior, 4: 85-90. 


Ferguson, G. A. 


1971 Statistical Analysis in Psychology and Fducation. 
Montreal: McGraw-Hill. 


Fine Nn. SI. 
1966 "Some Thoughts on Problem Solving''. In Conference Board 
of the Mathematical Sciences (Ed.) (1966): 98-100. 


Fretponer iT. os (id.:) : 
1969 Some Lessons in Mathematics: A Handbook on the Teaching of 
™Modern' Mathematics". Cambridge: Cambridge University 


Press. 


Gagne, R. M. 
1970 The Conditions of Learning. New York: Holt, Rinehart & 


Winston. 


Gagne; KAM--andvL...J Briggs 


1974 <Pranciples of Instructional Design. New York: Holt, 


Rinehart & Winston. 


Bes 


bok ae ce: 3: Ee 


penny a pa wegniided 2 
qaottems ."229tI4 3xosmed oft tysivides79 go Mo gorsavi2a 


tee- ~ fee et. a iS stuoy 
byte a ay . 

TP-8L 3 (Veel) MED of "nkes tea Sane: ae 
) < zi, 7 ih es 


ae ine sedan ooh sk mals k 
jo witerevin :mobsmol . of 9238 ' 


svigset) 03 bro 


Ae we Fm 


yest b Baa visi asus la 
to vitersv i ing ,nolwa31938e 


ei mY et arse a 
i sy es rn 
Ais tM seh 
s(25Or) MIO al =. "satus Loos? Miao . el e - 
a By? ne i at | 
.ailded oy Bae far ww ei oT ane 2udbL: 


eviinexd to rs he 15 Miro 2-4 ae, akg 


oto Jaouba bite. WRoLe 


byrEoS sstexystaod oI. Mpatvroe mgidort 1 00 & 


OOL-82 ; (ae sae Ss e: ‘ sin 
ie Pe ae 


to gotdossT sit no joodbmel A :2s Ad 
yw ranootad eb tadm y spgbtadme) aot Isl i 
\o ie ie | rnererth Wy 4s we 


& srafenls ,ifoli 


taxoY walt > ‘ 


2g 


Gallagher, J. J. and M. J. Aschner. 
1963 "A Preliminary Report on Analyses of Classroom Interaction". 


Merrill Palmer Quarterly, (1963): 9: 183-194, 


Getzels, J. W. 
19609 “Creativity. In Rt-L. Fhel. (Ed.) (1960Y> 9672275" 


Getzels, J. W. and J. T. Dillon. 
1973 "The Nature of Giftedness and the Education of the Gifted". 
In R. M. W. Travers (Ed.) (1973): 689-731. 


Getzels, J. W. and P. W. Jackson. 


1962 Creativity and Intelligence -- Explorations with Gifted 


Students. New York: John Wiley & Sons. 


Gordon, W. J. J. 
1956 "Operational Approach to Creativity". Harvard Business 
Review, (1956): 34: 41-51. 


1961 Synectics: The Development of Creative Capacity. New York: 
Harper & Row. 


Gray, C. E. and R. C. Youngs. 
1975 "Utilizing the Divergent Production Matrix of the Structure- 
of-Intellect Model in the Development of Teaching Strategies". 


Gifted Child Quarterly, 19: 4: 290-300. 


Guilford, 63 273% 
1950 "The Psychology of Creativity". American Psychologist, 5: 


444-454, 

1956 "The Structure of Intellect". Psychological Bulletin, 53: 
267-293. 

1959 "Three Faces of Intellect". American Psychologist, 14: 
469-479. 


1961 Creative Thinking in Children at Junior High School Levels. 


Los Angeles: University of Southern California. 


1962 "Creativity: Its Measurement and Development". In S. Parnes 
and H. Harding (Eds.) (1962): 151-168. 


1965 "A Psychometric Approach to Creativity". In H. H. Anderson 
(Ed.) (1965): °1-19. 
1967 The Nature of Human Intelligence. New York: McGraw-Hill. 


Hadamard, J. 


1954 An Essay on the Psychology of Invention in the Mathematical 


Field. New York: Dover. 


Harris, Craw.) (Eds) 


1962 Problems in Measuring Change. Wisconsin: University of 


Wisconsin Press. 


ees 


."nobvostistnl x goorees 9 to! ‘aeayiaa » RO 


Lad ioe ur 1959) 
/ays-tae + (2aenp . aah Leds fa he 


~ _ a 


eet ety ApS, Be 2 

are) ise W eo en 4 

“Bes htO 93 to colisouba sd3 bas esonbsd220- lo amish 
rev=08a 2 (Evel) (iba) erovesT Ww: Mat at) 


‘ ssotitont a ot bos “ i 


2S 


SostlD dtiw enotsszoklg 


ty tases) ot enn Isnot 
i Be a Berek 


eeoniaul birevied 
ALP RPE LORI ee ee 


razor wet yi tosys- 


—“aetigourse ssid To xiv: 
egtgecer22 gnirsesT to guemgoleved efi ni teahomM 3: 


0 OER 2 Ch, ada jeassuy bl 


22 ,antgolods yet x3 Sa 


1€2 ,wltolina fosettedoyel 
:Af ,jetgolodoyed mation bins to oat 


ht ae? pip" mr lee 


a 


-elovel footioe dgth rodent gs 5 
sinzoiris®h 1 atmoe. 


senret «2 nl a ange ile 
“gosvebaA «A.A al ie oa pap somotioy 


fi tH-watdoM = <:sfroY wa .sonogh 


bs ph juga ten sit ot sokgmevel to _ 


” 


to yiherevtal 


260 


Harris, RR. WJ. 


1975 A Primer of Multivariate Statistics. New York: Academic 
Press. 


Harvey, 0. J., J. K. Hoffmeister, C. Coates and B. J. White. 
1970 "A Partial Evaluation of Torrance's Tests of Creativity". 
American Educational Research Journal, 7: 3: 359-372. 


Hasan, P. and H. J. Butcher. 
1966 "Creativity and Intelligence: A Partial Replication with 
Scottish Children of Getzels' and Jackson's Study". 


British Journal of Psychology, 57: 129-135. 


Hay, W. L. 
1963 Statistics for Psychologists. Toronto: Holt, Rinehart and 
Winston. 
Heinke, C. 
1957 "Variation -- A Process of Discovery in Geometry". 


Mathematics Teachers, 50: 146-154, 


Higgins, J.-L. 
1973 Mathematics: Teaching and Learning. Ohio: Charles A. 


Jones. 
Hohn, F. E. 
1961 "Teaching Creativity in Mathematics". Arithmetic Teacher, 
8: 102-106. 


Howson, A. G. (Ed.) 
1973 Developments in Mathematical Education (Proceedings of the 


Second International Congress on Mathematical Education). 
Cambridge: Cambridge University Press. 


Hudgins, B. B. 
1971 The Instructional Process. Chicago: Rand McNally. 


Husen, T. (Ed.) 


1967 Instructional Study of Achievement in Mathematics, Vol. lI. 


New York: John Wiley & Sons. 


Jackson, P. W. and S. Messick. 
1965 "The Person, the Product, and the Response: Conceptual 
Problems in the Assessment of Creativity". Journal of 


Personality, (1965): 33: 309-329. 


Jacobson, F. D. | 
1966 "The Role of Problems in the Development of Mathematical 


Activity". In Conference Board of the Mathematical Sciences 
(Ed.) (1966): 101-105. 


shosbans . : Aro’ wet ,got38: 
rf x et ie i 
said .l .a& bas 363800, oo vem 


.““tividaer) to atesT a ooaatiet Je 
ST E-0c£ :€ :v e ZIVO’ 39. 


dst motssoriqek Istjaed A \ts0ne 
.“ybua2 2’ noesoat bre ‘stogied 108 


,cel-OSR s¥e gygolodoy: 


bre JissienkA ,sioh -odperoT ‘ 


ays 


.“yrzemo90 nt eaisiontinikt 40 sane 
PRL-BNL 208% 
A eelisd) :otdO sgmheresd 


.tefloasT otssani3itA “agtismedisl at 


eft Yo agnibsesort) okipeu le i 
(norteoub? Iaotstanshtall ne 


ors 


261 


Jensen, L. R. 
1976 "Using Creativity in Elementary School Mathematics." 
Arithmetic Teacher, 23: 210-215. 


Johnson, D. M. 


1972 A Systematic Introduction to the Psychology of Thinking. 


New York: Harper & Row. 


Johnson, ,¢Mar;andy Ri; :Gay Kidder. 
1972 "Productive Thinking in Psychology Classes". American 
Psychologist, (1972): 672-674. 


Johnston, R. 
1968 The Mathematizing Mode. Unpublished M.Fd. thesis, University 
of Alberta, Edmonton. 


Jones, P.(iSs 
1966 "The Role of Problems in Secondary School Mathematics". 
In Conference Board of the Mathematical Sciences (Ed.): 
(1966): 106-112. 


Kerlinger, Fred N. 
1973a Foundations of Behavioral Research. Toronto: Holt, 
Rinehart and Winston. 


Kerlinger, Fred N. (Ed.) 
1 OES Ba Vous KR EI 1 Oe 


1973b Review of Research in Education, l. 
Peacock. 


Kerlinger, F. N. and E. J. Pedhazur. 
1973 Multiple Regression in Behavioral Research. Toronto: 


Holt, Rinehart and Winston. 


Kerlinger({be.).N.i and) J.9B.9Carroll. (Eds.) 


1974 Review of Research in Education, 2. 
Peacock. 


Illinois: F. E. 


Kemeny, J. G. 
1961 "Rigor vs. Intuition in Mathematics". Mathematics Teacher, 


54: 66-74. 


Kitpatrickstur <M 
1969 "Problem-solving and Creative Behavior in Mathematics. 
In James W. Wilson and L. Ray Carry (Eds.) (1969): 153-187. 


Klausmeier, H. J. and R. E. Ripple. 


£971 Learning and Human Abilities: Educational Psychology. 


New York: Harper & Row. 


Kline, M. 
1966 "Mathematics and Axiomatics". In Conference Board of the 


Mathematical Sciences (Ed.): (1966): 57-62. 


eottamoiieM Seahorse 
RES-OLS sR 9 Lik 


ageit att sft ' to ysolodgyst ED) 03. 


~ 


BS ETEMA neaseeae yaolodoyed nk) 3h 
AT A-ST8 re 


~- ae 
; wt nit , 


ytbexevind ,eteods .5a.M ees .9boM pti 
a : © me I £YO: : 


~ 


“sottemedisM Loodgé@ yxebmooee sk ane fdor 0 sfof s 
>(.b4) esonstoe iso btameitsem ‘odd 0. bisof s ‘Seima 


haley 


a Lon rotnoret 


rojmoroT .dotegmem te 


2.49 selontlity sh: 
af 9) 


etetioseT eotasood’ieM Peotone 


a. babel 4 


Ay | 
ay oe 


i 
as 
‘ 4 : a 


262 


Knhnauls 5. 


1970 The Structure of Scientific Revolution. Chicago: University 
of Chicago Press. 


1974 "Reflections on my Critics". In I. Lakatos and A. Musgrave 
(Eds.) (1974): 231-278. 


Lakatos, I. and A. Musgrave. (Eds.) 
1974 Criticism and the Growth of Knowledge. Cambridge: Cambridge 


University Press. 


BankforduJr.., F.. G. 
1959 "Implications of the Psychology of Learning for the Teaching 
of Mathematics". In P. S. Jones (Fd.) (1959): 405-430. 


Lembo, J. M. 


1969 The Psycho logy of Effective Classroom Instruction. Ohio: 


Charles E. Merrill. 


Lovell, K. 
1971 "The Development of the Concept of Mathematical Proof in 
Abler Pupils". In M. F. Rosskopf, L. P. Steffe and S. Taback 
(Eds.) (1971): 66-80. 


Mackinon, D. W. 
1962 "The Nature and Nurture of Creative Talent.'' American 


Psychologist, 17: 484-495. 


Maguire, T. O. and C. B. Hazlett. 
1969 "Reliability for the Resercher". Alberta Journal of 
Educational Research, 15: 2: 117-126. 


Maslow, A. H. 
1959 "Creativity in Self-Actualizing People". In H. H. Anderson 


Ged. a (1909) 2 03-9 J. 


McGannon, T. 
1972 "Creativity and Mathematics Education". School Science and 


Mathematics, 72:. 7-12. 


Mehrens, W. A. and I. J. Lehmann. 


1973 Measurement and Evaluation in Education and Psychology. 


Toronto: Holt, Rinehart and Winston. 


Merrifield, Philip R. “I 
1974 “Factor Analysis in Educational Research’. In Fred N. 
Kerlinger and John B. Carroll (Eds.) (1974): 393-434. 


Merrill, M. D. and R. C. Boutwell. , 
1973. "Instructional Development: Methodology and Research . 


InoF. N. Kerlinger (Ed.) (1973): 95-131. 


vitersviatl roger) .nobgmtoy 


eveigauM .A baa 2x0 tezsl a> oo 

agb.ridmso segbixdma? »sabsi tue eA 3 ! 
gutdosst sd3 tot qokarsst to ygol 

OES-TOR + (ez2f) (. bE) Behe am se 


‘obd6 .ookdourtenl moegeeet, avizooita 


nt toorTd 5b siin tal - 
sondeT .2 bas ette72 .1 at .t 


Vi 


gaotzomA 1“. joslst avr: to Ber recu bas | + 35 


to [aniuol #21 


poarsboA .H .H ot =“ 


brs sonstoe Loorio2 


a 


exgolorroye’ bee 2 


SA 7 


ab et) ee 2 
J a a was a 


rt bert nl ."dovmoest 1 


aeb—Eee (Ver) € ebm) f 
5 a ee 


a ze ba) 


."ttoxseses bre 


pris 


263 


Merrill, M. D. and N.D. Wood. 
1974 Instructional Strategies: A Preliminary Taxonomy. Ohio: 


ERIC Information Analysis Center for Science, Mathematics, 
and Environmental Education. 


Messick, S. 


1973 "Multivariate Models of Cognition and Personality: the Need 
for Both Process and Structure in Psychological Theory and 
Measurement". In J. R. Royce (Ed.) (1973): 265-303. 


Meyer, R. W. 


1970 The Identification and Encouragement of Mathematical 
Creativity in First Grade Students. Unpublished Ph.D. 


dissertation, University of Wisconsin. Dissertation 
Abstracts, 31(1970-71): 809B-810B. 


Michael, W. B. (Ed.) 
1968 Teaching for Creative Endeavor. Bloomington: Indiana 


University Press. 


Morrison, D. F. 
1976 Multivariate Statistical Methods. Toronto: McGraw-Hill. 


Mulaik, Stanley A. 
1972 The Foundations of Factor Analysis. Toronto: McGraw-Hill. 


Naciuk, W. 


1968 An Analysis of a Methods In-Service Program. Unpublished 
M.Ed. thesis, University of Alberta, Edmonton. 


NCTM (National Council of Teachers of Mathematics). 


1959 The Growth of Mathematical Ideas, K-12; 24th Yearbook. 


Washington, D.C.: NCTM. 
1964 The Revolution in School Mathematics. Washington: NCTM. 


1967 Geometry in the Secondary School. Washington, D.C.: NCTM. 
1970 Research Reporting Sections, 48th Annual Meeting. Ohio: 


ERIC Science and Mathematics Fducation Information Analysis 
Center. 


1973 Geometry in the Mathematics Curriculum, 36th Yearbook. 
Virginia: NCTM. 


Nelson, Doyal and Robert E. Reys (Eds.) 
1976 Measurement in School Mathematics. Virginia: National 
eas Ul Clie tO 


Council of Teachers of Mathematics. 


Newcomb, T. M. (Ed.) 


1965 New Directions in Psycholo II. New York: Holt, Rinehart 


and Winston. 


Eat 


rors « VIO MOLE 5 sari or >" + 
Asean aonotse vot 19% 


z TSF & SS 
0.0% bodetiduqn) .apne 
sotiatisae tt . 


anatbal :sotgnimoeks 


Li th-war0oM -osH01GN i ors? 
JLith-we200M. :osnoxzoT 
bedelideqnit 


«(ants 


AoodsesY dapS 3S 


Raita fe ‘ en 
MTOW :notgntriesW .eatdesedia? 
MTOU 3.9.0 .notgnides® te 


5 abet taak’t ; ms y 


es qm aga Pivorertan} 


py fe ae 4 
2 og 


264 


Nuffield Foundation. 
1964 Mathematics Teaching ProjectsjierU Ke iiBul lenineNoe | Ie 


Osborn, A. F. 
1948 Your Creative Power. New York: Scribner. 


1953 Applied Imagination: Principles and Procedures of Creative 


Thinking. New York: Scribner. 


Osborne, Alan R. 
1976 "Mathematical Distinctions in the Teaching of Measure". 
In D. Nelson and R. E. Reys (eds.) (1976): 11-34. 


Parnes, S. J. 
1963a "Education and Creativity". Teachers College Record, 
64 733t-539. Also in P.E.. Vemon (Eda) 41973). 340-354. 


1963b Student Workbook for Creative Problem-Solving Courses 


and Institutes. Buffalo: State University. 


1963c Instructor's Manual for Semester Course in Creative Problem- 
Solving. Buffalo: Creative Education Foundation. 


Parnes, S. and H. Harding (Fds.) 
1962 A Source-Book for Creative Thinking. New York: Charles 


Scribner's Sons. 


Parnes, S. J. and A. Meadow. 
1959 "Effects of 'Brainstorming' Instructions on Creative 
Problem-Solving by Trained and Un-trained Subjects". 


Journal of Educational Psychology, 50: 171-176. 
1960 "Evaluation of Persistence of Effects Produced hy a 


Creative Problem-Solving Course"'. Psychological Reports, 
T3504 =O 


1963 "Development of Individual Creative Talent". In C. W. Taylor 
and F. X. Barron (Eds.) (1963): 311-320. 


Payne, David A. 


1974 The Assessment of Learning: Cognitive and Affective. 


Toronto: D.C. Heath. 


Peterson, J. C. 
1973 "Informed Geometry in Grades 7-14". In NCTM (1973): 52-91. 


Piaget, J. and B. Inhelder. 


1967 The Child's Conception of Space. New York: Norton. 
1969 The Psychology of the Child. New York: Basic Books. 


Polya, G. 
1962 Mathematical Discovery: On Understanding, Learning and 


Teaching Problem-Solving. New York: Zohni Wiley, Vol. i. 


dag 


Of som Biteliod PRM ease! i ia 
oe Lh nat lgt ro TRE: 
.rendias2 sro wot! Tewos Roto 


subtaaxd to astubooord np 


“srneseM Yo goidoesT 93 nt- aise haiti nee 


AEMEL We rer. fia? ar te See 


Pi rT a nee 7 i 
~brose% saello) a oT "seis rat f 
‘AghcTSe : POL) (ba) gomaev .d «7 ot © eit 


apervo) gnivloc- ip97). 02. 
ate s (“82832 :0f ud. 
aa 


~melderdt avisass9) st sere ataoms2 10% CeuneM 3 
“ncoliabauol néktsouba avisasxo - tole: ty: 


peftedd> siroY wot as 


eyitset) ro enotaputzenl (3a 
. etso duc boot ata bas baat 
.ayi- ad ' ry f 0# *. - OLG 49 kates Bsn on 
s vd hoovbor’ egfsetta to samsdete 
~atuatqet Lsatgolodoyal 4 + Nwatir0d) a! 


vofyeT .W.o at anes 
OSCE 

a — 4 ie diay hat o x) pee 3 a ‘ 4 ius ; . be ei 

.evisosi1A ban svERragod : | eek oft \ATeL 


9 390 


cpa nt 


} \ Pet i ft 1 an ips’ 
fe-S2 ;(£Ver) MTOM ot =. ALAS sober ot a 


¢ 
nes10F taroY wok 
~atoot sieah : eo pg 

is ’ i, Al, 
y rc af sot 
f iG 4 ¥8 
ae 
tat i 
ly ofr. 


Polya,.°G. 
1965 Mathematical Discovery: On Understanding, Learning and 
Teaching Problem Solving. New York: John Wiley, Vol. II. 
1966 "On Teaching Problem Solving". In Conference Board of 
the Mathematical Sciences (Ed.) (1966): 123-129. 


1968 Patterns of Plausible Inference. New Jersey: Princeton 
University Press. 


1971 How to Solve It: A New Aspect of Mathematical Method. 
New Jersey, Princeton: Princeton University Press. 


265 


1973 Induction and Analogy in Mathematics. New Jersey: Princeton 


University Press. 


Popham, W. J. (Ed.) 
1974 Evaluation in Education. California: McCutchan. 


Post, Thomas R. and Michael L. Brennan. | 
1976 "An Experimental Study of the Effectiveness of a Formal 
versus an Informal Presentation of a General Heuristic 
Process on Problem Solving in Tenth-grade Geometry". 
Journal for Research in Mathematics Education, 7: 1: 59-64. 


‘Pothier, Yvonne M. 


1975 Classroom Testing of Geometric Ability. Unpublished 
colloquium paper, University of Alberta. 


Prouse, H.-L. 

1965 The Construction and Use of a Test for the Measurement of 
Certain Aspects of Creativity on Seventh Grade Mathematics. 
Unpublished Ph.D. dissertation, State University of Iowa. 
Dissertation Abstracts, 25(1964-65): 394. 


Quast, W. G. 

1968 Geometry in the High Schools of the United States: A. 
Historical Analysis from 1890 to 1966. Unpublished Ph.D. 
dissertation, Rutgers, the State University. Dissertation 
Abstracts, 28(1968): 4888A. 


Raojs Cark. 
1970 Advanced Statistical Methods in Biometric Research. 
U.S.A. Darien, Conn.: Hafner Publishing Company. 


1973 Linear Statistical Inference and Its Applications. New York: 


John Wiley & Sons. 


Richards, P. N. and N. Bolton. 
1971 "Type of Mathematics Teaching, Mathematical Ability and 
Divergent Thinking in Junior School Children". British 


Journal of Educational Psychology, 41: 32-37. 


bas goistwmsl patina soll po} Zee 
- lee aout en ne ae te . 


Tt .foV .veltwW mrfol  $0Y¥ wow 

26 brsol sometsiac) aI ‘wane ido 
,OSI-ESE : : (9081) (58) geet 

ie rai. to. sane 

—_— “isays Ta 


_gongnstal. rs 


aojsoniyT syou rst volt 


, 
-bodjoM [sotismodjpy io 238 BA woh A. : 43. ovied os. wok“ 
"gneeTd vate iTS vio’ caaiener een ee wok 
4 bien 
; bas noki ashiet y 


eafssatst svearst well Dap demeian tt 
nr eT te | r 


ii eal (ikerevind: 7 

' a m4 nt sary LW nn 

aplos vOoM :atngodi ted ‘ lees, nt 
ome Pay 

{aertoT s to e2onovidasiial a i: 1 ran “Aprnsaizeqxt 

sttalvueH fatsneD & Be moizeiooeett K 

miata a seen 


ah" 


i" owe 
“WeIsmosl obs 


A Th a : lena ‘a a aa 

Slt Abia em ™ aioe. wel 
ae 
ii 


Ae aiteld 2 mOOT Bes 


- 5 c , oe Ps a dh , 


‘ t oD 
Fo swame tue edt 1 
queesnereieshs. rr REO «so 


- 831 3amen18M SHB 1) dingy 
.swol to Ya berev in 


Pey _bessese baiial “4 
.d% betetiduqnd .@ 
molgesuserlt =. vJ teTo mn 


Ph | torpses! atx? Smoke 2 I y ht: 
i il) pee ee amin 4 NOCD «Rar 


i 
| : ‘ 
rr : x0 walt -anoltaotlqas ag Bas npzatiat Loakgat 


; * 
MS < 
aren: ne f ( 

i fee tarde 

.‘xetbhiidg fo 

rn wAE-SE ‘4 


Ae 


266 


Romberg, T. A. and M. V. DeVault. 
1967 "Mathematics Curriculum: Needed Research". Journal of 


Research and Development in Education, 1: 1: 95-112. 


Rosenshine, B. 
1970 "Evaluation of Classroom Instruction". Review of 
Educational Research, 40(2): 279-300. 


Rosskopf, M. F., L. P..Steffe and S. Taback (Eds.) 


1971 Piagetian Cognitive-—Development Research and Mathematical 


Education. Washington, D.C.: NCTM. 


Rossman, J. 


1964 The Psychology of the Inventor. New York: University Books. 


Roweton, W. E. 


1973 Creativity: A Review of Theory and Research. New York: 


The Creative Education Foundation. 


Royce, J. R. 
1973 Multivariate Analysis and Psychological Theory. New York: 


Academic Press. 


Sanders, Walter J. and Dennis J. Richard. 
1968 '"Congruence Geometry for Junior High School". Mathematics 
Teacher, (1968): 354-369. 


Scandura, J. M. 
1966 "Algorithm Learning and Problem-Solving". Journal of 


Experimental Education, 34: 1-6. 
1968 "New Directions for Theory and Research on Rule Learning: 

1. A Set Function Language". ACTA Psychologica, 28: 301-321. 
1970 "Role of Rules in Behavior: Toward an Operational Definition 


of What (Rule) is Learned"'. Psychological Review, 77: 
516-533. 


1971 Mathematics and Structure Learning, Final Report. 


ERIC: ED 054 952. 
Schuster, S. 
1967 “Geometric Transformations". In NCTM: (1967): 29-38. 
1973 "An Evolutionary View". In NCTM (1973): 381-+396. 


Scott, ie p 


1966 Trends in Elementary School Mathematics. Chicago, Illinois: 


Rand McNally. 


Seibel, Dean W.. i 
1968 "Measurement of Aptitude and Achievement’. In Dean kK. 


Whitla (Ed.) (1968): 261-305. 


aas 


‘Aaa oa et 


A 


te waiver ‘takésietaels on 
O0E-EX Ss (SD OR 


(.ebS), AoadsT .2 bea 
Igo kzamattss me fo78 gaot s1DK 


. 
———~ 


a 


= 
é 


pooh yaterevind :AroY woli « 


ilz0Y wot . co 1eoe@M bos yroer 
a a nee H f 


saxoY wav “IOoRT [ed 


hein reign. 
brsilo bs wk 


aM. Loodo2 
gotgsinadsoM =) eae te 


io Jaoxpol 


‘gniurset ofv no dome 
LSt-10€ :88 ,eol3 es 


notskekisd [aaolsazsq? | 


‘XT wotyet Isat 


BE-eL (LAL) A 
.aOF -FBE +(e 


-efoatifl ,ogs2tdd 


A hben nt ? ve 


267 


Servais, W. 
1971 "The Training and Re-training of Mathematics Teachers". 
In W. Servais and T. Varga (Eds.) (1971): 235-252. 


Servais, W. and T. Varga (Eds.) 


1971 Teaching School Mathematics: A Unesco Source Book. 


Baltimore: Penguin. 


Sheehan, T. J. 
1968 "Patterns of Sex Differences in Learning Mathematical 


Problem-Solving". Journal of Experimental Education, 36: 
84-87 e 


Shin, S. H. 


1971 Creativity, Intelligence and Achievement: A Study of the 
Relationship Between Creativity and Intelligence, and 
Their Effects upon Achievement. Unpublished Ph.D. 


dissertation, University of Pittsburgh. Dissertation 
Abstracts, 32(1971-72). 


Shulman, L. S. and E. R. Keislar (Eds.) 


1966 Learning by Discovery: A Critical Appraisal. Chicago: 


Rand McNally. 


Sigurdson, S. E. 
1970 "An Inventing Unit on Area for Grade VII". Mathematics 
Council, ATA, 1970 Annual, Alberta Teachers' Association, 
1970: 79-90. 


1974 "Mathematizing Motion Geometry". Elements: Translating 
Theory into Practice, 3: 7, Alberta: University of Alberta. 


Sigurdson, S. E. and R. J. Johnson. 
1970 "A Discovery Unit on Quadratics". Mathematics Council, 
ATA, 1970 Annual, Alberta Teachers' Association, 1970: 
121-134. 


stein, Ms. 1. 
1974 Stimulating Creativity, Vol. 1. Individual Procedures. 


New York: Academic Press. 


Strike, Kenneth A. ; 
1975" “She Logic of Learning by Discovery". Review of Educational 


Research, 45: 3: 461-483. 


Taylors CasWeekEds) 
1964 Creativity: Progress and Potential. New York: 


Taylor, C. W. and F. X. Barron (Eds .) 


1963 Scientific Creativity: Its Recognition and Development. 


New York: John Wiley. 


McGraw-Hill. 


Vee 
; rH Bat. , 


Gene i ys He is wi 


.“ateronaT estiemsddal to niet 
seeeeres : (SVehP ~ehH) sore 


Soo8 ao1vee opagm:: 


~ 


Lesttamedses satnrped oti eeeay 
-9f ,gotisous (sinombreqed to ts 


edi to youse A :j098 
~ bite yoomsatiiesnk bas. vie 
a9 benerhem yi Di + Samos: 
Aor 183 JASE RAS dgsudad at te) ; 


Ags: 


eoijamoiisM .' TI azo 50 
, otis tooa2A ‘eisron ge asredlA 


268 


Taylor, C. W. and F. E. William (Eds.) 
1966 Instructional Media and Creativity. New York: John Wiley. 


Taylor, D. W., P. C. Berry and C. H. Block. 
1958 "Does Group Participation When Using Brainstorming 
Facilitate or Inhibit Creative Thinking?" Administrative 


Science Quarterly, (1958): 3: 23-47. 


Taylor-Pearce, J. M. 


1969 The Relative Effectiveness of Two Teaching Methods with 
Respect to "Divergent Thinking’ Mathematical Creativity 


at_ the Grade XI Level. Unpublished M.Ed. thesis, 
University of Alberta, Edmonton. 


1971 Measuring Inventiveness in Senior High School Mathematics. 
Unpublished Ph.D. thesis, University of Alberta, Edmonton. 


Prerndike,. KR... Ls Ckd,.) 
1971 Educational Measurement. Washington, D.C.: American 
Council on Education. 


Thwaites, B. 
1966 "Mathematical Reforms in English Secondary Schools". 
Mathematics Teacher, 59: 42-52. 


Timm, N.-H. 


1975 Multivariate Analysis with Applications in Education and 
Psychology. California: Brooks/Cole. 


Tobert, G. 


1966 Mathematics Achievement after Discovery and Expository 
Modes. Unpublished M.Ed. thesis, University of Alberta, 


Edmonton. 


Lorrance,. §.. P. 
1962a Guiding Creative Talent. Englewood Cliffs, New Jersey; 
Prentice-Hall. 


1962b "Developing Creative Thinking Through School Experiences". 
In S. Parnes and H. Harding (EFds.) (1962): 31-47. 


1963 Education and Creative Potential. Minneapolis: University 
nae 
of Minnesota Press. 


1964 "Education and Creativity". In C. W. Taylor (Ed.) (1964): 
52-54. 


1965 Rewarding Creative Behavior: Experiments in Classroom 
Creativity. Englewood Cliffs, New Jersey: Prentice-Hall. 


1966a Torrance Tests of Creativity (Verbal Test Booklet A). 


Princeton: Personnel Press. 


,VeLEW mioltolroY wet axe 


entmrodaatsst peer ore: ie 
eyiserietatabs "Sg okMpkdT ¢ 
THES iE 


~ 


 ebodioM gnisdios 
byitssxO faolssaanae 
~etesnd .65.M 


dugal tara | 
pare all esdT 901A Ic y 


Apes 


sap tiamorijeM Loo? dg 
aosgomba yasrodlA cE 


a Piva 


Jah ae 
smoiremA 3.9.0 oigaldesw 


I ooris2 vie hacge® pany 
SE+S8 20% 


bos HoLIssybs nae 


0 
y rm) a 
I - 


‘, 4 


. Midas a 
tes kecqxd bes yvisw x :: 
~sotediA lo yvitetev iE 


» “at by maieee ay 


Hf eee 


."seomeizeqxd Loose a 
Adote + (680g 


ysterevinw :atiogasnna 
\ 


: (AOOL). (.ba) volysT 


a 


269 


 Wettanceg.E. P. 


1966b Thinking Creative with Words (Verbal Form A). Princeton: 
Personnel Press. 
1966c “Implications of Creativity Research Findings for 


Instructional Media". In C. W. Taylor and F. E. Williams 
(Eds.) (1966): 147-178. 


1972 "Can We Teach Children to Think Creatively?" Journal 
of Creative Behavior, 6: 2: 114-143. 


Trafton, P. R. and J. F. Leblanc. 
1973 "Informal Geometry in Grades K-6". In NCTM: (1973): 11-51. 


Travers, R. M. W. (Ed.) 


1973 Second Handbook of Research on Teaching. Chicago: Rand 
McNally. 


Treffinger, D. J. and R. E. Ripple. 


1968 The Effects of Programmed Instruction in Productive Thinking 


on Verbal Creativity and Problem Solving Among Elementary 
School Pupils. Ithaca, New York: Cornell University. 


Treffinger, D. J., J. S. Renzulli and J. F. Feldhusen. 
1971 "Problems in the Assessment of Creative Thinking". Journal 
of Creative Behavior, 5(2): 104-112. 


Treffinger, D. J. and J. P. Poggio. 
' 1972 "Needed Research on the Measurement of Creativity". 
Journal of Creative Behavior, 6: 4: 253-268. 


Tschofen, Y. 


1973 The Mathematizing Mode Re-Examined. Unpublished M.Ed. 
thesis, University of Alberta, Edmonton. 


UICSM (University of Illinois Committee on School Mathematics). 


1969 Motion pepme trys Book 1: Slides, Flips, and Turns. 


(Teacher's edition). New York: Harper & Row. 


Usiskin, Z. 
1970 "The Effects of Teaching Euclidean Geometry via Transformations 
on Student Achievement and Attitudes in Tenth-Grade Geometry". 


In NCTM (1970): 34-37. 


Varga, T. 
1971 "General Introduction". In W. Servais and T. Varga (Eds.) 


1971135. 


Vernon, P. E. (Ed.) 


1973 Creativity: Selected Readings. Baltimore: Penguin. 


Fees gy 


*potesaix? . (A mrot. 


to} egntbatt deadveten . 
emeiffrw .t .% bre rolya? WD 


Fe 


fg treol "Sylsviseerxo AntdT of b ited. . 
nese! a 12 rotverie’ | 
hey Aree Wa 


pe-fr + (EVEL) MTU aa ee Nabano ee 


a eivakiak 


- 


bdet sogaold 


paisieriT svizoubort ot | 
tesnomelT prom gate ford 
Mriersvicl Tis oo 191 wat . BORA? 
nsevibio¥ “a ws iiusaes 


Tegzuol =. gateatAT ov bases) to 


“etivissaes) Tayge 


,8aS-£25 a ck ceniondel 


-(eaisemedsal Loodagy 
-arruT bas 
wok 3: 


epoltsmxetenasT siv y1i4 
‘Sar ebard—s3.09% ate 


sec, pe -T base 


eee (lnc Ieee 


wiugnel ; 9x08 


270 


Wallas, G. 
1945 The Art of Thought. London: C. A. Watts. 


Wertheimer, M. 
1959 Productive Thinking. New York: Harper & Brothers. 


Wheeler, Ds H e 
1970a "The Role of the Teacher". Mathematics Teaching, 50: 23-29. 


1970b "Curriculum Reform in the Seventies -- Mathematics". 
Journal of Curriculum Studies, 2: 2: 144-151. 


Whitla, Dean K. (Ed.) 
1968 Handbook of Measurement and Assessment in Behavioral 
“Sciences. Ontario: Addison-Wesley. 


Willemsen, Eleanor W. 


1974 Understanding Statistical Reasoning. San Francisco: W,. H. 


Freeman. 


Willoughby, S. S. 
1968 "Secondary School Mathematics". In W. B. Michael (Ed.) 
(1968): 115-130. 


Wilson, J. W. and L. R. Carry (Eds.) 
1969 Reviews of Recent Research in Mathematics Fducation. 


Leland: SMSG. 


Winer, B. J. 
1971 Statistical Principles in Experimental Design. Toronto: 
McGraw-Hill. 


Wittrock, M. C. 
1966 "The Learning by Discovery Hypothesis". In L. S. Shulman 
and E. R. Keislar (Eds.) (1966): 33-75. 


Worthen, Blaine R. 
1968 "A Study of Discovery and Expository Presentation: 
Implications for Teaching". Journal of Teacher Education, 


19: 223-242. 


vatadsora 3 z9q787 vivo. wot se inka 
G Dee I UR cna, 


,OS-E8 202 agot dest 2 ot 

“eoksamsrish -= iepae Pr cnmes 4 nage 
-féi- apt *$ as « 39 ED 32 mul as Say 29 

Exrotvadet! st 2 


H.W tonetonerl naz nigoenss 


tomnotol 


APPENDICES 


APPENDIX A 


INVENTIVE EXERCISES (IE) 


ly poset AND SUGGESTED SOLUTIONS 


nome 99 
a 
‘% 1 
as : 
n U 
Ph 


INVENTIVE EXERCISES 


213 


LESSON NO. 1 


I. Copy segment AB on your dot 
paper. Slide AR (4R,1D) and 


draw image A'B', 


Draw slide 


arrow joining A to A' and 
Bi to B's 


2) 


3) 


4) 


What is the image of: 


Write down all the relations 
you notice about a slide 
(as many as possible). 


Can you test for_congruence 
between AB and A'B' in more 
than one way? How? 


How do you know that AB and 
A‘B' are parallel? 


NE Copy AABC on your dot paper 
and draw the image for the slide 
Label image ZAAA'B'C'. 


CR 20). 


2) Now join each point to its 
image and write down all the 
relations you notice about a 
slide of a figure. 


III. Copy each figure onto your 
dot paper and draw its image under 
the given slide. Join each named 
point and its image with dotted 
lines. Use the properties for 
slides, mark all congruent segments 
and indicate pairs of parallel 
lines. 


( 3R, 4u) 
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V. Suppose you are given the 
segment AB with its slide image 
A'B' within a closed region with 
12 dots. Without sliding AB 
outside the 12 dots, in how_many 
ways can you slide AB onto A'B'? 

Give all your solutions in 
the standard slide notation, i.e. 
C OR/e0s D)- 


A 
IV. Suppose you are given the z i 
region consisting of 9 dots and B A! 
the segment AB. Wa . 
A. war om ie 
ve (Hint: 1. Can you use more than 
B ; : 1 slide? 


2. What is the maximum 
number of slides you 
can use without 

1) Make as many segments as you repetition?) 

can with end-points on dots. 


2) How many of these_segments 
are congruent to AB? 


3) How many of these congruent 
segments are images of AB 
under a slide only? 


VI. Show how you can convince your friend that the following pairs 
of figures have the same area? (Hint: can you transform one into 
the other by a slide?) 
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INVENTIVE EXERCISES 


I. Copy each figure on your dot 
paper and draw its -turn image. 
Mark the congruent segments. 


(a) (ob) B (co) 
A’ e a e e e e e e e e 


II. Copy the figure on your dot 
paper and draw its 4-turn image. 
C is the turn centre. Label the 
image A'B'. 


Join the points to their images 
and write down all the properties 
of turn. 


III. Copy Avasc and Axyz onto 
your dot paper and draw the half- 
turn images. Label each image. 


fn B 


Ya 


Join the points to their images 
with dotted lines and put down 
all the properties of a %-turn. 
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LESSON NO, 2 


me 


IV. Use various properties, draw 
the half-turn images on your dot 
paper without turning or tracing 
the original. 


(adn. 


Vv. * Copy A apc onto your dot 
paper. Locate your own tum 
center, such that the k-turm 
image of Z\ARC and the original 


ANABC will form a parallelogram. 


VI. Show how you can convince 
your friend that the following 
pairs of figures have the same 
area? (Perform a }s-turn on some 
part of one figure.) 


evs 


maanolealisraq s orrot [itw 


Woy mo asgamt 
Bx? yo gatmiul 


Hireqotq euotzsv eet 


VI. 


ntu3—Iied eda 
tuors ie t9q84 
isotgtso odf 


. - ° - e 


a > 
> * afte 
o 
aie © 


. + oes s+ «+ © © 
wv 


30b Yuoy o200 oma ds vqo) «WV 
ffiryus mwo tuoy 93800! 
aty3-2 edt tani 5 ¢ Tas 195 
Ieaigizo sf3 bas HAL 


emspe edt sved estugt? 
9mo2 mo atui- 8 a) " 


(aug? ono ‘ 
. f 


« * . * * . 

s » «© -» eee "* 
¢ 4 * 
7 © * 
+ 6 “ 4 . 

. » *& @ © @ 6 * ’ * a yh * 

‘ * 

. e ‘ 

* o * 

. * * 

. * * 

. * « 


» 19989 


s to 8g8 


oma 


~~ = + © * 


job ruO0Y 0 exugt? ads 
.oasmt atei-t ett wath 


edi fodst «91399 se, el 3 


“A 


7Tr vite weet Me igh 7 
oino pane” bas oaAZd yoo. *: 
-iiad edt wetb bas reqeq Job suc 

.sgamt dose fedad .Bogemt — 


2egeat tiedd o3 sialog ofa mtol — 
nwob 3uq bas “A bsttob datw 
org! 8 a 


276 


INVENTIVE EXERCISES LESSON NO. 3 
Sn ee re ee ey eee 
I. Copy the segment onto your 2) Using the properties you 
dot paper and draw its discovered, draw the 
meee Chau go hae Label the reflection image of each of 
image A'B'C'. the following on your dot 
paper. 
e e e e : i ee e oe e e é e ha A e ! e 
e e e e ! 
e e e e ' e e JA D 
e e e e : e e e 
; e e e 
e e e e ; e B C ° e 
MIRROR LINE ee el 


1) Join the points to their 
images with dotted lines 
and write down all the 
properties you notice 
about reflection. 


III. For each of the following, 
draw all the POSSIBLE positions 
of the mirror lines which would 
reflect the original figure onto 


II. Copy the figure onto your itself, i.e. the reflection image 

dot paper and draw its reflection would fall exactly onto the 

image, and join named points to original figure. (Such mirror 

their images. lines are called Lines of 
Symmetry. ) 


° (0) ¢b) cc) 


> 


MIRROR LINE 
1) Put down all the properties 
of reflection you notice 

from this figure. 
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INVENTIVE EXERCISES LESSON NO. 4 
I. Copy the following figures III. Figure A is the original. 
onto your dot paper and draw the Some of the other figures are 
images under the slide- images of A and some are not. 
reflections indicated. 

(a). 1) Which of those are SLIDE 


images of A? 


Draw the slide arrows with the 
slide notations. 


eo— se —e— e— e —e-~<e 


2) Which of those are -turn 
images of A? 


Locate the turn centers and 
draw in the arrows. 


3) Which of those are REFLECTION 
images? 

Write down all the properties of 

slide-reflection you notice. 


4) Which of those are images 
under SLIDE-REFLECTION? 


Draw in the reflection lines 

II. Copy the following figures with and the slide arrows. 
their images onto your dot paper. 
Draw in the reflection lines and the 
slide arrows that would show the 
slide-reflections needed to obtain 
those images. 

(o) CG 
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INVENTIVE EXERCISES REVIEW (1-4) 


I. 


(3) 


(cor, 


A LP A tt 


Draw the images of the given figures under the given glides: 


e e e 
e e e e e 
e -@ e ° e e 
e e e e e 
e e e ° ry 
e e e ° e ° 
e e e e e 
e e e e 
e e e e e e 
e e e s e e 
e e e e e s e ® © e 6 e se e e ° ® 

Pp 

e e e e @ e e e e e e e ° 
e e e e e @ ® e e e e e e e ° e e 


Zz 
,°) 


e 
e 
e 
e 
e 
e 
e 


e e e e e e Ln Gey) e e e e e 
e e e e e e se e e e 6 e 


Name and show the transformation which maps object 1 onto object 
each case below. Mark the correct symbols on the diagram, e.g. 


—- Ses 56re Ob veO.b 4OBRC wot & 


(A) (2 ) 
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III. You are given the square ABCD within a 9-dot region: ‘ Ae 


1) Using only those given dots as end-points, how many 
Squares can you draw within this region? iuivel 


2) How many of these squares are congruent to square ABCD? 


3) Describe the glide or glides required to obtain each of the 
squares in part (2) from the square ABCD. 


IV. Draw the images of the figures under the given glides and label 
the image points, then fill in the chart below. 


(2) (42 


e GURUZ UD 


Name the pairs of Name the pairs of Name the pairs of 


congruent segments parallel segments congruent angles 


CLL ee ae Oe eee Stee Coenen SS a 


(3) 


V. You are given a Avazc within a 9-dot region. 
A 


Cc 


(1) Use a new 9-dot region for each different triangle. Draw all 
the triangles that are congruent to AaRc. 


(2) Describe the glide or glides required to obtain each of the 
triangles in part (1) from AAABC. 
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INVENTIVE EXERCISES LESSON NO. 5 
I. Using the following diagrams, What single motion is equivalent 
answer the questions: to these successive flips? 

(a), JA e e e e 


. IIl. Copy L\POR onto your dot 
paper and flip AAPOR about line 
1, then about line 2, and draw 


the resulting image. 


e e e e e 


e 0 @ e @ e 
e @ @ e e e 
e @ 


— @m. © @ ~ O-— 8 — 


@ 
What single motion is equivalent 
to these successive flips? 


1) What motion produced 
IV. On your dot paper find the 
C0" ed me ia SS image of ABCD by flipping and then 
BS (a) making a half-turn about K. 


2) Complete the diagram with the OE Ss apc AG 
appropriate symbols to indicate a ela ve 
the type of glide, e.g. wie (e) a Ge 
e e e e e a D e 
©) 9 > Saat a a a a! e eo @ ee e x e 
3) Referring to the diagram, What single motion is equivalent 
complete the correspondence: to this combination of motions? 


Glace. ch. Peers ca 


(b) (ay,2.1)) > J V. Using many different glides 
or combinations of glides form 

(c) (P.9,R,5) - parallelograms with APQR. 

(da A,B,C,D,E] > 41 ; 


II. Copy ABC onto your dot paper. 
Draw the flip image about line 1 
and then line 2. 
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VI. Find all possible single 
glides that produce images of 
ABCD which fall exactly onto 


ABCD itself. 
@ e A D 
e e "R C @ e 
INVENTIVE EXERCISES LESSON NO. 6 


I. Classify the following angles 
as to Acute, Right, Obtuse or 
Straight, by writing the name 


under each picture. (7) (5) 
+! x Si 
(7) Bp 42) 8 A 
S 
F i 
% 
A B ie oe ae ee et 
7) nN n! (70) M 
(a) 
rf 
(3) oD) 2 j 2 
mM 
E : 
Cc i st: I ess, 
T E 


II. Copy the four segments onto 
your dot paper. Use the turn 
centres indicated and draw: 


By A 6) n' 1) all acute angles with AB; 
2) all obtuse angles with CD; 
fa) ) Oo 3) all right angles with FF; and 
a! A 4) all straight angles with Ga. 


(E. 


i # “ip ror 2a > 
~ \ 14 ee 
¥ , ne 3 
air. 7 
aS 
& ,OM Moeent » 
» 


("8 -. mM 
wyaetd Preity nm 
A at) : 
{ 
a eels 


<- Went. cr 
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III. Write, in your own words, Do not draw all your angles on 
definitions of a single region. 


1) right angle 


Use a new region with segment 
ABCD for each different angle. 


rc cnc NS TAS 


2) acute angle 


ee ne I a 


3) obtuse angle 


4) straight angle 


IV. Copy the segment ABCD onto 
your dot paper. Pick your own turn 
centres, and draw: 


1) all possible acute angles; 
2) all possible obtuse angles; 
3) all possible right angles; 


4) all possible straight angles. 


ao etna svoy Lie werb Jon od ¢ebtow myo 
smOrQoT olgate 8 el F' pay 7 fe Sede hr re: 
as eh) Baden cig 


8 sivtw nokgs' won 6 98. 
“Snetotitb sioss a qofA- 


ihe hia’ ae 
‘wna? wa ee 


me h i t 


heat 8. Ti me 
Py ae ee ee 
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Pry ahem ives . te ek ee ae 
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LESSON NO. 7 


I. Classify each of the following 
triangles by their angles. Write 
your classification under each A. 


| (2) 


II. Enclose a region with 9 dots 
on your dot paper. Draw the 
following types of triangles with 
end-points (vertices ) on those 
dots: 


1) all possible acute Avs; 
2) all possible obtuse 8; 
3) all possible right LXs} 


Use a new 9-dot region for each 
different triangle. 


III. Copy each of the following 
figures onto your dot paper. 
i) Ay +2) (3) 4p 
e e e A Ey e e 


For each of these figures, draw an 

acute, an obtuse and a right angle 

at point A. Connect C to all these 
new points. Then try to answer 

the following questions: 


(a) What kind of angle is ABC? 
1) 
2) 
3) 


(b) What are the three figures 
you draw? 


1) ; , 
2) b b] 


3) 9 > 


IV. Place T(true) or F(false) 
beside each of these statements: 


1) An acute triangle has only two 
acute angles. 


2) A triangle with only one obtuse 
angle is called an obtuse 
triangle. 


3) An acute triangle has three 
acute angles. 


4) A right triangle contains only 
one right angle. 


5) An obtuse triangle has one acute 
angle and two obtuse angles. 
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INVENTIVE EXERCISES LESSON NO. 8 


I. Examine the following polygons. Write the name for each figure 
under the picture. Circle the ones that are regular. 


[ / ae 
oe = : \ ( ; 


II. Write in your own words what is a: 


(om) 


1) Diagonal 


2) Regular polygon 


III. How many diagonals are possible in each of the polygons in 
question (I)? 
1) 3 2) 9 a) s 4) 5) a) 5] 6) 9 mn) +] 8) 9 


9) a 10-sided polygon: ‘ 


IV. Triangles can be formed in a polygon by joining any three 
vertices of the polygon. Show different ways of forming such 
triangles (which do not overlap with one another) in a pentagon 


(figure 2 in question I). 


V. Different types of polygons can be formed in a 9-dot region: 


3-sided: x\ 4-sided: \) 5-sided: | 


1) In a 9-dot region, we can draw polygons with sides. 


2) In a 16-dot (4x4) region, we can draw polygons with sides. 


+ ee 


wots doBe sat oman odd otixW. .enogy 
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INVENTIVE EXERCISES LESSON NO. 9 


o 
e 
e 
e 


Copy these onto your dot paper, draw the diagonals, fill in the chart 
below. Tracing paper may help you decide on the answer. Place "yes" 
or "no" in each column. 


PROPERTIES Quadri- Trape- Parallel- Rect- 


laterals zoids ograms angles Rhombi Squares 
pecetyOrdrarotals) aio. eVesaey Doe 4 0) ee eee ee ere 


Diagonals bisect 
each other No 


Have %4-turn symmetry 
about intersection 
of diagonals 


Diagonals form two 
pairs of = triangles _ 


eo eee SES nee ee SY NS GS SS ED SS Se Se GS ES SS ee Gee Gone Oe ee MS GS es GS Oe ee ee OS SS Oe Oe eS 


Both diagonals same 
length 


cea coors Sioee as came le tons meme eae tan Seay RS? ies ares es as SUES a SL es SiS Mee me pe Te aes Ot aD ene eee Caw OED Onn aey See Stet SEE Sees SENSE ONS NEED CoD GEE CERES EEN SEE GES SORE ee ee Ome Gas Eee ee Gow enn eee ey eae oem ee eee oom a 


ee ee ee ee ee ee ee ee ee ee ee ee 


Diagonals are lines 


ES tea A ie oh 0S ol Nek eet a ede 


Diagonals bisect 
each other into 4 = 
BOCTCI LCE Ok) PARR: ee ee ee ee ee ee ee ae 


Have -turn symmetry 
about intersection 


of diagonals 8-82-8282 
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II. Copy parallelogram ABCD onto your dot paper. oars 
Draw in all the diagonals. Label the point of 
intersection 0. 


List all the properties of the parallelogram: ee 


@ 
nr ete eesti tabs Steet ee eeepc anno 


III. Here are the diagonals of some quadrilaterals. Name the type of 
quadrilateral and the property that each demonstrates. Do not draw 
the quadrilaterals. 


a) | (6 ) (cD id) 
1 a 


a) Name b) Name 


Property Property 
c) Name d) Name 
Property Property 


IV. AC and BD are diagonals of some quadrilaterals. Put them 
together and construct different types of quadrilaterals. 


a) A : wy? 7 . 
j B D AC=BD 


V. On your dot paper, draw a line segment, a turn center, and the 
turn image, such that the original segment and its image are: 


a) Opposite sides of a square. 
b) Opposite sides of a parallelogram. 
c) Opposite sides of a rhombus. 


d) Opposite sides of a rectangle. 
Complete the whole quadrilateral to check if you have the right 
quadrilateral. 
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INVENTIVE EXERCISES LESSON NO. 10 


I. Classify the following triangles according to their sides: 


i a 


II. Write the definitions for: 
a) Scalene A: 
b) Isosceles A: 
c) Equilateral A: 


1. Draw all possible scalene As using apenas 
the given segment and placing all Mecca WP 
vertices on some of those 16 dots: ae ee 


2. Draw all possible isosceles LA\s using 
the given segment and placing all 


vertices on some of those 16 dots: J Vee 
3. Using any three of thgse 9 dots, draw all evs 
possible equilateral 4\s: ar 5 
(Note the arrangement of the 9 dots.) 5 WS 


LL Troe—( ry or ratse (Cr): 

1 An isosceles Ais also an equilateral A. 

2 An equilateral ZA is also an isosceles A. 
3. <A scalene A\has three sides the same length. 
4 


An isosceles Ais a je with 2 sides the same length and the 
third side shorter than either of the congruent ones. 


5. An equilateral Z\ has no congruent sides. 
IV. Here is a parallelogram. Pick any 3 points on its sides ees 


and form as many s as you can. Then answer: 
A\s formed: scalene /\s: isos.A s: equil. As: 


Tas 


Or ae 
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INVENTIVE EXERCISES ‘LESSON NO. 11 


I. Complete the following chart by making 3 Z\s and using tracings 
or paper folding to check the properties. 


PROPERTY SCALENE ISOSCELES EQUILATERAL 


Has no lines of symmetry 


SLU ae ee ee ee oe re ee ee ee ee we ee ae we ee ee ee ee ee we we ee ee ee es ee er es ee 
LLL ee ee cm es ee es ce ee ce mre ee ee ee es cee ee cre ee ce we ee a ee cee we ee ee ee ee ee we we ee ewe ee ee 
ee ee ee ee me ee ee ee re es rs ee cre ce coe ee cee ome ee ce ee ees ee crs ee es ee ee ee ee ee es es ee ee ee ee ee ee ee ee eee es ee es ee ee ee we es es es 
ee ee ce cr cr ee re em rs rm es ee eee ms ee ce ce ee ce ee a ee re ee ee ee we we we we ee we we ee ee 
er rr re rs ee ee re ee er es ee ee a ee ee ee es es ee ee ee ee ee ee ee ee ee ee ee ee 
er ee es ee ee we ee ee ee ee ee ee es ee ee ee ce ce es ee ee ee ee ee es ee 
ees ee ee cee coe eae ere Mm Gy MO ee CY re cee GD ee ee OS ee Ce Ge cS ee ee ee ce ee ee es ee ee ee ee ee ee ee ee ee ee ee ee ee ee 


Has 3 angles congruent 


tt. Copy the 3 Ag onto your paper. Draw in lines of symmetry if 
there are any. Label the new points you constructed. Fill in the chart. 


(1) (x) (3) 
FA, Ell Ee en SE NEE ES oe 
TYPE OF PAIRS OF CON- PAIRS OF CON- NUMBER OF LINES ANY TURN 
GRUENT SIDES GRUENT ANGLES OF SYMMETRY SYMMETRY? 
1) 
2) 
3) 


III. You are given a 9-dot region and asked to draw As of the 
following types. Place all vertices on dots. ‘ 5 z 


1) All possible Scalene Ne. : 5 : 
2) All possible Isosceles pat : ; ; 


Use a new 9-dot region for each different ZS, 
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INVENTIVE EXERCISES LESSON NO. 12 


I. Using the 3 RULES of congruent NES determine which of the 
following S are congruent pairs. For those that are congruent, 
state the rule that guarantees this. 


sar 


Sawa 


4) 5) 


a 


II. Use Z\aBec as a reference. Pick out all Z\s which are congruent 
to ABC, and state the rule used. 


bom s 


Draw the diagonals of the following figures and fill in the chart. 


7 jam ss 


Parallelogram ram Regular 


Penton 


Square uare 


‘eas 


Si .Ov Moeeal 


984 20 dottw ontwreseb) yao) 3mon 
etnewrgtoo sts Jeli ceody 10% ye 


ere 
Miya 


Py e ai — aot y a 
~ a4 a 

‘ a) 19 vn alienate has ap ; 

. : . f om —_ . 
\ : ie 
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aren | 


——— einen 


jnesuvgnos era dotdw eZ Eis tuo dot 


S| 


oO 


Number of Name all pairs of Rule Total number of 
Diagonals Congruent A\s used pairs of = As. 
Ce a a ee ee OT NE 
1) 
2) 
3) 


IV. What do the following abbreviations mean? How is each useful 
in showing congruence of triangles? 


1) S58 
2) SAS 
3) ASA 


V. In each question below, tell what additional information you would 
need to determine if the triangles are congruent or not. 


1) A E lz 


Pacipt 


INVENTIVE EXERCISES REVIEW (1-12) 


I. Classify the following polygons by writing the best name below 
each figure. 


‘Ame. 


5) 6) 1) 8) 


4) 


9) \ 10) del) +2.) 


II. List all the different types of polygons 
you observe in this figure: 


1)o 28>right triangles. 
2) 


A 


cL LL 


III. Perform the indicated motion. Be sure to aes eae diagrams. 
c2) 37 ‘ 4), 
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e ° 
"+S 
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IV. Without measuring, state the As which are congruent to A\ABC 
together with the congruence property involved. For the rest, state 
the additional information needed to determine congruence. 


1) Using a different region for each A, draw all the 


V. Copy the A\ABC within a 9-dot region onto your dot paper. . ‘ 
s that are congruent to /\ ABC. j}. 
B ° 


2) Using a new region of 9 dots for each A, draw 
all the NON-CONGRUENT Z\s, i.e. /\s which are NOT 
congruent to ZL ABc, and also NOT congruent to one another. 


VI. Use the best word or words to complete each statement below: 
bit A /\has no lines of symmetry. 
2) A square has lines of symmetry. 


3) Each line of symmetry for equilateral and isosceles As 
divides the figure/sides/angles into 2 
figure/sides/angles. 


4) The angle formed by %turn/%-turn on a segment is called a 


angle. 


5) A polygon with 5/6/4/3 sides = a / / 


ee ot Me hie WEE ks Seine 28 
6) A quadrilateral with one/two pairs of parallel sides is called 
/ 


a ° 
i LT 


7) Lines of symmetry for Nt 
intersect at one point. 
Ce Ae 2 ee Se UR ie ee 2 
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INVENTIVE EXERCISES LESSON NO. 13 


I, Copy the triangles onto your dot paper and write down all the 
properties you notice about these two figures. 


II. Use the following diagrams to answer the questions. 
(a) ) (c) «ch ) 


1) List those pairs of AAs which are similar: 
2) List those pairs of As which are congruent: 


ow 


3) List those pairs of Z\s which are not = 


4) List those pairs of Z\s which have 3 congruent angles but which 
are NOT congruent As: 


III. Form all possible reflection images of A\aBc with SA tiga. s 

vertices on dots within the 25-dot region. Count these ee CA Te 

images: ti 

1) There are As congruent to Z\ABC. = Ns ¢ 
e *B G 


2) There are A\g similar to ZLX\aARC. 


IV. Perform a slide, or a turn, or reflection, or slide reflection, 
or a combination of glides on Z\ABC, such that the images and /\ABC 
form a larger triangle which is similar to LNABC. 


ERS ) ; va 
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LESSON NO. 14 


I. Copy the figure onto your dot 
paper. 


1) Slide ACED (6R, 0) and draw 
the image. Then draw the - 
turn image of /\BDE. 


2) Locate the new positions of 
angle a and Zb. What can you 
say about the three angles 
a, b,- and c? 


II. Copy the figure onto your dot 
paper. 


1) Reflect AXY in the mirror line 


XY. Reflect CWZ in the line WZ. 


Reflect BXW in the line XW. 
Draw the three images. 


2) Draw the figure formed by these 


three images in a new region. 
What figure is this? 


3) What happened to the angles of 
ABC? 


III. Given the measures of two 
angles of a /\, find the third 
angle: as 


en 


LG 


IV. Show how you can find the 
measures of angles A and B in 
different ways. 


i ere 
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INVENTIVE EXERCISES LESSONVNO.95 
I. Determine the size, in You know that the angle sum of a 
degrees, of the missing angles. triangle is } 
A : 

1) 

Therefore, the angle sum of the 

quadrilateral is: 

Co 4] 
2 Xs a 


Cc 
III. Show how you can find the 


angle sum of a pentagon in two 
different ways. A 


2) 


IV. 1) Angle sum of a pentagon is 
e 


2) Now you know the angle sum 


of a triangle, a pentagon 
and a quadrilateral. ; 
Show that you can obtain 
the angle sum of a hexagon 
in MANY different ways. 


Angle sum of quadrilateral A F 
PAUL is ‘ 


4) Pp Q 
5 R 
5) 


II. Any quadrilateral can be 
divided into two triangles: 


A CG D 
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INVENTIVE EXERCISES LESSON NO. 16 


I, Fill in the following chart with the given diagrams. 


© yo ee 
Pairs of Supplementary angles Pairs of Complementary angles 


ZaandZd, ZLaandZf, 


e e e e e e e 


ee ae eee ee Se ee ee OD es ee pm Oe ee et ee ee es ee Sa ee ee ee ee ee ee ee ee ee ee ee es ee ee ee 
ee ee ae See ey EE ED eee es wee ee eee ee SS ee Oe ee ee Oe a ee ce ee Oe ee ee ee ee ee ee ee ee ee ee ee es ee ee ee ee ee ee ee ee ee 


ee ee ee ee ee ee me ee ee ee ee ee ee ee ee et es ee es ts ee es es ee ee ee ee ee ee ee ee ee ee ee ee ee ee ee 


II. Using the diagrams, fill in the chart below. 


e e e @ @ e e e e e e e 


Pairs of Sup- Pairs of Com- Pairs of Pairs of Pairs of Pairs o 
lementaryZs plementary£s OppositeZs Adjacent£s =24s _Linear«z 


(1) Ze Rese : 


ee a aE ae SL 


astans vrs remal qo to. ath 


Ae ee 8 ORS OE ORE Re et eee me ee AEE one oe 


ree. yu 


th a6 ha nee wow Ws as nen teen ne se i 


.woloed gtado sft nk ue cern om 
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III. Place the appropriate angle in the space provided. 


Given angle Its Supplementary Its Complementary 
gt Antes 
- 90° LP No 
2% 40° 
Bs 85° 
4, 135° eve 
5, 13 ee 
6. 155° om 
1 i Pat Pp ia 
8. a (ee 
9. 45° nie A ee 
10. 60° 
Bigicate R19) 8. O35", 1G. 207, DOC meaene ee 
Fea Cs shoe x Us. aT ia 1676. 
R95.) Lees, MS NO eee 
a oc aa em ase Oe 
IV. True or False: 
1) Two supplementary angles can be acute angles. 
2) Opposite angles are linear angles. 
3) Complementary angles must be acute angles. 
4) Supplementary angles must be adjacent angles. 
5) Adjacent angles are always complementary angles. 
6) Linear angles are supplementary angles. 
7B) Linear angles are adjacent angles. 
8) Opposite angles are formed by an angle and its 


9) 


4-turn image. 


Two angles whose sum is a k-turn are supplementary. 


sbebivorq sosqe edi is 


\ 
4 ra * a 
= 
5 = 
ied 7% 7 
_ 4 - p 
sLqGaa S31 | 


2 
an 
ea 


| a4 
ph 
eS 


tied 


asl ore gn? 
R | 1 pee 


‘ 
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INVENTIVE EXERCISES LESSON NO. 17 
a ll a i el 
I. Use a tur, slide, flip or slide reflection to determine which of 
the following are parallel. 


Gi) 
(2) 


(3) (4) 
II. You are given a 25-dot region with a segment AB. aT Se sw Ye 
e e e e B 
1) You are asked to draw all the possible 1 line ae vee 
segments which are congruent ( = ) to AB. ay 


2) How many of these segments are slide images of AB? 


Indicate each slide with dotted line and put down the slide 
notation, ( R/L; U/D). 


3) How many of these segments are %-turn images of AB? 
Indicate eure centers together with the images. 

4) How many of these segments are reflection images? 
Draw the mirror lines for each image. 

5) How many of these segments are slide-reflection images? 


Draw the slide arrow and mirror line for each such image. 


7 ; a ver pits ee! ah ede. f 


- 


ey 4 vr pry io © 


- sate ene o3 sottgation 8 


.Bogemt a 


hs — i Teogamt « 


r , a. a 


¢ 


he Teogsat “ee Sat: 
ea sh he 
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INVENTIVE EXERCISES LESSON NO. 18 


Fe en ne ee ee Ie Se Oe oe ee A, 
I. Using the following diagram, fill in the chart: 


Pairs of Pairs of Pairs of Pairs of 
Correspond— Alterna- Opposite Congruent 
ing Angles tive Zs Angles Angles 
@aand Ld and _ Lied. 
4, ihe, 
Las 1) Find the measure of these 
Ay ie, angles: 
La= a Lba= ned 
LZ Ce oh Za = ce 
fe) 
Le2 2M i aS 


2) Notice that: 
Lat 80° = a turn. 


Find all other pairs of 


angles which produce -tum. 


Lat 80°; Za + : 


IV. Find 2 different motions that 


III. PAUL is a parallelogram. 
would map cross A onto cross B. 


1) List all pairs of parallel Using a new figure for each motion 
lines: * and draw the new positions of 
ye = B= — angles a,b,c and d. 
fe) we oO 7 
1 eR el Bee Yc 


3 LYA 
hopin: u +0 


point P in two different ways. Show 


all necessary information for each case: iniaas tetra sll "p 
L 


ee hee et a a “ ; 


ssont to sxvasem sit batt fay eh 
sasigns 3) \ AN 
Py =d\ ig =s\ A f; i 
Se 


Py = *\ ur = 55 iY | a4 
tes sotsowt Xf Hades pha De 
rid 4 + 4 f 
. & 2ng & \ wih Mes ie : H af _ ~ 
76 atieg teiso Lis bart ay +/ 8 * ny 
~mvi- sovborq dotdw eolgns ee 


v) ; ty yur is + 
% ee meen 
fi sini ae 


» 
- 


y ne ru ae a F i 


i 2 04% otmeo A 2207 ge 
‘om H#aR9 70% etugi? wan 2 
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INVENTIVE EXERCISES LESSON NO. 19 


I. There is more than one way of finding the perimeter of this 
quadrilateral. 


Example: Attach a string to the sides of 2 
the quadrilateral by inserting 
pins through the string at each 
vertex. Remove the string and 
measure its length. 
Now, explain how you would go about finding 
the perimeter of the quadrilateral. B - 


II. Here are some REGULAR polygons. Explain how you would go about 
finding their perimeters. Then write down their perimeters in cm. 


| | | ee 
4) : 


Results: 1) cm. 2) cts: 3) cms, 4) cm. 


a 


a lg ly 


III. You are given a string, 6 cm. in length: bem. 


iS If you want to bend the string to form triangles whose sides 
total the length of the string, how many different triangles 
can you form? Show all of them. 
What kind of triangle would have the maximum area given the 
perimeter.6.cm.?- 9 9) eee ee ee 
2) Form all possible rectangles whose sides total 6 cm. How many 
can you form? Show all of them. 


What kind of rectangle would have the maximum area? 
3) What other kinds of polygons can you form given the perimeter 
6 cm.? 


o0e 


20” wWoeedy 


es 


sti su0ds. og nkway voy on tislgKe ¢ 
Bi: errr Leal Yo r9d90F1 


a 


tuods og blvow soy wod sisiqal es, eee amoe ts eee 


mo mi etotomtxeq siods gwOb Siiiw gecT -ststeatseq atod3 3g 


a ‘ : , ere | m5 ‘ a 
Tr iit % ier alameda ye ame ge 


asbie saodw eolg 9 4 
BP sreecanialh ere? | 


of 
‘0 novi born som on 9 J 


qtem WOH smo 8 fndo2 adbite 


) gnitze ods aap cipnb t Saad a 


spa at mre 


rT ~ o ff 7 A 
mt | , 
, 'e ‘id ; At 
Ve ; ¢ ; ) ' 


a. | 
ee ae ) | 1. se 


301 


SUGGESTED SOLUTIONS FOR INVENTIVE EXERCISES 


These solutions are only suggested guidelines for appropriate 
solutions. Teacher should feel free to encourage and accept 
any other solutions she/he deems appropriate. 


LESSON NO. 1 


1) AS inthe ATR 
2) a. AB IL ATBE 
b. ABS A'B’ 
GC. AA' // BBY 
a SLi BR" 
e. ABB'A' forms a 
parallelogram. 


3) “a. «Tracing 
b. Measurement 


4) Both segments are the 
same distance apart. 


; A 
ae , “ie 
oa é 
“ Bl a7 Cc 
: Lae 
a 
a) pane, BTC", CTA" 
b) a. BW AB! 
oo mee a BE Gt 
eGR CAS 
4, ARR’ [ BB' jf ec" 
5, WAR ATR" 
6iec =iB'c' 
7. CA=C'A' 
8, AA'= BB’ = Cc’ 
9, - ABB'A’, BCC'B" and 


acc'A' are // grams. 


aey 


Tit. 


All angles are preserved: 
Lh @6Z LIBRE LAB 7, =n 


Shape is preserved: 
ZV ABCE= AIRE O? 


Orientation of AABC is 
preserved. 


A triangular prism is formed. 


(c ) 


ee We aueronaxt cana KOT BMOITIM 


siecle 702, hicnlciial baseogaue 
ares bans ei o3 soxt 


PU ee So 


7 eh Ae 
a sera 
a és ree) | 
id i 


thavroserq ers eoleas ELA gates! 

fy Noe D4,'E Se Sy 'A ANS 
thevracete ef sqade eet 

‘oa AA = ORAL 

et 2844. to nolistaeks0 eh ‘sen ie 
-boviseemq) | wy! ar : 


/bearo} et metsq taivansiad A_ s Pe 


arte (5 
| 


bp +) 


}e 


Saeed cen eee 


’ : 


th PY Wl; © eed ie ee 
if 
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IV. There are 5 different types of segments: 


aS 


os Oe ms 
- _ an x . x ey 
r2 b 36 


putt? 3G eZ )E b nee 


V. Since there is no restriction to the number of slides needed, 
successive slides are permissible. 


eee 


1) Single Slide : (1 R, 1 D): ay 
a) 2 Slides : (0, 1D) + (1 R, 0): y 
or, Cl R, 0) + (0, 11D): Ve 


C27 R20}: Cae) Dy 
C2°Ro A DD ee Ge 0) s 


3) 3 Slides* '@Q R, 0) + (2 R, 0) + C1 L, 1D) 
GIRS 0). 44Gb, -D) + Ch By. 0) 39°C “Roe aR Dy i 
aR 0) De 1D) +e Cl Lig ONS) 00s LD) eee ey a 
(O551-)) + @ar, 0) + CL, 0). : 


ey ARSidides: (1 R, 0) + GR, 0).+-(0, 1D) + G1, 50); 
and so on. 


5) 5 Slides: @ R, 0) + ‘qe R, 0) + (0, a D) + (2 L, 0) am @k R, Os 
and so on. 


*There can not be 6 slides without repetition. 


Vie ed) Partial Solutions: 2) Partial Solutions: 
Slide the shaded Slide the shaded 
part: part: 
a) (1R, 1 U) a) (4R, 0) 
. or 
Orb) C2!)b; 2D) b). (4 EL0) 
(b) (Q) Cbd 


Ail il 4 


ehebesn esbifa to yodmua edt 63. nottolziae1 
pea a _ eidteetured | é 


Ae a A QE <* 
. gt ea Oe 
\I : : = 4 r (0 - 

Nd eel «lt 2) ® 

0 a rt) + 


MO gl LY + (a ; yn 5) \+ “0 (8.2).3 ne Be a t iD #0 fo) 9, 
“a £4 1) + (uf AS) + OS 0 on 4+ 0 Ae ) 


(0 42 1) + (ee fal ae i 
se 8S, ne ON 


2D ya 1) + (0 ol 5 ee HD +O aD ss 
ee 


ht 
, fs \ cel ere ‘2 new . & 
~TOLFes r JOH IS LW SIVLLG VY 


sarmoituto2e Ist 118% is: 


behets off "Ses 


LESSON NO. 2 


Cc Cc 
G! 
d 
D C De 
a 
i A 
\ 
\ 
\ 
: ?] 
O- 
B C\ eB 
\ 
\ 
\ A! 
Dye An ATR! 


2) AB =A'B' 
3) AA' and BB' bisect each 
other at the turn center. 


4) Orientation of AB is 
reversed. 


=> 
re) 


II!. 


1) 


2) 
3) 
4) 


5) 


6) 


rv 
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Line segments are if to ‘the 
image segments. 


Line segments = image segments. 
Ls = image /s. 


Shapes are preserved: 
originalA ZX imageA . 


Lines joining points to 
images bisect one another 
at turn center. 


Orientation reversed. 


(a ) 


ib ) 


cc ) 


a) 


‘ada oe \ ous diiddgon matt oe) a. he My 
wy, - BINSMZS3 sgemt_ yw, he ia oy 


. etrr9MTg5® agent = ajnem308 ft a 
adh 'ogam Bosh 
+ ow sagehe (Se 
= Alsnatgize 7 mh 


alkanes gnintot esmkly ~ Pa 7 
BT tees wa tosetd-eogeml (| 6) 


.wetmao ots Is 
iv Pa a0 
bsevevet notistasirO (3 


we of 4 oa ; Y é ise 


sNI 
: | i ‘ mh 
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*Turn centers can not be points of the dot paper:- 


VI. a) 1) Perform 4—-turn on or 2) Convert rectangle into 
shaded A: trapezoid: 
oo \ 4 
b) 1) Perform 4-turn on or 2) Convert rectangle into 
shaded A: triangle: 
J/\ 
A 


T 


LESSON NO. 3 


So CIA 
1) ABS ABE BCS BIC’; 
1) CA= C°RG. 
2) Mirror line is -L to, and 
bisects lines joining points 

3) to image points. 
4) Mirror line is perpendicular Shape is preserved: Toad 

to and bisects lines joining AAsc =~ A A'sB'C'. 


points to image points. Orientation is reversed. 


oink slansto9x srevnol, (8 10 no 
:htossqsT? | 


otni signaioe? itevnod (S$: To mo 
rolgnain? / 
b/) 
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LESSON NO. 4 


(C) 


(b) 


(a) 


meee ee « 


306 


ow 


I. 1) The original figure = image 
(a) figure. 


2) A slide-reflection is a combination 
of a slide and a reflection. 

(N.B. Students can repeat all the 
congruence properties 
between original segments / 

eo oa angles and image segments / 
angles.) 


sO ae 
(a ) 
wb) \ 
\ 
(28,0) 7 
SOMERS 
tally Rida 3 i Pas Fee 
‘\ 
(Biv 389 
AV >: 


Cc 
fit. 2) Siide images and slides: 3, (7 2, Oper. t2 2. 3D): 
13,..68 BR, 8 Dis 15, (4 Ry 40-D)y anaeio 0 eae UD). 
2) ‘‘%s-turn images: 1; 11; 14. 
3) Reflection images: 2; 4; 8; 10. 


4) Slide-Reflection images: 6, (9 R, 0); 9, (0, 5 D); 
VR 4G, doe Disedany (0, 12 D)s.20, (ger, are 


‘sgent & exalt? Len bt ad 


p et solsoslist1- bile 
foktositet & bas Been 8 ie . 
nso etn9 Te) ae 
a iis Tet Seto | 
\ asitomgoe ane o asgwted : 
\ atnemgoe egemt bus eslana “=p 
(,asiges = | Aaa, 


bi 


Ht & gt SE) 4K (0 i 


eet ey had na vet Bie 
atl ae i 
. fe ef 7 oge 7 2 
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REVIEW (1-4) 


ae * eit 10 on Cian) Oy 


Reflection slide 


III. 1) 6 squares: 
y / / 


2) 4, including ABCD itself. 


3) ‘Slidés: “square 1:7 (0, Ags ‘square 2% M1 RYO); 
square 3: (Oj; D); square) "(IF R, 1 D). 
Other glides can be used, such as reflection, turn and 


slide-reflection: 


lhe op e ° 
TH. [o] af es 
aes bc 5 ks 


; ix 
ree ie) ee 


¢ ; 7 i? 
7 - a a 
a Oe hd ry 


ae ae =) 
.u 
‘OF b< 
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IV. 
(1) (23 3 
R S con) (4 ) 
A : | 
ie ~ 
a/ vi 
J ewe 
Pp [a 
Pp giv 
id Ms 
S 
y 
R i 
ms . 
ay 
= segments // segments = Zs 
1) AB = A'B'; BC = B'c'; LA SoZ Aly Baan Bie 
CD'='C'p'; DE = Dre’; None ZOEOL CC); £E =1l us 
EA = E'A', ZR =e/'D! , 
2) eae rel OR. = (O° R's ae AP =a: 710 = ZO 
De Sf LR = LR 
3) st istt'; wet; st/ st; tw dT v's; Zs=Zs'; ZTS LT; 
vs =V's', Vs i Wess ZV = Ly'. 


Lyonyoanptyeey7z-eryehs xy iP xty'; YZ WY" Zax S07 ay See 
2X an (he ha uaa ee 


vy. Oe (2) (3) C+) (S) C6) (7) 8 =As 


ZNRABINNEF 


1) Slide: +(0, 0); 2)" Reflection; 3) ‘Reflection; 
4) s-turn about center dot; 5) Reflection; 6) % CW Turn; 


7) 345 CCW turn; 8) Reflection. 


(N.B. You are given only 9 dots. You cannot glide ABC out of the 
region. Therefore slide [except (0, 9)] and slide reflection 


cannot be used.) 


eke @\ 2'AL 
seh @ oS <'9 4 
sod 


(9N= Ok 2" \ 
ore \ 


Nes *VA\ 
PREYS PKASEKA;: 


elim 
= Ad 
29\ 


ai 


ay 


| —- are ‘ 
ono ea'd = opt 


LESSON NO. 5 


I. 1) a) Slide Reflection 
b) Reflection 
c) 3s-turn 
d) Slide 


2). a) A" BT ACS: 
b) Cx', Ys peo Weds 
eo) TEE O't Bi Ss"); 
Oren eh Cy D's hog, 


ks-turm with center as inter- 
section of mirror lines. 


Silica: eon, 0 


IV. S 


Slide Reflection. 
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HE BL 
7 
ae 
4 


(Double-reflection): 


In fact, infinitely many 
parallelograms can be formed with 


A\POR and its images. For 
example: 
SNS hee ne 
rs = ee. S 
a _ aa ve 


> 
¢(aot3z09lis7-sfdgod) 


a et ey oe oe ee 
'/- 
~ - 
- 
eg ee, «ee oe 
~ —_ sa 


or | 


_ ~ 
vie 
F - 
a 


ae ho 
ee ee ae of 
Ao) tel aS 
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VI. 1) Reflection in lines of symmetry: 2) %-turn about the 
center 0. 

Py 3) A revolution of 360° 
about any point on 
the plane. 

+--+ 4) Slide-reflection such 


as (5 R, 0) then 
reflect in DC. 


LESSON NO. 6 


I. 1) Acute 2) Right 3) Obtuse 4) Acute 5) Right 
6) Straight 7) Acute 8) Right 9) Acute 10) Straight 


ii. 1) 2) C 3) | 4) i 
i | F H 
A an! ap 
A ql | 
A z & 
a! ‘ 
4 F H 
Many Many , a 1 


Ti 1) rien ie Z formed when a line segment makes a -turn 
about one of its end points. 


2) acuteZ : Z formed when a line segment makes a turn which 
is less than k-turn about one of its end 
points. 


3) obtuseZ : Z formed when a line segment makes a turn which 
is less than 4 but more than & about one of 
its end points. 


4) straightZ : / formed when a line segment makes a 's-turn 
about one of its end points. 


IV. N.B. Routine solutions make turn about A or D as in problem 


#II. above. 
Creative solutions pick B or C, or any other point on 


ABCD. e.@8. 


ofi3 auode mtus~2 = (S _ :ertemmys 26 asatt at nokioald . 
«0 TING. 


“Ort S0,nitatoves A ¢ ? yp 


~ 


Rs a ot toslie:x 


gigtt (2 ota (S oewadd ada * | 
tdgitess2 (OL a3usA (2 adgia: (8 siusA .{T 


‘yg (a tS 
by la” a 

a 
4 ~ 
t 


(. mwa eB aster Tromgsk, ont 6. 
.eiaiog bre eat to 


Hirde nxu3 © codku trosgop ankt B bomen ry Grae. Ba 
hne ati to smo jueda arua-e pore . 


phates pana prairies 


otut- 6 eedtam jnsingee 
-eintoq, & 


subs seas hag an 0 to ipo ie ~ ie 
no scikiae: zadzo rte ae eer —— 
“evi 


ce 
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WW A’ (2) | A 
A Abe 2 A &) 
a! D 
F Cc 
/ ors A A 
5 A 4 ‘ A A' A 6 D 
, i 
a! ae: A Cc 
C 6 
é a D A! 
LESSON NO. 7 


{,. I) right 2) acute 3) obtuse 4) right 5) acute 
6) acute 7) obtuse 8) obtuse 


= w/t aS are 
IN SALT ae 
Prowirr, Nei nttie No ge 27. ee 


oF OS “Seca ee oe 


(24 obtuse A s) 


vas SEIS ea 


a ‘- eee foe 
Ce ka amen 


Ve) 
1 i 


etuse <2 (a sau (€ /eduae (S$ 
panes ik Isigtx ca (a ds sae: a 


en im ae o ee 
» A sentdo &&) fren o8 aa: waalt ! 


iets bee rye 8 


. z Ne pee: 4q 
& Soest se Ab “ 


TE PeOep) 


B12 


RightA Quadrilateral 

\dD 

3) \ 

A t A 
ra 
o: 

8 i} 

Cc C | 
Obtuse A Quadrilateral 


a) 1) acute; 2) right; 3) obtuse 
b) 1) acute A $ obtuse A ‘ right A , 
2) rightA ; quadrilateral; trapezoid. 


3) obtuse A ; quadrilateral; quadrilateral. 


Veet we) fs 3), ETS 4) (Ts 75) ake 


LESSON NO. 8 


Trapezoid 
aD 


~ 
A 


c 6 
Quadrilateral 


I. 1) No, rectangle; 2) Yes, pentagon; 3) Yes, triangle; 


4) Yes, square; 5) No, octagon; 6) Yes, hexagon; 


7) No, triangle; 8) Yes, octagon. 


II. 1) Diagonal: Connect 2 non-consecutive vertices. 


2) Regular polygon: has congruent angles and sides. 


III. Number of sides 3 4 5 6 7 


Number of diagonals 0 2 5 9 F445 720 27 


Additional diagonals 2 3 4 5 


Leyatsi fda 


% 7 mee: Hoevotal 
slavetaliy ier: t 
8 @t Ow Ct CA wT 


: ; ’ ro 
M . Hae b. , 


¥ 
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General formula: ‘m(n-3), where n = number of sides. 


Dee) at eatt 13) 0s A) 23+ 55) 20%) .6) 9s wee mOsmen 205 9) 35, 


Vv. 1) 9 dots: 


AY OY 


6 7 


IV. 


sides: 


2) 16 dots: 


gees TENTS 


sides: 3 


2 [A Gx a a oa 


15 16 


vabbe 20 vedwoa = m exedw .(€-n) , 
188 (@ 08 (8 ( 0 08 (2 acm ee 


a Nob 
q 7 ~~ Cee a prt 
j iby : 
; ' 4 . 
; d nm 
3 ; 
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LESSON NO. 9 


I. 


PROPERTIES Quadri- Trape- Parallel- Rect- 

laterals zoids ograms angles Rhombi Squares 
ee nee a ee Se ee ee 8 ee es eee Pe ee ee 
- Has two diagonals Yes ' Yes Yes Yes Yes Yes 
Diagonals bisect 
each other No No Yes Yes Yes Yes 
Have '-turn symmetry 
about intersection 
of diagonals No No Yes Yes Yes Yes 
Diagonals form two 
pairs of = triangles No No Yes Yes Yes Yes 
Both diagonals same 
length No No* No Yes No Yes 


ae em eee oe ee ee we ms ee se GS SG OE GE SS ED Ge SS OS OS ee GS ae Gee ee Se Gm cee OD ee oe ee ee ee ee ee ee Ome ee ee es ee ee es ee ee 


Diagonals form 4 As Yes Yes Yes Yes Yes Yes 


Diagonals are lines 
of symmetry No No No No Yes Yes 


ee ee tee Gem ce Gee eee ee se Cee se te GG Co eS EP Se GE) SE GS SO GS GS Bee oe GE OS Se OP ee ee Om oe ee ee Oe Eee ee Oe ee ee Se oe Se ee ee ee ee aw ee ae 


Diagonals bisect each 


other into 4 = 
segments No No No Yes No Yes 


Se er eae cee eae came ne es GES) SEUD ORE GER GE OES CESS ED ES EE Com GS ES LEE ENE ONS TES GED GED GS GES GY WED ES GES SES GED GED ESE GS SEY GED ED GSS aS Sw SE Se ae GE Ge ERE ew GE eS Ge Ee SS Se eS See a ee eee ee 


Have 4%-turn symmetry 
about intersection of 
diagonals No No No No No Yes 


*"No" in general. 


II, 1) AB = DC (opp. sides = and ae 
2) AB // DC; AD 4 BC. 

3) asc = Acpa; Aasp = AcpB. 
Aaso = Acpo; A ADO = AcBo. 

4) A parallelogram and one of its diagonals always produce 
2-= As. 


5) ‘s-turn symmetry about 0. 


« 
o*< 


. -joen ~Jotiexvs? ~sqexT --Isbavp ba 
earsupe E sessena asl gan angzgo  adtos alexptal © 
esY BY. asY ~28¥ esY aa 


SO ee ce ee ee ee eee ee ee a nk NP en RT i Mt RS A NPY A i AP a 


oY eBoy aay asY ow ov 


A LS AN A ET EE TR HE YS ee eS On ee ee NR Oe OT ORD ame LIRR ED TRIN <a ee em 


2a¥ easy aaY asY on pA poe oe 4 at D> 
a OT ee ae Hi maaan 
) sled ewe aon en 
asY asY ao aey off om aéignntz3 © Yo 
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III. a) Parallelogram: diagonals bisect each other. 
b) Rhombus: diagonals bisect each other at right Zs. 
c) Rectangle: diagonals bisect each other into 4 = segments. 


d) Square: -turn symmetry. 


IV. a) Quadrilateral; parallelogram; rhombus; trapezoid. 
b) Quadrilateral; trapezoid; rectangle; rhombus; square. 


N.B. Using the properties in problem #I. about diagonals. 


V.. a) Square: b) Parallelogram: 
A B A RB 
b Waccraees"s anes © 
\ \ 
! \ \ 
t O 8 \ © \ 
f : \ N 
: ‘ é sy wd / 
wooed 8) A 
c) Rhombus: d) Rectangle: 
A B A 8B 
Nes. of coe | 
\ \ | | 
\ Seercad © 
\ \ | | 
N ~ 4 t H P 
RB! \ A a! Rn 


LESSON NO. 10 


Ie il). Scalene 2) Isosceles 3) Equilateral 4) Isosceles 
5) Scalene 6) Scalene 7) Isosceles 8) Equilateral 


II. a) Scalene: no sides congruent 
b) Isosceles: 2 sides congruent 
‘c) Equilateral: 3 sides congruent 


1) 2) 3) 
fo scalene As 3 isoscelesA 8 10 equilateral As 
(8 small, 2 large) 


III. (1) F; (2) T; (3) F; (4) F (can be longer); (5) F. 
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6 scaleneA s 


b) # 4 c) 4 
8 isoscelesA s 4 equilateralA 5s 

LESSON NO. 11 
qT. PROPERTY SCALENE ISOSCELES EQUILATERAL 

Has no lines of symmetry Yes No No 

Has 1 line of symmetry No Yes Yes 

Has 3 lines of symmetry No No Yes 

Has no sides congruent Yes No No 

Has 2 sides congruent No Yes Yes 

Has 3 sides congruent No No Yes 

Has no angles congruent Yes No No 

Has 2 angles congruent No Yes Yes 

Has 3 angles congruent No No Yes 
1G ees Wy) 2) 3) 

Se a 
x: 
} i 
TYPE OF PAIRS OF CON— PAIRS OF CON- NUMBER OF LINES ANY TURN 
GRUENT SIDES GRUENT ANGLES OF SYMMETRY SYMMETRY ? 

1) Scalene None None None No 
2) Equilateral 3 3 3 Yes (0) 
3) Isosceles 2 2 1 No 
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III. 1) The only possible Scalene As are: Obtuse or Right As. 


similar solutions can be obtained as those in #II. 
of Objective 8: 


a) Scalene rights: 16 of the type: \ 


b) Scalene obtuseAd s: 16 of the type: ° 


8 of the type: . N 


Total: 40 scaleneA s. 


2) The only possible Isosceles As are: Acute or RightA s: 
a) Isosceles acute As: 4 of the type: : ; 


4 of the type: . 
b) Isosceles right As: 4 of the type: N 

8 of the type: > : 

16 of the type: r) A 


Total: 36 isosceles S. 


LESSON NO. 12 


I. 1) Yes, SSS; 2) No; 3) Yes, ASA; 4) Yes, ASA; 
5) Yes, SAS; 6) Yes, SAS. 


II. 1) No; 2) No; 3) No; 4) Yes, ASA; 
5) Yes, SAS; 6) Yes, SSS. 
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Ill. 
Number of Name all pairs of Rule Total number of 
Diagonals Congruent As used pairs of = As 
8 2 Se BB ee ee a, aR. es SN aa Pe 
Dh ie We: ABC, BCD, CDA, DAB SSS 6 
ABO, BCO, CDO, DAO SSS 6. (Total = 12) 
2) 2 ABC, ADC SSS a 
ABD, CDB SSS 1 
AOB, COD SSS 1 
AOD, COB SSs 1 (Total = 4) 
3) 5 ASC, BCD, \... SSS 10 
ABD. BOE, iva SSS 10 
ABX ,EBCYah 24% SSS 10 
WEY, “ABV, A cae SSS 45 
ANY RNY a wack SSS 10 
ACW, BDV, .... SSS 10 (Total = 95) 


IV. 1) SSS: when 3 sides of one Aare respectively equal to 
3 sides of another A, the two As are =, 


2) SAS: when 2 sides and the Z formed by them of ope 
. are respectively equal to 2 sides and the f 
formed by them of a second A, then the As are =. 


3) ASA: when 2 4 and the side between them of one A 
are respectively equal to 2 Z s, and the side between 
them of another A, then the/\s are =. 


——— Se 


Ve 1) (2B Za BC 
2) ¥zZ= RO; ZZ 


EF. 3) FU=EA; ZF ZF, 
LO. or ZN=ZE; UN = EA. 


REVIEW (1-12) 


I. 1) Parallelogram; 2) Square; 3) Scalene or ObtuseA\ ; 
4) Trapezoid; 5) Pentagon; 6) Rhombus; 7) Rectangle; 
8) Equilateral or AcutefA; 9) Isosceles or Acute/\ ; 
10) Hexagon; 11) Trapezoid; 12) Quadrilateral. 


II. 1) 8 right As; 2) 10 isoscelesA\.s; 3) 5 squares; 
4) 11 rectangles; 5) 6 f/ grams; 6) quadrilaterals; 

7) trapezoids; 8) pentagons; 9) hexagons; 

10) 7 sided polygons (heptagon); and so on ... 
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IV. 


VI. 


1) Yes, SAS; 2) No; 3) Yes, ASA; 4) Yes, SSS; 


5) No; 


6) No. 


Na Se 
VON AYN RY 


16 As = A ABC 


2) Non-Congruent As: 
DPS AS 


1) scalene; 2) four; 3) congruent; 4) right/linear (or 
straight); 5) pentagon/hexagon/quadrilateral/triangle; 

6) trapezoid/parallelogram; 7) equilateral, square, any regular 
polygon. 
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LESSON NO. 13 


I. 


II. 


III. 


IV. 


D Lite YR Lee Ly, Lue Lees 
2) As have the same shape; 
3) Corresponding sides are proportional, but not congruent. 


Webs iC, d,-e, hi 2) Dy ns 
Sys acc, dz ies £5 gs: AD «ta 


N.B. Reflections of images in their sides are permissible. 
1) 36, including AXABC. 


2) 36, including A ABC; these images also form larger As 


which are similar to A ABC. 


“A 

ay 1)” Form ZN1 by a slide (2 Ry 270). we \ 

2) Form A 2 by 4-tum. A = oa 

3) Form /\3 by a slide (3 R, 0). PAN “a \ 
or 
b) ye \ Ji eee Si tae CL. Be 2 509 

ie yy A2: ‘s-tum 
iy 3 CA A3) ‘Slide. (3h, 0): 


or A 

ey ZN Wes lide sf? “tj. 24D) % i. 
A 2: keturn . a 273 . \ 
A3s slide. (1 ®, 2°D)« Le NG ee teeN 


d) Larger similar /\ s can be formed in many ways by 
applying motions to the above three fA s. 


LESSON NO. 14 
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2) Latt bee: = 180° 
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TE 2) dit ‘i A rectangle. 
if A’ Bc!’ Z 
3) ZatZ pb+Z c= 180° 
The 3 Zs formed one of the 
straight sides of the rectangle. 
nme WA Ale 25°, £ B= 90°, 2 C= 80°, £ p= 130°. (Ze = 60°. 
re) 
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LESSON NO. 15 


eras. 2)-60., 60°%. 3) 5°: 4) 40°, 90 


5, 40 S60 


° 90° #).5) 100°, 


ye60 | 


A 
pra 1) Z sum of ABCDE 
= / sum of AABC + Z sum of |ACDE 
= 180 + 360 


II. 180°, 180 


o) 
Ti 


>) A Z sum of A ABC + Z sum of AAACD 
+ £Zsum of A ADE 

3 (180°) 

540°. 


nae D 


: re) 
Iv. 1) Z sum of a pentagon is 540. 


pentagon + triangle 
540° + 180 
720° 


2 (quadrilaterals) 
251360) 
720° 


2) a) Hexagon 


nh ow ott 


b) Hexagon 
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2 (triangles) + quadrilateral 
2. GS6.p) 360° 
726° 


4 (triangles) 


4 (180°) 
720 


I. Pairs of Supplementary Angles Pairs of Complementary Angles 


c) Hexagon 


d) Hexagon 


wont of 


LESSON NO. 16 


Ober) td, ft) 3 (ery Gest) sey ats) 


1s Pairs of Sup- Pairs of Com— Pairs of Pairs of Pairs of Pairs of 
plementary/s plementary/s Opposites AdjacentZ s & Zs ‘LinearZ sc 


i) Ce a) (uy, ¥) (s, u) (S550 Gs (tie) Cu) (3,20) 


Cis v) (s,; v) (uy SCs w) (s, u) (Ge u) 
(s, w) (s, v) 
2) (a, e) Coy ed) (b, e) (a5. Dys(b5..6). Cas by (a, b) 
(25 6) (g, h) (c,d) 3Cd5 a) 2b), ‘e) (a, e) 
(a, b) Ce; 3)3(g, £) (a, e@) (g,. 2) 
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LESSON NO. 17 


Li. 9a) Yes, Slides, 2) No,,Refdection; 3) No, 3/4-turn; 4) Yes, -turn. 


Dae} : : ee Beate ; 18 segments = AB 
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Bees 2) ee Bee. ay ie ) (including AB) are slide 
“fs Sats 5 images of AB: 
ae de 8 “ifs, B 1) (25 R, 2D etaey) Ce Re” LAD): 
2. pf fe YOR O5 4) LR, 0) 
30 orate as ae 3) (05.°2 Dee) CR 24d) es 
A A 7) (LR, Ge) 38) Os mIeD); 
9) (0, 0). 
3) °.. All slide images are // to ARB. 
They can be obtained through -turn too: 
: 2 In fact, these are the only 
. ~turn images of AB. __ 
°B Total: 9 (including AR) 
4) 3 8 (including AB) 
reflection images 
iv. 
“7B 
i, 
5 6 
e e anita 3 
e e { e 
e e 7 j e 
5) Aperee SF sae eres aes 3 slide-reflection 
. . oe images 
Ne ee eae 
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e. : e e 
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LESSON NO. 18 
1; Corr. Zs Altec s Opp.4 s =Ls 
(a, s)3(d, v) Capit) (a, c)3(b, d) (a, u)s(a, c); 
(b, t)3(c, u) (ce, 8) (s, u)s(t, v) (by d)s (b, t)s (b, v) 
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TV. -1) 


V. 1) By a Slide: 2) By a 's-turn: 


LESSON NO. 19 


I. 1) Measure each segment, AB + BC + CD + DA 
and add them up: =(4 + 241.7 + 3) cm. 
= 10.7 cm. 


2) Map each segment of 
ABCD end to end onto a 


straight line. Then ate 
measure the total length: AAS = 10.7 ecm. 


II. Since all 4 figures are regular, you need only measure one side 
of each figure: 
1). 3x3 = 9 cm.) 2) -4ex 3 22 em. ee ee 1 ees 


4) 6x 2.4 = 14.4 cm. 


OL es, “L) 


2) 


3) 


Many 
examples: 
4 2 
2 
Equilateral A 
Maximum area: EquilateralA 
Many 
examples: Z 
z 
Maximum area: Square 


All kinds of polygons. 
For example: 
6-5 

12 CM, 


side 


f. ow 


Similarly, n-sided 


side = 6 4 
— CM. 35 
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IsoscelesA Scalene <> 
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Es ore 2-5 
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Think of regular polygons: 
regular pentagon 


Le 540° OR 
= 180 
regular polygon can be constructed: 
_ (n-2)180° 
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APPENDIX B 


OBSERVER RATING SCALE OF TEACHER 


BEHAVIOR 


326 


Oo 
* 
=<. oo =, 
— , Pan 
o . -' 
Tas — 
Uy -_ s 


Pm 
tabs a80 


iy 
om 21° 


TTHOANT YO IANS UIT 


J 


pei a, Hy re “MOTVAHTE 


OBSERVER RATING SCALE OF TEACHER BEHAVIOR 


Class : ; ; ; Date ¢ 


Teacher Omniscience 


Teacher acts as primary source of knowledge. 

Students depend on teacher to help them solve problems. 
In checking, he uses proper application of 

appropriate rules. 

Teacher solves problems directly without much help from 
the students. 

The teacher has responses corrected before proceeding. 


Introduction of Generalization 


The teacher introduces a specific topic to the class. 
Rules are given before examples. (Ex. clarify rules) 
Teacher summarizes after each sub-topic. (e.g. problem) 
Teacher encourages students to hypothesize at solutions. 
Generalization is delayed until many students are 

aware of it. 


Control of Pupil Interaction 


Students are encouraged to offer complete, correct 
solutions. 

Teacher questions students on direct items of the topic. 
Classroom interaction deviates from the topic. 

Students are encouraged to reveal rules that apply. 
Premature verbalization of the rule is discouraged. 


Method of Answering Questions 


The teacher answers by reiterating and explaining the 


rule. 
The teacher gives examples to clarify application of 


rule. 
Teacher answers student's question rather than 


referring to class. 
The teacher answers by referring to student's 


computational sequence. 
The teacher uses sequenced examples without hinting 


the rule. 
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Use of Student Responses 


Students’ suggestions are tested before comment or 
evaluation. 

Students evaluate each other's responses. 
Students’ responses guide classroom interaction. 
Student responses hear directly on topic. 

Students give only possible hints to the solution. 


Method of Eliminating False Concepts 


Students are warned of errors made in applying the 
rule. 

Students are warned of problems with special 
peculiarities. 

Students are cautioned about false generalizations, 
Students are given specific ways of working problems. 
Teacher leads class to overgeneralization of rule. 
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APPENDIX C 


PRE-TEST 
PIAGETIAN SECTIONING TEST* 


(SEC) 


*Al11 the materials of this test were constructed by Mr. Dale 
Drost who administered it to the two classes of this study as part 
of his doctoral research. With the kind permission of Mr. Drost, 


relevant parts of the test materials are reproduced in this 
Appendix. 
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PROTOCOL FOR ADMINISTERING THE TEST 


1. Distribute the answer booklets and have the students complete 
the first page. In the space for grade include the teacher's 
name as well as the grade. Some explanation may be necessary 
concerning the age with regard to months. 


2. Show the students the complete sphere and discuss its properties 
briefly. Ask the students what plane shape will be seen if you cut 
the sphere into two parts. Illustrate with the cut sphere and draw 
a circle on the blackboard freehand. Have the students do the same 
on their paper below the information they have completed. 


3. The students now turn to page 2 of their booklet. 


4. Illustrate the complete octahedron and discuss its properties 
briefly. How many faces, how many edges, etc. 


5. Perform the parallel cut on the octahedron using a ruler in 
place of a knife. Ask the students what plane shape . 

would result if you were able to look at the cut 

pieces. Use the cut solid to indicate the < € 
resulting plane figure is a square. Have them 

draw freehand a square in the box labelled A t 

on page 2. You draw one on the board. 


6. Repeat step 5 with a longitudinal cut. 
The result is a rhombus. Have the students 
draw a rhombus in box B. t 


7. Repeat step 5 with a transverse cut. 
The result is an hexagon. Have the students y 
draw a hexagon in box C. 


8. Repeat step 5 with an oblique cut. lio 
The result is a trapezoid. Have the oe 
students draw a trapezoid in box D. 


9. Indicate to the students that in the first part of the 
exercise, that you will illustrate similar cuts as executed above 
in the following solids: cube, triangular prism, cone and 
parallelepiped. Show the solids briefly. Also, without the 
solids, indicate the general direction of the four cuts as being: 
a) perpendicular to the floor and pointing at the student, 

b) perpendicular to the floor and facing the student, 

c) parallel to the floor, 

d) oblique to the floor. 
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10. Points of emphasis 


a) The students are to draw the plane surface they would see if the 
solid were taken apart. In the exercise the cut will be illustrated 
but the solid not taken apart. 


b) The students are to make the drawings freehand being careful to 
make lines approximately equal when that is the case, to make 
corners square when that is the case, and lines straight if they 
are straight lines, and parallel if they are parallel lines. 


c) If the students wish the cut illustrated again, do it 
immediately but do not return to a cut later. 


d) Make sure the cut is being drawn in the proper place on the 
answer sheet. 


e) The tester should make the cut and turn to face the left and 
right of the class so every student sees the cuts face on. 


11. QUESTIONS?? 


12. Illustrate the 16 cuts as indicated on the sheet labelled -- 
PRE-TEST DRAWING. | 

Q 
13. Distribute the multiple choice distractors. The students 
are not to mark on their paper. Explain that each cut will be 
illustrated once again and the student is to select the answer he 
thinks is correct and circle the appropriate letter on the answer 
sheet. If you think the answer is not on the sheet, circle F. 
Take care that the students are considering the correct set of 
distractors after each cut. 


14, QUESTIONS?? 


15. Illustrate the 16 cuts as indicated on the sheet labelled -- 
PRE-TEST MULTIPLE CHOICE. 


16. Collect the answer sheets. 
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SOLIDS AND CUTS 


TRIANGULAR 
CUBE PRISM PARALLELEPIPED 


LONGITUDINAL 
CUT : 


ae 


TRANSVERSE 
CUT 


an: 


PARALLEL 
CUT 


OBLIQUE 
CUT 
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PART I: DRAWING 


The cuts are presented in the following order: 


parallelepiped: longitudinal —e 


| "| 
peas 
Jet 
triangular prism: transverse 1, 
' 
i) 
i] 
‘ 4 


cube: longitudinal 


cone: oblique é\ 


triangular prism: parallel 


parallelepiped: transverse 


ume. 


cone: longitudinal 


‘ne 


cube: parallel 
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14. 


15. 


Ls 


triangular prism: oblique 


parallelepiped: oblique 


cone: parallel 


(fi 


cube: transverse 


parallelepiped: parallel Gis 


cube: oblique 


triangular prism: longitudinal 


cone: transverse 
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PART II: MULTIPLE CHOICE 


The cuts are presented in the following order: 


1. triangular prism: longitudinal 


2. cone: parallel fA 


3. parallelepiped: parallel 


4. cube: transverse Y 


5. triangular prism: oblique yy 


6. cone: longitudinal (\ 


7. parallelepiped: transverse ee 


7 
8. cube: longitudinal 
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triangular prism: transverse f 


cone: transverse 
cube: parallel 


parallelepiped: oblique eo 5 
_ 
-_ 


cone: oblique 
parallelepiped: longitudinal 


triangular prism: parallel 7 
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CORRECT ANSWERS 


DRAWING 
parallelogram de 
rectangle 2% 
square 3. 
ellipse re 
equilateral triangle oe 
parallelogram 6. 
isosceles triangle Vs 
square 8. 
isosceles triangle 9. 
Porat eloa pan 10. 
circle jt 
square ie. 
parallelogram © LSA 
rectangle a4. 
rectangle 1oye 
one-half hyperbola 16. 


MULTIPLE CHOICE 


rectangle 

circle . 
parallelogram 
square 

none of these 
isosceles triangle 
parallelogram 
square 

rectangle 

one-half hyperbola 
square 
parallelogram 
ellipse 


parallelogram 


equilateral triangle 


rectangle 
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APPENDIX D 


PRE-TEST 
CREATIVE GEOMETRY TEST I 


(CG1) 
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CREATIVE GEOMETRY TEST I (CG1) 


1) You are given a region with 9 dots: 


You are asked to draw as MANY DIFFERENT closed geometrical 
figures as you can think of. The end-points (vertices) of 
your figures must lie on the dots. 

EXAMPLES : ° . 


DO NOT DRAW ALL YOUR FIGURES ON ONE REGION? 
USE A NEW 9-DOT REGION FOR EACH DIFFERENT FIGURE: : 
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This is a RECTANGLE: 


4 em, 


2 cm. 


You are asked to say something about this rectangle by doing 
something about it. 


EXAMPLES : 


a) A square can be formed by 
putting 2 such rectangles 
together: 


b) The rectangle can be separated 
into a 3-sided figure (triangle) 
and a 4-sided figure (quadrilateral): 


Now go on to write as MANY IDEAS as you can about this rectangle. 
DRAW A FIGURE FOR EACH STATEMENT YOU PUT DOWN?! 
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POST-TEST 
TRADITIONAL MOTION GEOMETRY TEST 


(TMG) 
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1. One property of a slide is that 


an original and image are congruent with respect to the whole 
figure as well as the parts. 


B. line segment and image are parallel. 


line segments joining points and their images are congruent 
and parallel. 


D. all of the above. 


A B 
2. The diagram illustrates a Cl pak ae ee ‘ ! ae 
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A. Rotation Vices “38.58 as lis 
he. FLIp ee eee eee 
G. -Stide Palid oe YES RES ATA : 
D. Reflection eee 
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3. The diagram that iliustrates a slide is . . 1... +++: 
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4. The following statement is true about the image and the original 


RT = 


A. r 3 -units ps a 
B.eO ELS Pere 
GC, Moe Zr Sai ee 
D. RS = AC Reece, 
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3. The jmage is obtained by 


iA a slide 

B. a retation 
C. a retlaciton 
Desa Eaitp 
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6. A segment joining a point adits half turn image is bisected by 


A. a slide 
B. a reflection 
C. a turn center 
D. a glide 


7. If REF is reflected about line 1 the image would be as shown in 


8. AABC is a right triangle. 
its image will form 


A. a rhombus 

B. a parallelogram 
C. a square 

Dis, aot riangie 
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If ABC is reflected, AABC together with 
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9. The perimeter of FLOP is 


A. 24 em 
be. 320¢en 
CG... /28- cm 
Ds. /34 icm 


1C. The figure which is a slide reflection of ABC is 


A figure DEF 
B. figure JKL 
C. figure GHT 
D 
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11. A slide reflection is a combination of a 


A. slide and a turn 

B. slide and a glide 

CG. a.flip and a turn 

D slide and a reflection 


12. ADOG is the image of ACAT formed by a 


slide reflection 
reflection and }s turn 
slide and % turn 

D. two slides 
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The angle which is an obtuse angle is 
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Ds. 200° 


The figures which is an obtuse angle is 


gat 
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Name the triangles below according to their angles from left te right 


A.» acute, right, equilateral 
B. obtuse, acute, right 

C. acute, scalene, right 

D. obtuse, right, scalene 


An equilateral traingle is also 


A. an obtuse triangle 

B. obapunise hte sta ianpl.e 

C. an isosceles triangle 
D.rua scalene,triangle 


An obtuse triangle has 


A. three obtuse angles 

B. two obtuse angles and one acule angle 
CG. two obtuse angles and oné right ane le 
D. one obtuse angie and two acute angles 


By iuspection and according to sides, the BEST name tor AABC would be 


ae A. obtuse triangle 
; Bs right; triane le 


C. scalene triangle 
D. isosceles triangle 
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Zoe Fectanpular piece of paper is folded so that the crease forms a 


diaponal of the rectangle. The triangles developed are, according to 
sides 


A right triangles 

B. isosceles triangles 
C scalene triangles 

D obtuse triangles 


26. ‘ihe BEST name for AABC classified by its sides would be 


A 
A. equilateral 
B.. equiangular 
C. scalene 
D. isosceles 
27.A triangle with no lines of symmetry is C B 


equilateral 
isosceles 
scalene 
symmetrical 


SEO) eh ee 


28 


A triangle-which has no lines of symmetry has 


As three angles congruent 
B. two angles congruent 

G two sides congruent 

D no sides congruent 


29.Each line of symmetry separates the figure into two congruent right 
teiangles for all 


isosceles triangles 
right triangles 
scalene triangles 
obtuse triangles 


STAG LS 


30. If two angles of a triangle measure 25° and 35° each then the third angle 


A. cannot be determined 
Bees With lesbes acute 
C. cannot be over 90 


D. will be 120° 
31. If two angles of a triangle measure 55° and 15°, then the third angle 


measures 


cannot be determined 


A. 
B. 20° 

6 1107 
Ds 290° 
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33. 2 ABC andZ CBD ve 


A. 
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opposite angles 
complementary angles 
supplementary angles 
adjacent angles 


34. The supplement of 2 HAC is B 


Se w= 


LZ DAB 
ZL FBG 
Z ABE 
<4 HAD 


35. Opposite angles are always 


ANS 


36.ZEXA andZXYC are called 


Sere > 


6 
DF 


G 
congruent angles 


acute angles 
obtuse angles 
supplementary angles 


supplementary angles 
alternate angles 
opposite angles 
corresponding angles 
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39. The distance around the sides of a polygon is called 


Me area 

Be esurface area 
C. volume 

D. perimeter 


40. To calculate the perimeter of any polygon use the formula 


Me Peo iw 

Pe OPS act b ec 

Gi. 2 = 1s 

D. P = sum of sides 
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CREATIVE GEOMETRY TEST II (CG2) 


given a SQUARE: 


square into 2 parts of EQUAL ARFAS. 


asked to DRAW ALL THE POSSIBLE WAYS OF CUTTING by 
the square onto the given graph paper. 


MANY CUTS as you can think of. 
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2) This is a HEXAGON (a 6-sided polygon): 


You are asked to SAY SOMETHING about this hexagon by DOING 
SOMETHING about it. 


EXAMPLE: 1) The hexagon can be 
divided into 2 different 
quadrilaterals (4-sided 


polygons); in fact they 


are parallelograms. 


Now go on to write as MANY IDEAS as you can think of ahout this 
hexagon. 


DRAW A FIGURE FOR EACH STATEMENT YOU PUT DOWN. 
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CREATIVE MOTION GEOMETRY TEST (CMG) 


You are given a closed region with 9 dots and ZA ABC. 


You can form MANY IMAGES of ZA ABC through a slide, or a turn, 
or a reflection, or a slide reflection, or a combination of glides. 


EXAMPLE: 


You are asked to form ALL THE POSSIBLE DIFFERENT IMAGES of Z\ Asc 


WITHIN THE 9-DOT REGION. 


DO NOT DRAW ALL YOUR IMAGES ON ONE REGION. 


Use a new 9-dot region for each different image. 


Indicate your motion with appropriate notations: 
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2) You are given a SQUARE on a 9-DOT REGION: 


By selecting your own motion, you can change the square into 
some other polygon. 


EXAMPLES: 1) Slide shaded part : 


(1R,1D); new polygon: 


2) A Reflect shaded part ; 

in the mirror line; 

new polygon: 

Now, select your own SHADFD PART, and MOTION (slide, turn, 
reflection, slide-reflection, or combination of glides). 


Write down all your different results in the following chart: 


SHADED PART MOTION RESULTED POLYGON 
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SHADED PART MOTTON RESULTEN POLYGON 
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TRANSFER ARFA TEST (TAR) 


In order to measure AREA, we use a UNIT of area which is a SOUARE 
of side 1 ‘unit. . For this fsat\of\exercises, our unit\is \L em. 2 


Find the area of each of the shaded 
fom, regions. 


lps Show all the steps of vournscalculation. 
cm, 


Two worked examples are given as hints: 


AREA = 1 x 1 eee 


= 1 ene 
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APPENDIX I 


STATISTICAL ANALYSES OF GROUP DIFFERENCES 


INCLUDING STUDENTS WITH INCOMPLETE DATA 
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STATISTICAL ANALYSIS OF GROUP DIFFERENCES 
INCLUDING STUDENTS WITH INCOMPLETE. DATA 


The initial sample of the present study consisted of 58 
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students (30 in the experimental group and 28 in the control group). 


After elimination of those students with incomplete data, the 


final sample analysed included a total of 41 students (experimental, 


n=203;' control, m=21) elt isopessible, of coursesrthatithe 17 


students omitted from analysis might have contributed to the quality 


of classroom discussions (ID and TD) which were significant 
components of the instructional methods (IM and TM). To account 
for this possibility, we should therefore determine whether the 
two groups (IM and TM) of students, including these 17 students, 
were compatible with respect to all the 5 pretests (GR7, A5T, MAR, 
SEC and CGl). 

Separate univariate t-tests were performed on GR7, AST, 
MAR and SEC, owing to the uneven number of students taking these 
tests in the control group. The results presented in Table 9.1 
show that none of the t-values are significant at the .05 level. 
Hotelling's r test was conducted on the fluency, diversity and 
rarity scores of CGl. Table 9.2 indicates that the assumption of 
homoscedasticity is tenable, with the computed 1 being 
insignificant at the .05 level. 

These results therefore demonstrate the compatibility of 
the two groups, including those students without complete data, 


with respect to students' mathematical background, geometric 
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maturity and mathematical creativity. We can reasonably assume 
that, considering the students of each group as a whole, the 
students' effects on the teaching-learning situation of their 


respective groups were equivalent. 


TABLE 9.1 


t-TESTS ON MEAN SCORES OF 4 PRETESTS (GR7, A5T, MAR, SEC) FOR 
INVENTIVE AND TRADITIONAL GROUPS, INCLUDING STUDENTS WITH 
INCOMPLETE. SCORES. ON PRETESTS. AND. POSTTESTS. 


INVENTIVE TRADITIONAL 
TESTS X N X N t i" 
GR7 65.0 30 66.4 26 229 ee 
AST 60.0 30 64.7 27 Oe 42 
MAR 64.8 30 67.0 IS, 39 210 
SEC W939 29 Vong 28 ah®) 49 
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TABLE 9.2 


2 
HOTELLING'S T°-TEST ON MEANS OF PRETEST SCORES ON CREATIVE GEOMETRY 
TEST I (CG1), INCLUDING STUDENTS WITH INCOMPLETE DATA. 


(N=57) 


CG1 


GROUP N Fluency Diversity Rarity 7 BG35753) P 
INVENTIVE 30 21:0 18.2 WC CALS 63 .60 
TRADITIONAL 27 Di 19.0 LONG 


Bartlett-Box Tests of Homogeneity of Variances: 
2 
DE =< 6, = 10.63, P= 101 
F(6,*°212356.3)) =). 77 P 
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